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1 Introduction

Variational inclusions are useful and important extensions and generalizations of the vari-
ational inequalities with a wide range of applications in industry, mathematical finance,
economics, decisions sciences, ecology, mathematical and engineering sciences. In gen-
eral, the method based on the resolvent operator technique has been widely used to solve
variational inclusions.

In this paper, under the assumption with no continuousness, we first introduce a new
system of generalized variational inclusions in the Banach space. By using the Yosida ap-
proximation technique for m-accretive operator, we prove some existence and uniqueness
theorems of solutions for this kind of system of generalized variational inclusions. Our re-
sults generalize and improve main results in [1-7].

For i = 1,2, let E; be a real Banach space, let T} : E; — 25, M, : E| x E; — 2Fi be set-
valued mappings, let 4;,g; : E; — E;, F;: Ey X E; — E; be single-valued mappings, and let
(fi.f2) € E1 x E,. We consider the following problem: finding (x,y) € E; x E; such that

N € Tix + Fi(x, y) + Mi(h1(x), g1(x));
fo € Toy + Fr(%,9) + My(ha(y), 22(9)).

(1.1)

This problem is called the system of generalized set-valued variational inclusions.
There are some special cases in literature.
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O)IfT1=0,T,=0,f =0, f, =0, then (1.1) reduces to the problem of finding (x,y) €

E; x E, such that

0 € Fi(x,y) + My (I (x), g1(%));
0 € Fy(x,y) + Ma(ha (), 82 (9)).

(1.2)

Problem (1.2) was introduced and studied by Kazmi and Khan [1, 2] (g1 =g =1 in [2]).
(2) If h; = g; = I is the identity operator, M;(-,-) =0, fi =f = 0, then (1.1) reduces to the
problem of finding (x,y) € E; x Ej such that

0 e Tix + Fi(xy); (1.3)

0 € Thy + Fa(x, ).

Problem (1.3) was introduced and studied by Verma [3], Fang and Huang [5].
(3) If E; = E; = H is a Hilbert space, F; = F = F(x), M(:,-) = M(-), fi =f2 = 0, then (1.1)
reduces to the problem of finding x € H such that

0 € F(x) + M(x). (1.4)

Problem (1.4) was introduced and studied by Zeng et al. [6]. If F(x) = S(x) - T'(x) —f,f #0,
(1.4) becomes f € S(x) — T'(x) + M(x) considered by Verma [4].

Let E be a real Banach space with dual E*, ] : E — 2% is the normalized duality mapping
defined by

Je={f € E*:(nf) = lIxl* = If11*},

where (-, ) denotes the generalized duality paring. In the sequel, we shall denote the single-
valued normalized duality map by j. It is well known that if E is smooth, then J is single-
valued, and E* is uniformly convex, then j is uniformly continuous on bounded set.

We assume that E, E;, E; are smooth Banach spaces. For convenience, the norms of E,
E; and E, are all denoted by || - ||. The norm of E; X E; is defined by || - || + || - ||, i.e., if
(x,y) € E1 x Ey, then ||(x, y)|| = llx[| + [yl

Definition 1.1 Let T': E — 2£ be a set-valued mapping.
(i) T is said to be accretive, if Vx,y € E, u € Tx, v € Ty,

(u—v,j(x—y))zO, Vx,y € E,u € Tx,v € Ty.

(ii) T is said to be a-strongly-accretive if there exists « > 0 such that Y,y € E, u € Tx,
veTy,

(u=vjlx-y)=alx-yl*

(iii) T is said to be m-accretive if T is accretive and (I + AT)(E) = E, VA > 0.
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Definition 1.2 Let N : E; x E, — 251 be a set-valued mapping.
(i) The mapping x — N(x,y) is said to be accretive if Vx1,x, € E1, u € N(x1,%),
veN(xy,Yy),y € Es,

(= v,j(x1 = x2)) = 0.

(ii) The mapping x — N(x,y) is said to be a-strongly-accretive if there exists « > 0 such
that Vxy, x5 € E1, ug € N(x1,9), up € N(x2,9), y € Es,

(1 — 2, j(1 — %)) > erl|21 — 22|

(iii) The mapping x — N(x,y) is said to be m-«-strongly-accretive if N(-,y) is
a-strongly-accretive and (/ + N(-,y))(E) =E, Vy € E, A > 0.

In a similar way, we can define the strong accretiveness of the mapping N : E; x E; — 252

with respect to the second argument.

Definition 1.3 Let T : E — 2F be m-accretive mapping.
(i) The resolvent operator of T is defined by RIx = (I + AT)'x, Vx € E,A > 0.
(i) The Yosida approximation of T is defined by Jx = + (I - R )x, Vx € E, 1 > 0.

Definition 1.4 The mapping F: E; x E; — E is said to be (r,s)-mixed Lipschitz continu-
ous if there exist 7 > 0, s > 0 such that V(xy, y1), (x2,y2) € E1 X E,

|E @1 31) = F(x2,32) || < rlloss = %2l + slly1 =y -

In the sequel, we use the notation — and — to denote strong and weak convergence,

respectively.

Proposition 1.1 [8—10] If T : E — 2F is m-accretive, then
1) RAT is single-valued and ||R)\Tx - RATyH <|lx-yl|,Vx,y € E;
(2) IJ7 %l < Tl = inf{llyl : y € T}, ¥x € D(T);
(3) ])\T is m-accretive on E, and ||])\Tx —])\Tyll < %Hx -9y, Vx,y € E, A > 0;
(4) JTx e TR x;
(5) IfE* is uniformly convex Banach space, then T is demiclosed, i.e.,

(%4, ¥u] € Graph(T), x, — x, ¥, — y implies that [x,y] € Graph(T).

Lemma 1.1 If T : E — 2F is m-a-strongly-accretive, then

. T . 1 . . . .
(1) R is 15 -Lipschitz continuous;

(i) JI is Toig -Strongly-accretive.

Proof (i) Let u = RIx, v=Rl'y. Then x — u € ATu, y — v € ATv. Since T is a-strongly-

accretive, AT is Aa-strongly-accretive, Aa|ju —v||2 < (x—u—y+v,jlu—v)) < |lx - yll|lu -
1

v|| = lu — v||*. Therefore, |u—v|| < =

lx — y||. This completes the proof of (i).

Page 3 of 11


http://www.journalofinequalitiesandapplications.com/content/2013/1/455

Cao Journal of Inequalities and Applications 2013, 2013:455 Page 4 of 11
http://www_.journalofinequalitiesandapplications.com/content/2013/1/455

(ii) By definition of JI and (i), we have

1
“(x—y— (RIx - RTy),j(x—))

lx=Tiyite-) = -

1
= (e =1° = | Rx = Ry e =y1) = Tl =y

o
1+ A
This completes the proof of (ii). d

Remark 1.1 Let N; : E; x E, — 2Fi be set-valued mapping, let x — Nj(x,y) and y —
N5 (x,y) be m-accretive. Then the resolvent operator and Yosida approximation of N; can

be rewritten as

1

- (I- Rih("y))x,

Rf\v‘("y)x =(1+ AN1(~,y))_1x, ];Vl("y)x

} -1 . 1 .
Rin(x, )y: (1+ ANg(x,-)) y, i\fz(x, )y _ X(I_R;\fz(x,))y’

respectively.
Lemma 1.2 Let Ny(x,y) = Tix + Fy(x,y) and No(x,y) = Toy + Fa(x,9). If T; : E; — 2% is m-
accretive, F; : Ey x Ey — E; is a;-strongly-accretive in the ith argument, and (r;,s;)-mixed
Lipschitz continuous, then

(i) N; is m-a;-strongly-accretive in the ith argument (i = 1,2);

. e N (-,

(i) R — R xl| < Asillys - 9l

(i) IRy — RYZW2y| < arsllon - s .

Proof (i) The fact directly follows from Kobayashi [11] (Theorem 5.3).
(ii) Let u = R\, v = M2y Then

x —u—AF(u,y1) € AThu, x—v—AF(v,y;) € ATv.
By accretiveness of T; and «;-strong accretiveness of F;, we have that

0 < (~u—AF(u,31) + v+ AR (v, 92), j(u = v))

[l = vII* + ME(v,32) = Fy(u, 1), (1t — v)

[l = vII* + MF1 (v, y2) = Fy (1, y2),j(u = v)) + MFy (s, y2) — Fi(u, y1),j (s — v))

A

—llu = vII* = ron [l = vII* + A || Fr(u, ) — Fr(w, ) |l = vl

< —(L+ron)lu = vII* + Astllyr = yallllu = v,

Therefore, ||u —v|| < 14:\;;1 ly1 — 2]l < As1|ly1 — ¥2l- This completes the proof of (ii).
(iii) The proof is similar. We omit it. O

2 Main results
We assume that CB(E) in the family of all nonempty closed and bounded subset of E.
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Lemma 2.1 [12] LetT;:E; X Ey — Ej and Ty = E; X E; — E; be two continuous mappings.
If there exist 0y, 65, 0 < 61,0, < 1 such that

| T2 (0, y1) = Ti@a, 32) || + || T (e, 1) — Talx2, 32) ||

<Oillx1 =22 + O2lly1 = y2ll,
then there exists (x,y) € Ey X Ey such that x = T1(x,y), y = To(x, y).

Theorem 2.1 Fori=1,2, let E; be a real Banach space with uniformly convex dual E,
and let F; : Ey X Ey — E;, h;,g; : E; — E; be three single-valued mappings, let T; : E; — 2Fi,
M; : E; x E; — 2% be two set-valued mappings satisfying the following conditions that

(1) M;(h(-),g:() : E; — CB(E;) is m-accretive;

(2) T;is m-accretive.

(3) E; is aj-strongly-accretive in the ith argument and (r;, s;)-mixed Lipschitz continuous,

Ni(x,y) = T1(x) + Fi(x,9), Na(x,9) = Ta(y) + Fa(w, ).

If X satisfies that

.- 0y—8
0 < A <min , , T2 <0,81 <,
thon )

S1r2

<1, (2.1)
o100

and (fi,f>) € E1 X E,, then
(i) for any A in (2.1), there exists (x,) € E1 X Ey such that

F e TN My (I (), 1 (%))

(2.2)
fo € )y My (s (33), 22 0),

and {x) }5—o and {y;,}5—o are bounded;
(ii) l'f{]ivl("y)xk}Aﬁo,{]i\IZ(x")y,\}AHO are bounded, then there exists unique (x,y) € E; x E,
which is a solution of Problem (1.1), such that x, — x, y,, — y as A — 0.

Remark 2.1 Equation (2.2) is called the system of Yosida approximation inclusions (equa-

tions).

Proof of Theorem 2.1 (i) By Definition 1.3, we can easily show that (x;, ;) satisfies (2.2), if

and only if (x;, y,) satisfies the relation that

x :Ri/l1(h1(~),g1(-))[)\ﬁ +Ri\[1("y)x] éBl(x,y),

(2.3)
ha()ga(- Wyl &
y=RiMZ( 2<>g2(>)[/\f2+R§h< >y] £ By(x,9).

Now, we study the mapping B; : Ey x E; — E; (i = 1,2) defined by (2.3). By Proposi-
tion 1.1(1), Lemma 1.1 and Lemma 1.2, and Eq. (2.3), for any x;, %, € E1, %1,y € Ea, we have
that

| Bi(x1,31) - Bu(a, o) |
- “Ri\/fl(hl(.),gl(-))[)Lﬁ +R2[1("y1)x1] _Ridl(hl(.):gl(»))[)\’ﬁ +Ri\11(.,y2)x2]“

Page 5 of 11
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HRNl J’1 _ N1( ;Vz) ”

< HRI)th(-,yl)xl _Ri\h(-,yz)xl ” n ||Ri\h("y2)x1 _Ri\h(uyz)xz ”

<Astllyr =yl + lloer — %2 ]]. (2.4)

1+)\O[1

Similarly, by Proposition 1.1(1), Lemma 1.1 and Lemma 1.2, we can prove that

1
|Ba(x1,31) = Ba(x2,32) || < Aralloes — x| + 71 =yl (2.5)
1 )\0[2

Equations (2.4) and (2.5) imply that
|B1(x1,31) = Bi(w2,92) | + || Ba(x1, 31) — Ba(xa, y2) || < 01111 — 22| + 62 [l21 — %2,

where 6; = 1+,\a + A1y, 0y = 1+,\a + As1. By (2.1), 0 < 64,0, < 1. Therefore, by Lemma 2.1, for

A in (2.1), there exists (x;,9:) € E1 X E; such that x;, = Bi(x:,9:), ¥a = Ba(%a,5), i.e., (x5, 95)
satisfies (2.3), and hence (2.2) hold.

Now, we show that {x; }, 0 and {y; },0 are bounded. For (x1,1) € E; x Ey,and A in (2.1),
let

z) € ]i\h(-,n)xl + My (h (1), &1 (1) ); (2.6)
wi €32 )y 4 Ma (ha (1), 82(0n))- (2.7)

Equations (2.6) plus (2.2) indicates that
N1(-y2) N1(-95)
A x1—f+], X €M1(h1(x1),g1(x1)) —Ml(hl(x,\),gl(x/\))~
By Lemma 1.1 and condition (1) in Theorem 2.1, we obtain that

< (20 =i = Iy 4 ‘)xx,j(xl—xx))
= (2. — f1,j (%1 —xx)> - (]N ]Nl P, —%3))

[t — ;]I (2.8)

(241
< llzi ~filllwy =2 = T~
1

By Definition 1.3(ii), Proposition 1.1(2) and Lemma 1.2, we get that

A e e R A Y N VAt

1 . .
H X(xl SRV gy RO )

+ |N1(~,y1)x1|

< 1” lyr = yall + [N1(w, y1) |- (2.9)
For any A in (2.1), take u; € Mi(hn(x1),21(%1)), vi € Ma(ha(y1),82(31)) such that z;, =
TN, wy = ISy 4, Since (1) © My (x)gi(x)) and {v;} © Ma(ha(y),
& (1)), by condition (1), {#, } and {v,} are bounded. Combining (2.6), (2.8) and (2.9) yields
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that
llx1 =]l < Dz, -All < <1 (IZxII + Al
1 + Ao
< 1({{ | + sl + A1)
o
1+ Aa
=< : ( lyr = yall + |N1(x1,y1)| + [l + |lf1||) (2.10)
o 1+ )\,
By using similar methods, we obtain that
1+ A
Iy =yl < " 2 (1 v 1 =3[l + [ Na (e, y1)| + il + |lfz||> (2.11)
2

It follows from (2.10) and (2.11) that {x; }, 0 and {y; }»—0 are bounded since 0 < % <1
(ii) Note that for A, > 0

Fi =IO, € My (), @())an and fi =0k, € My (Bn(), g1())%,
By Proposition 1.1(4), we have that

0 < (-1, 4 g Vo) (s — %))
= (RO = Tt J (R = R g,) e =)
- Vi\h(m)xx —]Nl("y")xu,j(Ri\h("mxA _ Rﬁh("y“)x“»

< 8, R R, R ) e, )

_aluRNl xx— ('J’M)xu

’

}2

and hence,

a ”Rivl(uyx)x/\ _Rﬁh(-wmxu ”2

., Ni(-, . . N1 (-, ,
< (]i\h( “)xx _]Ml( yu)xw](Ri\h( “)x,\ _Rul( yu)xu) — i _xu))' 2.12)

Since x; — Rf\vl("”)x,\ = A]i\ll("“)x,\ — 0 (asA — 0), {]ivl("”)x,\}xﬁo is bounded. The j is uni-

formly continuous on bounded set, and (2.12) reduces to that
e[RRI
< O(||x,\ — sy = RV, g RO ) <0+ w).
Similarly, we have that
o | Ry, — Ry, | < 00+ ).
Consequently, {R]kv 10 A)xk} 10 and {Riv 202) ¥a}a—o0 are the Cauchy net. There exists (x,y) €

E; x E, such that Rivl("“)xk — x, R?Z(x*")y,\ — yas A — 0 from which and x; —Rih("y*)x)\ =

)Ji\h("y’\)x,\ and y; — Rf\vz(x*")y,\ =A i\fz(x»-)yb it follows that x; — x and y, — yas A — 0.

Page 7 of 11
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Now, we show that (x,y) is a solution of (1.1). Since E; is reflexive and {]i\[l("”)x)\}k_)o

and {]i\h(x*")yk}xﬁo are bounded, there exist A,, >0 (n = 1,2,...) such that A, — 0 and

1GY,) 2 (%) 1GY,)
]i\i "X, =z Ly Y = 22 for some (z1,25) € E; X E,. Let W’M =f-7, "X, €

n n

My (x,), @106, W) = fo = T2y, € My(ha(,),22(0,))- Then w), — wy, w) —

n

w, for some (wy, wq) € Ey x Ej. Since Ni(-,%), Na(x,-) (V(x,y) € E; X Ey), T; and M;(h;(-),
g1(+)) (i=1,2) are demiclosed (see Proposition 1.1(5)), we have that

x € Ey = D(N1(-9)) N D(My(mi(-), &),

y € Ey = D(Na(x,)) N D(My(ha(-), &(1)),

z1 € Ni(y)x = Ni(x,9) = Thx + Fi(%,y),

2 € Na(%,)y = Na(x, ) = Ty + F>(,),

w1 € M1 (hl(x),gl(x)) and Wy € M2 (hz(y),gz(y))
Therefore,

fi=z1+w € Tix+ Fi(xy) + M (I (x), g (x)),

f2 =27+ Wy € sz +F2(x,y) +M2(h2(y),g2(y)).

Finally, we show the uniqueness of solutions. Let (x,y) and (x;,y;) be two solutions of
Problem (11) Letue Tix,uy € Tix;,we Ml(hl(x),gl(x)), w) € Ml(hl(xl),gl(xl)) such that

fizu+Fi(xy) +w, S = w1+ Fi(x,yn) + wr.

Then by accretiveness of M; and T}, we have that

0 = {fi —fi,jlx —x1))
= (u+F(x,y) + w—uy — Fi(x1,51) — wi, j(x — x1))
> (Fi(x,9) — Fi(x1,51),j(x — x1))
= (Fi(®,9) = Fy(1,9),j(& — 1)) + (Fi (1, 9) = Fi (1, 01), /(= 21))
> ai |l = xl|* = || Fuxr, ) = By, ) ||l — 1 |

> oy [l — x| = s1lly =y ll Il — 21 .
That is,
$1
le —x1 ]l < —Ily = nll. (2.13)
(231
Let v e Toy, vi € Toy, z € Ma(ha(y), 22(9)), z1 € Mo (h2(y1), £2(1)) such that

f=v+Exy) +w,

fz =" +Fz(x1,y1) + W1

Page 8 of 11
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The by the similar discussion, we have that

r
ly = yull < =l — . (2.14)
25
Equations (2.1), (2.13) and (2.14) imply that x = %1, y = y1. O

Theorem 2.2 Suppose that E;, T;, M;, F;, f; and h; (i = 1,2) are the same as in Theorem 2.1.
Iffor any R; > 0, there exist L; > 0, a; > 0 and 0 < L; < 1 such that

| Tyx| < Li| My (I (%), 20(%)) | + a1, %l <Ry, (2.15)

| Toyl < Lo | Mo (ha(y), 220))| + a2, NIyl <Ry, (2.16)

then Problem (1.1) has a unique solution.

Proof 1t suffices to show that {]i\ﬁ("”)xk},\_,o and {]iVZ(x*")y,\},\qo in Theorem 2.1 are
bounded. Because {x;} and {y,} are bounded, therefore, there exists R; > 0 (i = 1,2) such
that for A in (2.1), ||lx; || < Ry and ||y, || < R,. By Proposition 1.1(2) and (2.15),

A

”ﬁ:ﬁ(»ﬂ)

X ” |N1(xx1yx)| = |T1x,\ + Fl(xx,y)\)|

inf{|lull : u = uo + Fi(x5,72) € Tix + Fi(x1,92) }

1nf{ ”M() +Fl(x)uyk)H tUy € Tm}

IA

inf{[luoll : uo € Thxs} + | Fr(xi, )|

| Toxn ] + | Fr(xn ) |

<L |M1 (/’ll(x)\),gl(x)\))| + HH(M»)&)H +ai; (2.17)

Similarly, by Proposition 1.1(2) and (2.16), we get that

||]i\[2(xk")yx ” =< L2|M2 (hz(yk),g2()/x))| + ||F2(x)u)’x)H +ds. (2.18)
By (2.2),

My (1 (), 00 | < AN+ [T, |, (2.19)

|Ma (B (), 20)) | < Il + 7225y, . (2.20)

Therefore, from (2.17)-(2.20), it follows that

R | < Ly .

: 2.21
=1_L (2.21)

a
L1 ||F1(xx,y,\)|| + ——1L1

(2.22)

PRl < oWl + 1 L2 [Faesnill| + 1=

Since F; (i = 1,2) is uniformly continuous, F; map bounded set in E; x E; to bounded
set. Hence, (2.21) and (2.22) imply that {]i\[l("y"‘)xl}xﬁo and {]i\h(x*")yl}kﬁo are bounded. O
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Theorem 2.3 Suppose that E;, T;, M;, h;, g, F; and f; (i = 1,2) are the same as in Theo-
rem 2.1. If for any R; > 0, there exists bounded functional B; : E; x Ey — N, (i.e., B map a
bounded set in Ey X Ej to a bounded set in N.) such that for [x,z] € Graph(M;(h;(-), £1(+))),
[y, w] € Graph(My(ha(-),g2(+))) and A > 0,

(2,7 5) > —By(x,9), (2.23)

(woj22%y) > ~By(x,9),  lx]l < Ry 9]l < Rs (2.24)
forx € Ey, ||x|| <Ry, y €E, ||yl <Ry, then Problem (1.1) has a unique solution.

Proof It suffices to show that {J; Nil2) X3 }ns0 and {]i\[z(x*")yk}xﬁo are bounded. Since
{x2}1—0 and {55}, 0 are bounded, then by (2.23), for u; € M;(h1(-), g2(-))x2,

”f”H Ni(-92) %, ” > (fi: ]i\h(-,yx)x >_<]i\f1(,yx)x +u, Jff(’”)xx)

_ |l () < | NG
A %)z |3

oz Hz (“M/]»\ X ”2 — By(%, 1),

1
NI || < Biloy) + LIAIDE + % Similarly, [|/22%)y, || <

(Bz(x,\,y;\))% + % If2]l- This completes the proof of Theorem 2.3. O

which implies that ||/,

3 Conclusion and future perspective

Two of the most difficult and important problems in variation inclusions are the estab-
lishment of system of variational inclusions and the development of an efficient numerical
methods. A new system of generalized variational inclusions in the Banach space under
the assumption with no continuousness is introduced, and some existence and unique-
ness theorems of solutions for this kind of system of generalized variational inclusions are
proved by using the Yosida approximation technique for m-accretive operator.

More approaches [13-15], which have been applied in variational inequalities, could be
manipulated in variational inclusions. We will make further research to solve this kind of
system of generalized variational inclusions by using extragradient method and implicit
iterative methods.
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