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1 Introduction
Let (2, F,P) be the probability space, and let {X,,,n > 0} be a sequence of continuous
random variables taking values in R and with the joint density function f,(Xo, X7 - - - X;,), n =
1,2,....Let Qbe another probability measure on (2, F), and {X,,, # > 0} be an independent
random sequence on the measure Q, with the joint density function g,(Xo, X; - -- X)), n =
1,2,....

Let

gn(XO’XI cc 'Xn)

) = X Xy

1
r(w) = —liminf — In7,(w) (In0 = —00), (1)
n—oo n

where w is a sample point. In statistical terms, r,(w) and r(w) are called the likeli-
hood ratio and the asymptotic average log-likelihood ratio, respectively [1]. Obviously,
if £, (%0, %1 - - - %) = gu(%0,%1 - - - %), 1 > 1, then ry(w) = 0, a.s. So r(w) can be used as a mea-
sure of deviation between f;(xo, %1 - - - x,,) and g,(x0,%; - - - x,) when # tends to infinity. The
smaller r(w) is, the smaller the deviation is.

Definition 1 [2] Let {X,,,n > 0} be a nonhomogeneous Markov chain with the initial dis-
tribution u(x), x € R, and the transition probability density p, = p,(x,), x,y € R, n > 1.
If

P(Xo €B) = / u(x) dx, P(X,.1€B|X,=x) = /p,,(x,y) dy,
B B
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this Markov chain is called a discrete-time and continuous-state nonhomogeneous
Markov chain.

Let {X,,, n > 0} be a discrete-time and continuous-state nonhomogeneous Markov chain
on the measure Q with the initial distribution density u(x), x € R and the transition prob-
ability density p,, = p,(x,%), %,y € R, n > 1. Then for any Borel, set B

Xo €B) = dx,

QX € B) /Bm) x

Q(X,.;1 € BX, =x):/pn(x,y)dy,
B

then

Gn®0, %1, ., 20) = u(x0)Po (%0,%1) *+* Pt (-1, %) = u(0) [ | Pcr (i1, 20,
k=1

SO

u(Xo) [ Tee1 Pio1 (X1, Xx)
JiXo, Xy - X5)

() = (2)

There have been some works on deviation theorem, a kind of strong limit theorem rep-
resented by inequalities. Liu and Yang [3] have studied the limit properties of a class of
averages of functions of two variables of arbitrary information sources. Liu and Yang [4]
investigated the strong deviation theorems for arbitrary information source relative to
Markov information source. Liu [5] discussed a class of strong deviation theorems for an
arbitrary stochastic sequence with respect to the marginal distribution by using generat-
ing function method, and also studied the problem above by means of Laplace transform
[6]. Liu and Wang [7] have studied a strong limit theorem expressed by inequalities for the
sequences of absolutely continuous random variables. Recently, Fan [8] has studied some
strong deviation theorems for dependent continuous random sequence.

In this paper, by using the notion of asymptotic log-likehood and the martingale conver-
gence theorem, and extending the analytic technique proposed by Liu [9], Liu and Yang
[7] to the case of discrete-time and continuous-state nonhomogeneous Markov chains, we
obtain the strong deviation theorem for discrete-time and continuous-state nonhomoge-
neous Markov chains.

2 Main result

Theorem 1 Let {X,,n > 0} be a discrete-time and continuous-state nonhomogeneous
Markov chain on the measure Q, r(w) and r,(w) be defined by (1) and (2), respectively.
Let {B,,,n > 1} be a sequence of Borel set of the real line, and I, be the indicative function
of By,. Let

n—oo M

a(w) = limsup — Zf PraXep,x6)dxxy <b, Yo e, (3)

and

Dy = {a):r(a))fb}, D, = {a):r(a))zb}.
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Then

(a) limSUP%Z[IBk(Xk)—/]; pk—l(Xk—l;xk)dxk] <2ybr(w) +r(®) as; (4)
n—>00 P B

1 n

(b) liminf— Z[[Bk(Xk) - pk_l(Xk_l,xk)dxki| > -2/br(w) a.s.on Dy, (5)

n—»oo n B

k=1 k
and

S
liminf — Z[[Bk (Xe) = | praaKio1,xk) dxk:| > -b-r(w) a.s. onD,. (6)
n—oo 711 Py By

Proof Let A be a nonnegative constant, and let

Api_1 (p_1 %)

B .
L0 Jp, prci e o dg” ok € Pk
RCTRIENE e ) B 7)
0D Jg, pirp 0 dg” ok & Pk
It is easy to see that u(xo) [ ;_; /1(xx_1, %) is a density function of # + 1 variables. Let
u(Xo)[ Tieer P (Xie—1, Xi)
tn()‘! (,()) = k=l ’ (8)

SnXo, X -+ - X,y)
then ¢,(%,w) is a nonnegative supermartingale that converges a.s. Hence there exists

A(A) € F, P(A(L)) =1 such that

1
limsup — Int, (A, w) <0, we€A(A). 9)

n—oo M

Letting A =1 in (9), we obtain

lim sup % Inr,(w) <0, weA(Q). (10)
This implies that

riw) >0, weAQ). (11)
We have by (7)

n

l_[ ABXO 3 (X1, Xi)
1+(A-1) ka Pi—1(Xie—1, xx) dxi

[ [ 7 Xer, Xi) =
k=1 k=1

n

S I ) Pr-1(Xk_1, Xx)
1+(A— 1)kaPk—1(Xk—lrxk) dxy

12)
k=1

It follows from (2), (8), and (12) that

Int,(h @) =Y Ig, (Xi) Inh - Zln[l +(A-1) pk_l(Xk_l,xk)dxk:I +Inr,(w). (13)
k=1 k=1 By
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By (9) and (13), we have

n—00

lim sup — (Z[Bk(Xk) In\ +Inr,(w) — Zln[l +(A=1) | proaXia,xx) dxk]>
By
<0, weAQR). (14)

(a) Let A > 1. Dividing the two sides of (14) by In A, we obtain

" Infl+ (= 1) f, pra (X lyxk)dxk]>

lnrn
lim sup — (Z[Bk(Xk) —_— Z o

n—00

<0, weAR). (15)

By (1) and (15), we have

" Infl+(A-1) [, Pk—l(Xk—l:xk)dxk])

limsup — (Z[Bk(Xk) Z ]ink

n—00 k=1

< %, weA). (16)

By (3), (16), the property of the superior limit

limsup(a, —b,) <d = limsup(a, —c,) <limsup(b, —c,) +d,

n—00 n—00 n—00

and the inequality 0 < In(1 + x) < x (x > 0), we have

limsup — Z[ng(Xk)—/ pkl(Xkl,xk)dxk:|
By

n—00

In[1+ (A -1) fB Pi-1(Xk—1, %) dxi]
<11msup— / Pr1 (X1, k) doxi
n—oo M Ina B,
k=1 13
r(w)
=
InA
(h=1) [, Proa (K1, xx) i r(w)
<1 k 1 (X1, d —
1£S£pn2[ Y /kak 1 (X1, %) xk]+ =~
A-1 r(w)
<b 1)+ ==, AL). 17
_(lnk )+ln)» weAR) ar
By using the inequality 1 — % <InA (A > 1), we have by (17)
Ar(w)
lim sup — Z I5(X) = | pia(epm)due | <bO -1+ 7, w€AG).  (8)
n—00 By, -
Let Q" be the set of rational numbers in the interval (1, +00), and let
. Ar
A= (AW, g =b(-1)+ ) 19)

" A—1
reQ
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Then we have by (18),

n—oo "

) 1< . .
lim sup — Z[[Bk (X%) —/ Pr-1(Xk_1,xk) dxk:| §g(k, r(a))), weA,AeQ. (20)
k=1 By

Let b > 0. It is easy to see if r > 0, g(A,r) as a function of X attains its smallest value
g+ \/%, r) = 24/br + r on the interval (1, +00), and g(1,0) is increasing on the interval
(1, +00) and lim,_,1,0g(%,0) = 0. For each w € A" N A(1) if r(w) # oo, take A,(w) € Q', n =
1,2,...such that A,,(w) > 1 +,/ %, we have

lim g()»,,(a)),r(a))) =2/ br(w) + r(w). (21)

n—00

By (20), we have

lim sup l Z[[Bk (Xz) —/B Pr-1 (X1, xk) a’xk] fg(kn(w),r(w)), n=12,.... (22)

n—00 k=1

By (21) and (22), we have

. 1
limsup — Z [ng (Xk) - / Pic-1(Xie-1, %) dxk]
By

n—0o0 k=1
<2/br(w) +r(w), weA NAQ). (23)

If r(w) = 00, (23) holds obviously. Since P(A" N A(1)) = 1, (4) holds by (23) when b > 0.
When b = 0, letting A = e in (20), we have

. 1o
lim sup . Z[lBk (Xx) - / i1 (X1, %x) dxk] <r(w), wecAl). (24)
11— 00 P :

Since P(A(e)) =1, (4) also holds by (24) when b = 0.
(b) Let 0 < A < 1. Dividing the two sides of (14) by In 1, we have

A " In[l1+(A-1) ka Pr1Xen,x6) dxi]  Inr,(w)
hnrgg.}fz (kZI:IBk (Xx) - Z ™ T )

k=1

>0, weAR). (25)

By (1) and (25), we have

1/ " In[l+ (A —-1) [ pre1(Xaer, %) do]
liminf = (Z I (X0) - k )
nmee n k=1 k=1 In2
r(w)
>—2, weA}). (26)
InX

By (26), (3), the property of the inferior limit

liminf(a, - b,) >d = liminf(a, - c,) > liminf(b, - c¢,) + d,

n—00 n—00 n—00
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and the inequality In(1 + x) <x (-1 <x < 0), we have

e
liminf — Z[Isk (Xx) - / pk1(Xk1,xk)dxk]
n—oo n P By

1 ATIn[1+ (A -1) [, proa(Xe—r, %) dx]
zliminf—Z[ s
n—oo y

- / Pr-1(Xk—1,%1) dxk]
By

= In\
r(w)
A s
InA
1 <[ =1) [5 proa (X1, %) doxk r(w)
> liminf — k - 1 (X1, x1) d. —
= mint— ;[ InA /kak 11,0 xk] Ty
A-1
> h(— -1) @, cA(). (27)
InA InA

By using the inequality 1 — % <Ini<O0andInX <A -1<0(0<A<1), wehave by (27)

NN QR
lbrgggf; Z[lgk(Xk) —/ Pkl(Xk1¢xk)dxki|
k=1 Br

>b(h-1)+ % we A NAQ). (28)

Let Q- be the set of rational numbers in the interval (0,1), and let

r

A= b —1) + ——.
VAW, hGr)=bO =1+ — (29)
rEQ:

Then we have by (28)

NV R

hmlnf—Z[[Bk(Xk)— / Pk—l(Xk—lyxk)dxki|

n—oo n P By

> h(hr(®), ®eA-NAQ),AeQ-. (30)

Let b > 0. It is easy to see that if 0 < r < b, then /(, r) as a function of A attains its largest
value i(1 — \/%, ) = —24/br on the interval (0,1), and 4(%,0) is increasing on the interval
(0,1) and limy_,1_g 4(A,0) = 0, and (A, b) = b(A -1+ ﬁ) is decreasing on the interval (0, 1)
and lim,_, o+ &(A, b) = —2b. For each w € A- N A(1) N Dy, take 1,,(w) € Q-, n =1,2,... such

that 7,(w) > 1-,/ %. Then we have

nli)rgoh(rn(a)),r(w)) = -2/ br(w). (31)

By (30), we have

1 n
liminf — E [IBk(Xk) - Pk—l(Xk—l:xk)dxk:| > h(ty(@),r(@), n=12,.... (32)
n—0o 711 B
k=1 k
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By (31) and (32),

NS
liminf — Z[lsk(Xk) - / pkl(Xkl,xk)dxk}
n—-oo mn P By
> -2/br(w), weA-NA(1)ND. (33)

Since P(A- NA(1)) =1, (5) holds by (33) when b > 0.
When b =0, r(w) = 0 for w € D; N A(1), hence we have by (30)

1 n
liminf — E [ng(Xk)— / Pk—l(Xk—hxk)dxkj| >0, weAR)NAQ)ND, (34)
n—-oo pn B
k=1 k

since P(A(1) N A(1)) =1, (5) also holds by (34) when b = 0.

It is easy to see that when 0 < b < r, (A, r) as a function of X is decreasing on the interval
(0,1) and lim; ¢+ (X, 7) = —(r + b). For each w € A- N A(1) N D,, when r(w) # oo, take
M(w) € Q-, m=1,2,..., such that A,(w) — 0. We have

nli)rgoh(kn(w), r(a))) = —r(w) - b. (35)
By (30), we have
NS
hmmf; Z[[Bk()(k) - / pk_l(Xk_l,xk)dxk:| > h()»,,(a)),r(a))), n=12,.... (36)
n— 00 Py By

It follows from (35) and (36) that

e
liminf _Z[lBk(Xk)_ / pkl(Xkl,xk)dxk}
n—-oo mn Py By
> rw)-b, weA-NA1)ND, (37)

when r(w) = 00, (37) also holds obviously. Since P(A- N A(1)) =1, (6) follows from (37)
directly. g
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