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1 Introduction and results
In this paper, we study some multilinear operators related to some integral operators,
whose definitions are as follows.

Fix n > 8 > 0. We denote I'(x) = {(y,£) € R**! : |x — y| < t} and the characteristic function
of I'(x) by xr(). Suppose that m; are the positive integers (j = 1,...,0), my +--- + my=m
and A; are the functions on R” (j=1,...,[). Let

Ry (A5 0) = A4~ Y~ DUA0)e )"

ot| <mj

Definition 1 Let ¢ > 0 and ¥ be a fixed function which satisfies the following properties:
1) fen W) dx =0,
(2) [P @) < CA+ fx)~1),
(3) 1¥(x+y) — @) < Clyl (L + x))"1+7) when 2|y| < |x].

The multilinear Littlewood-Paley operator is defined by

) . B zdydt 1/2
Sw(f)(x) = |:/ ‘/I:(x)‘Ft (f)(x’y)’ tn+l ] ?

where

1
nj:1 ij+1 Aj;x, Z)
% — z|™

Fen- [ - 2f @ de
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and ¥,(x) = £+ (x/t) for t > 0. Set F(f)(y) = f * ¥:(y). We also define that

Sy () = (/ / |Ft(f)(y>|2"gfft)

which is the Littlewood-Paley operator (see [1]).

Let H be the Hilbert space H = {h: ||h|| = ([ fRfu |h(y, t)|* dydt/t")? < oo}. Then for
each fixed x € R", FA(f)(x, y) may be viewed as a mapping from (0, +00) to H, and it is clear
that

Sy (f)x) = ”XF(x)Ft(f)(y) ”

SN = | xreFA ()&,

Definition 2 Let 0 < ¥y <1 and Q2 be homogeneous of degree zero on R"” with
/. g1 Q) do (x) = 0. Assume that Q € Lip, (§"71), that is, there exists a constant M > 0
such that for any x,y € §"1, |Q(x) — Q(y)| < M|x — y|”. The multilinear Marcinkiewicz

operator is defined by
dydt
Ms(f)(x)—[// B ) L,] ,
where

! Ry 1 (Ajsx, —
F;“(f)(x,y)=/ [ Ry di%2)_Q(y _Z)_ £(z) dz.
ly-zl<t |x — z|™ |y — z[-1-?

Set
Qy-z
Eo= [ s
|ly—z|<t |y—Z|
We also define that

1/2
wstne=([ [ 0P es)

which is the Marcinkiewicz operator (see [2]).
Let H be the Hilbert space H = {h: ||k = ([ fR¥+l |h(y, t)|* dy dt/t"+3)V? < oo}, then for
each fixed x € R”, FA(f)(x,y) may be viewed as a mapping from (0, +o0) to H, and it is

clear that

1a () @) = | xrwF () y) ws()x) = || xraF D).

Note that when m = 0, SQ and ,u? are just the multilinear commutators (see [3, 4]).
While when m > 0, S@ and 4 are non-trivial generalizations of the commutators. It is well
known that multilinear operators are of great interest in harmonic analysis and have been
widely studied by many authors (see [5-9]). In [10], Hu and Yang proved a variant sharp
estimate for the multilinear singular integral operators. In [11-13], authors proved a sharp
estimate for the multilinear commutator. The main purpose of this paper is to prove the


http://www.journalofinequalitiesandapplications.com/content/2013/1/445

Lu Journal of Inequalities and Applications 2013, 2013:445 Page 3 of 14
http://www.journalofinequalitiesandapplications.com/content/2013/1/445

sharp inequalities for the multilinear integral operators sz and ;£ when D*A; € BMO(R")
for all o with |a| = m;. As an application, we obtain the (L?,L9)-norm inequalities and
Morrey spaces boundedness for the multilinear operators.

First, let us introduce some notations. Throughout this paper, Q will denote a cube of
R" with sides parallel to the axes. For any locally integrable function f, the sharp function
of f is defined by

749 =sup |Q|/Lf<y> ~foldy,

where, and in what follows, f = |Q|™ [, of (®) dx. It is well-known that (see [14, 15])

f (x)_supmf@/b’(y)—ddy.

We say that f belongs to BMO(R") if f* belongs to L>°(R") and ||f || a0 = I|f*||zo. For 1 <

p<ooand 0 <48 <n,let

1 » 1/p
Ma,p(f)(x)=zlg<wfolf(y)| dy) ;

we write that M, (f) = M,,,1(f), which is the fractional maximal operator.
Fixed 1 >0.For1 <p< oo, let

x€R™,d>0

1 » 1/p
Ifllps = sup <$/ f o dy) ,
B(x,d)

where B(x,d) = {y € R" : |x — y| < d}. The Morrey spaces are defined by (see [16—20])
LPHR) = {f € Lj,o(R") : If Il oo < 00}

As the Morrey space may be considered as an extension of the Lebesgue space, it is nat-
ural and important to study the boundedness of the multilinear integral operator on the
Morrey space.

We shall prove the following theorems.

Theorem 1 Let D*A; € BMO(R") for all o with |a| = mjand j=1,...,1.
(1) Then there exists a constant C > 0 such that for any f € C3°(R"), 1 <r < n/8 and
xeR",

1
(S49) ") < c]‘[( Y [, IIBMO>Ma,r(f)(x);

Jj=1 Clajl=m;

2) Ifl<p<n/§andllp—1/q=235/n, then S@ is bounded from LP(R") to L1(R"), that is,

155010 < CH( > |4, ||BMO)uf||Lp,

j=1 Nlajl=m;
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(3) Ifl<p<n/§,0<i<n—ps,1/qg=1/p—38/(n—Ar), then Sﬁ is bounded from LP*(R")
to LY (R"), that is,

||S$(f)||”" = Cl—[( Z ”DajAl'“BMO)”f”LP'"M

j:1 |oz/|:m/

Theorem 2 Let D*A; € BMO(R") for all a with |a| =mjandj=1,...,1
(1) Then there exists a constant C > 0 such that for any f € C3°(R"), 1 <r < n/8 and
x € R,

l
(406 = CTT( 3 109 o s 10
j=1 |Ct,'|=mj
(2) If1<p<n/sandllp—1/q=23/n, then Wy is bounded from LP(R") to L1(R"), that is,
!
11Pl,s = CTT( X 1594 o )
j=1 |aj|:m1-

(3) Ifl<p<nls,0<Ai<n—pd,1/q=1/p-38/(n—Ar), then M? is bounded from IP*(R")
to LY*(R"), that is,

I
10 = CTT( X 1974 )

J=1 Clejl=m;

Remark The conclusions of Theorems 1 and 2 are completely the same. Thus, they ex-
plain that the Littlewood-Paley and Marcinkiewicz operators have the many similar bond-
edness properties.

2 Proofs of theorems

To prove the theorems, we need the following lemmas.

Lemma 1 [7] Let A be a function on R" and D*A € L1(R") for all a with |a| = m and some
q > n. Then

1 1/q
RulAi%,9)| < Clx— 1™ ( f D"A()qd> ,
| =< Chi=y ‘;V, QG )l é(m)| Az

where Q is the cube centered at x and having side length 5/n|x — y|.

Lemma 2 [21] Suppose thatl <r<p<nl/d and1/q=1/p—8/n. Then

”M&V(f) ”Lq = C”f”LP

Lemma 3 [16, 17] Let 1< p <00 and 0 < A < n. Then the following estimates hold:
@ IM(F)llpa < ClF*llpa;
(b) IM () izar < Clfllzpr for 0 < < (m—A)/np and 1/q = 1/p — nn/(n — A).

Page 4 of 14
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Lemma4 Letl<p<n/8andl/q=1/p—&/n. Then Sy and s are all bounded from LP(R")
to L1(R").

Proof For Sy, by Minkowski inequality and the condition of v, we have

dvd 1/2
Sl/,(f)(x)5_/Rn[f(z)|(/”)|1/ft(y—z)|2 t{ﬂf) dz

) t—2n+26 dvdt 1/2
=C V(z)| </ / 2225 91/ ) dz
R 0 Syt (L+ [y —z|/2)2n+2-20 ¢lan

00 22n+2t17;«1 1/2
= C/ ® <f / d dt) dz,
R? lf | 0 lx—y|<t (2t + |y — Z|)2n+2—25 Y

noting that 2¢ + |y —z| > 2t + |[x —z| — |x —y| > ¢t + |x — z| when [x —y| <t and

OO tdt _ Clx_z|—2n+25
o (t+ |x—z|)2n2-28 - ’

we obtain

o0 tdt 12
Sy (f)x) < C/Rnlf(z)|<f0 W) dz
_ If @)
= C/Rn 4|x—z|"-8 dz

For ws, note that |x —z| <2t, |[y—z| > |x—z| -t > |[x —z| -3t when [x —y| <&, [y —z| <,

we have

120 - 2)If ) dyds
MS(f x)<\[3”[/[x y|<t( y Z|nl6 ) Fz(yt n+3] dz
xr@(, "3 1/2
= C'/R” lf(Z)| |:/ /I‘x—;V|<t (lx —F(Z|) — 3¢)2n-2-2 dydt:| dz
[f )] 0 dt 12
= CfR” m [/x—zwz W] dz

[f @)
<€

Thus, the lemma follows from [21]. O

Proof of Theorem 1 (1) It suffices to prove for f € C°(R") and some constant Cy, the fol-
lowing inequality holds:

i st - C°|dx<cl_[< 5 104 o ) M 169

j=1 lajl=m;j

Without loss of generality, we may assume / = 2. Fix a cube Q = Q(xo,d) and x € Q. Let
Q-= 5/nQ and Aj(x) = A;j(x) — Z\a\:m/' é(D"‘Aj)Qx“, then Rm].(A,»;x,y) = Rm/.(A,»;x,y) and

Page 5 of 14
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DD‘A, = D"A; — (D" Aj) for |a| = m;. We write, for fi = f x5 and fo = f xzn\ o

?_ Ryt (A: ,2)
B - [ D gy oyeyas

/ 1_[] 1Rm}+1 A;,x: z)

e — z|™

f ]_[] 1 Ry (Aj;x,2)

e —z|™

Vi(y — 2)f2(2) dz

Uiy — 2)fi(2) dz

_ Z al /Rn my Az,x, x Z)alDalAl(z)‘/ft(y—Z)ﬁ(z)dz

[ —z|™
a1 |=rm
m A yxx x Zaz - ~
/ i “p 2A5(2) Yy — 2)fi(2) dz
R" |x — z|™
\Otz\ mz
1 (x — 7)1 2 D1 A (2)D*2 Ay (2)
_ dz,
' Z arlay! /Rn lx — 2| Yy —2)hi(2) dz

|a1|=my,|ag|=my
then
|S4(F)(x) - S2 () (o) |
= [ xr@EL O @D - [ xrwo EA B o)

< | xreFAN ) = xrwo) FL () (0, )|

Rm A! 1]
xres /Rnn’l A% o oz

lx —z|™

mzA; ’ —z)1 o
oo ¥ o, A D" 3, oty - o)

lx — z|™

i Z /R,, Ry (A1; %, 2) (x — 2)*2 D Ay nly — 2 (2) de

| —z|™

(x — 2)"1*2 DM A (2) D2 A5 (2)
R" lx — z|™

Vi(y — 2)h(2)dz

1
" Xl"(x) Z 0[1!0[2!

ley|=my, | |=mp

+ | EAR)69) = xrwo A () x0,)|
:=L(x) + L(x) + I3(x) + La(x) + I5(x),

thus,

- /Q ISA0)x) — S f3)x0)| i

C o
< lla‘/Qll(x)dx+@f(glz(x)dx+@/(;13(x)dx

C
+@V/(214(x)dx+ﬁ/QIs(x)dx

Z=11+12 +13 +14 +15.


http://www.journalofinequalitiesandapplications.com/content/2013/1/445

Lu Journal of Inequalities and Applications 2013, 2013:445 Page 7 of 14
http://www.journalofinequalitiesandapplications.com/content/2013/1/445

Now, let us estimate I}, I, I3, I, and I5, respectively. First, forx € Qand z € Q, by Lemma 1,

we get

Ruy(Ajx,2) < Cl—y™ > | DA

|otj|=m;

BMO*

Thus, by the (L”, L7)-boundedness of Sy, for 1 < 7 < n/§ and 1/q = 1/r — §/n, we obtain

2
Ilscl_[

( > [ ||BMO) L sl
(Z 10t ([ 5e001145)
15 141
(3 1o}

L R A w)’

For I, denoting r = pg for 1 < p<n/8, q>1,1/q+1/q' =1 and 1/s = 1/p — §/n, we have, by
Holder’s inequality,

12 = ¢ Z ”l)O(ZA2 “BMO |Q| /‘Sw DalA]fl) ’dx
lag |=m3 ey [=my
1/s
= ¢ Z ”DD{ZA2 ”BMO <|Q|/ |SW DalAlfl)(x | dx)
loeg |[=mp lory |=rm1

1/p
=C Y [Pl X 00 [ Al ax)

g |=mmg o1 |=rm

=C Z ”DaZAZHBMO

lara| =

1 o rd ) ed < 1 4 ) 1pq
: d S d
x ) <|Q|/|D A" dx |Q|1_r5m/é[f(x)| x

g |=mmy

=¢C ﬁ( 2 4, HBMO)Ma,r(fxfc).

j=1 Nal=m;

For I3, similar to the proof of I, we get

2
L=C 1_[< Y Ip4 HBMO>M5,,<f)<5c).

j=1 Nla|=m;


http://www.journalofinequalitiesandapplications.com/content/2013/1/445

Lu Journal of Inequalities and Applications 2013, 2013:445 Page 8 of 14
http://www.journalofinequalitiesandapplications.com/content/2013/1/445

Similarly, for I, denoting r = pgs for 1 < p < n/8, q1,92,93 > 1, 1/q1 + 1/q> + 1/g3 = 1 and
1/s =1/p — §/n, we obtain

L=<C ) Ila /Q |Sy (DM ALD Af,) () | dx

oy |=my,|ag |=my

1/s
=C 2 (IQI/ [y (D" 41D Ao ) () dx)

oy |=my, g |=mp

B B 1/p
<c Y IQI‘”S( fR ”\D“lAl(x)D“2A2<x>ﬁ(x)|”dx)

log|=my, |z |=my

v lpq1 i 1/pqa
C D™ A 'd D™ A 2d
=C 2 (IQI f' 1) x) (IQI /' 20 x)

oy |=my,|ag |=mg

1 P4q3 Hpas
< (s o )

2
< TT( X 104 o 105

j=1 Nal=m;

For I5, we write

WFA(H) % 9) = xreo) FA () (%0,)

H1'2=1 ij (Aj;xr Z)
lx — z|™

= Rn(Xr(x) — XT(x0)) Yy — 2)fa(2) dz

+ XD (x0) /Rn< ! - ! ) l_[Rm} (A/rx’ Z)%(Y - Z)fZ(Z) dz

lx =z |xo —z|™

mz(A2:xr )
%o — z|™

Ry (Al;xo, z)
%o — z|™

/ [ o (Ag;x,2 z)(x — 2)* Xr) RmZ(AZ;xO:Z)(xO —Z)O”Xr(xo):|
Rn

+ XT(x0) / (Rony (A3 %,2) = Ry (A1 %0, 2)) Uiy - 2)fa(2) dz

+XF(x0)/ ( m2(A2,x,Z) Rmz(AZ’xO: )) %O’—Z)fz(z)dz

o — 2| |0 — z|™
Idl\ m1

x DA ()Y, (y - 2)fo(2) dz

/ |: m Al:x’ (x - Z)az XT(x) le (Al;xOr Z)(JC() - Z)Ot2 XT(x0) ]
R

| — z|™ |0 — z|™
Idzl mz

x D Ay(2) Y, (y - 2)f5(2) dz

. 1 f (= 2)"1"2 xre) (Ko —2)* 2 Xr()
orlas! Jpn | —z|™ [xg — z|™

o1 |=my, | |=mp

x DU A1 (2) D A (2) Yy — 2)f3(2) dz

=101+ 10+ 10+ 10+ 10 4 1D,
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By Lemma 1 and the following inequality (see [15])

bg, — b, < Clog(1Qal/|Qi1)1bllsmo  for Q C Qy,
we know that, for x € Q and z € 2F1Q \ 2KQ,

Ruls.2)] = Cle=21” 3 (1074 ] 0+ (D7)

la|=m

< Cklx—z2|" Z HDQAHBMO'

la|=m

- (D*4)4)

Q(x,2)

Note that |x — z| ~ |xy — z| for x € Q and z € R" \ Q, we obtain, similar to the proof of

Lemma 4,

[Ryn; A,x,Z)Ilwz(V—Z)Ilf(Z)I
110 < L(//Rm[ o R

2d dt 1/2
2
X |Xr(x)(% t) - Xl"(xo)(y’ t) ’i| i+l ) dz

c / TT71 Ry (A%, 2) | 2(2)]
=c|

lxo — z|™
-1 dy dt / trdyde V2 p
_ U ayat _ tayat
re (E+ [y =222 Jrg) (E+ |y —2]) 2272

—c / TT71 Ry (A%, 2) | 2(2)]
Rn

AL s

C/ 1_[, 1 1Ry (Aj;%,2)||f>(2) /f lx — xo|ti"dy dt mdz
e lxo — 2™ izt (E+ o +y —z])>3-2

2 A /2
§Cf Hj:lij(Aj)x’Z)IfZ(z)Hx_x0|1 dz

|x _ Z|m+n+1/2—6

1 1
(t+|x+y—z])2+2-2 I o +y — 2])21+2-20

dvdi\ V2
tj'i—l) dz

" |x_x |1/2
<CH( Z | D4 BMO)Z/ 2mlf(z)|dz

lal= ” k+1Q\2kQ

[e¢]

2
CTT( 10 o) o2 e [ o

j=1 Ma|= mj k=1

CT1( 3 154 ot

j=1 Mal=m;

% — %o - y
)= [ et TR s 2 to)
j=1

IA

IA

cn( 108 l0) 2 [ ez 1

o= p k+1 Q\ZkQ
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< cﬂ( S |04, ||BMO) Yt e [, el

ot|=m; k=1

= CH( Z ”DOIA/'“BMO)MM(IC)(;C)-

j=1 Na|=m;

For Iés) and 1;4), by the formula (see [7])

~ ~ 1 ~
Ry(A;%,2) = Ry(A;%0,2) = ) =Ry iy (DPAsx,20) (2 — 2

1Bl<m

and Lemma 1, we have

[Rn(Ai,2) = R(Aiaio,2)| < € D0 D 7 =" Pl =2l P [ DA

|Bl<m |a|=m

Thus, similar to the proof of Lemma 4,

=TI X 178 ) 2 g il

ot =m; k+1Q\2kQ |x0

2
H( 2 ||D°’Af||BMo)Ms,r(f>(x);

e]= =mj

2

I = CTT( X2 10 )15

j=1 Mal=m;

Similarly, we get

”I | <C Z / ”|: my AZ’x¢ (x Z)OQXF( ) _ Rmz(AZ;xO:Z)(xO —Z)O“Xr(xo):|

m — m
ooy lx — 2| |0 — 2]

x Yy - 2)|||D A1 (2)| [fo(2)| dz

SO Y DAl X S k@2 2t

lot|=mmy log|=my k=1

1 a1 A V/d v 1 rd
- (I2kél /sz\D A0 y) (W el y)
2
= Cl_[( Z ”DaAj”BM())MS,r(f)(;C);

j=1 ot|=m;

1/r

2
11 = CTT( X 194 o 5,00

j=1 ol=m;
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For Ig), taking ¢1,g» > 1 such that 1/r + 1/q; + 1/g; = 1, then

|5 <c

[(x 2“2 ypw (Ko —2)MF2 xp

%0)
- Vily-2)
| — 2| lxo — 2™ } v
g |=my,|ag|=ma

x |D*A,(2)||D*2 A, (2)||fo(2)| dz

0 B B 1 . r
¢ T 1He e [ or )

la1|=my,laz|=my k=1

~ @ v 1 ~ o Va2
D Ay0) d) ( [ a0 d)
<|2le wal? AT D)5 fyol P A0

2

< CTT( 32 1974 o 5,01

j=1 e|=m;

Thus

2
I1I5]| < CH( > ||D“A,»||BMO>Ms,r(f)(5c).

j=1 Cla|=m;

We choose 1 < r < pin (1), then (2) follows from Lemma 2. For (3), taking 1 < r < min(p, (n —
A)/pé) in (1) and by Lemma 3, we obtain

850 ax < CIMSHEN o < NSO s

T S 154 ) 95,6

ot |=mm;

D104 o ) W

oe|=mm;

j=1
2
cl1

j=1

IA

=cTl(
j=1 Sel= =m;j
- o« l/r

< CTT( 10 4o 0157
j=1 Sa|=m;

<] (

IA

)
Ji
510 o) M (1)
)
)

2
CTT( 3 10 o) W

j=1 o|=m;
This completes the proof of Theorem 1. d

Proof of Theorem 2 It is only to prove (1). Let Q, Q, Aj(x),fl and f, be the same as the proof
of Theorem 1. We write
F} (f)@.9)
/ ]_L 1Rm,+1 A],X,Z) Q(y
Rﬂ

lx — z|™ ly—z

|n 1- (SfZ()
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+/ 1_[/ lRm}(Apx;Z) Q(y
Rﬂ

x —z|™ ly -

=2 s

B Z / o Az,x, (x— z)“lD“IAl Qy -
RVI

| — 2| ly -

=D @z

o1 |= m1

/ - Al,x, (x— z)“zD"‘ZAz Qy -
R o — z|™ ly -

=D oz

If¥2| mz

1 (x — 2)"172 DM A, (2) D2 A, (2) Qy -
Z /I; n 1 2

orlas! [ — z|™ ly —

+

D s

oy |[=my,|eca|=mm

then
ﬁ / LA ) - () o) | dx

|Q|/Her>F (N 9) = Xreo FA() X0, y) | dx

= @z a

/‘” ]_[/ 1le(A,,x,z) Qly -
=1al Jo|
XT(x Z —

-z -
IQI/‘ g

5 / Ry (Ag;%,2)(x — 2) D" Ay (2) Qy—2)

Ix—ZIm ly— 2"
"l / ‘

/ Ry (A1;2,2)(x — 2)2D*2 A5 (2) Qy -
X

| —z|™ ly—
IQI/‘

/ (x — 202 DM A, (2)D™2 A, (2) QU -
X
R [ — 2| ly -

fi(z)dz| dx

XTI (x) Z -

\a\mz

pTEE 2 fi@dz|d

1

1!0[2!

XTI (x)

ey =y, |a2| my

pTEE L f(@dz] d

1 -~ -
‘e / A (59) — Xy EA () (k0 3) | s
Q

=h+h+l+Jat)s

Similar to the proof of Theorem 1, we get

=1 1)y s

etj|=mm;

| A

IA

cn( > |94, HBMO)(|Q| / s ‘”") ’

|etj|=m;

IA

2
Cl_[< > ||Da’A1||BMo)M5,r(f)(9?);

j:1 |a1|:m1

Page 12 of 14


http://www.journalofinequalitiesandapplications.com/content/2013/1/445

Lu Journal of Inequalities and Applications 2013, 2013:445 Page 13 of 14

http://www.journalofinequalitiesandapplications.com/content/2013/1/445

h=C Z ||D&2A2HBM0 |Q|/|MS D"‘lAlﬁ)(x)Mx

laeg [=m2 g |[=m11
1/s
=C Y 074y Y (|Q| [ Jus(om ) a )
loeg |=mm2 lag|=m

=CT1( X 1l

ot |=m;

2
- Cl_[( Z ”DaAi“BMo)M&r(f)(;C);

j=1 Slal=m;

1 L
h<C Y al /Q |1s(DMALD™ Afy) (x) | dx

oy |=my, | |=ma

1/s
e 5 (i fprariare

ey |=my, | |=m2

2

=€ 1_[( 2 IID“A;IIBMO)Ma,p(f)(&).

j=1 Sa|=m;

For J5, we write

xrwFA ()% 9) = xrwo F2L (f) (%0, 9)

l_[jzzl Rm/ (Aj;x’ z) Q(y —-2)

le—z"  ly—zl"

= | (Xr@) — Xr(xo))
Rﬂ
2

1 1 - Qly-2)
+ X fR ( - ) [ R (Eji.2) w_(i%fz&) dz

_ y|m _ ~|m
be—z|™  |xo 2" /7|

mz(A21er Q()/
X0 — 2" |y-

ml(Al;xo,Z Q()/
lxo — 2" |y -

+ Xt / (R (Gh155,2) — Ry (Ar;30,2)) |n15fz(z)dz

+X1“(x0 / ( mz(Aer,Z) Rmz(AZ)xO:Z)) |n 1- 8f2 )dZ

/ |: my AZ’x! (x Z)‘“Xl"( ) Rmz(AZ;xO:z)(xO _Z)alxl—‘(xo)}
Rn

e — 2| |0 — z|™
Ial\ Wll

Qb -2) D°’1A1(z)f2(z) dz

| |n16

_ Z / [ nm Al’x! (x Z)OQXF _le(Al;xOrz)(xo_Z)azxr(xo)]

| — 2| |0 — z|™
lera |= mz

) %Dwf‘lz(z)fz(z) dz

+

1 / |:(x -2 xrw (%0 —2)M17? XF(xO)]
R}’l

oglo! [ — z|™ |xg — z|™

loeg |[=my,|ea|=1m

D"‘lAl (z)D*2 A, (2)f2(2) dz.
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Then, similar to the proof of Lemma 4 and Theorem 1, we get

2
51l < C]"[( > ||D°’A,~||BMO)M5,r(f)(5c).

j=1 Na|=m;

The same argument as the proof of Theorem 1 will give the proof of (2) and (3), we omit
the details and finish the proof. O
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