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Abstract

In this paper we introduce a class of complex Stancu-type Durrmeyer operators and
study the approximation properties of these operators. We obtain a
Voronovskaja-type result with quantitative estimate for these operators attached to
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1 Introduction
In 1986, some approximation properties of complex Bernstein polynomials in compact
disks were initially studied by Lorentz [1]. Very recently, the problem of the approximation
of complex operators has been causing great concern, which has become a hot topic of re-
search. A Voronovskaja-type result with quantitative estimate for complex Bernstein poly-
nomials in compact disks was obtained by Gal [2] Also, in [3—-18] similar results for com-
plex Bernstein-Kantorovich polynomials, Bernstein-Stancu polynomials, Kantorovich-
Schurer polynomials, Kantorovich-Stancu polynomials, complex Favard-Szédsz-Mirakjan
operators, complex Beta operators of first kind, complex Baskajov-Stancu operators, com-
plex Bernstein-Durrmeyer polynomials, complex genuine Durrmeyer-Stancu polynomi-
als and complex Bernstein-Durrmeyer operators based on Jacobi weights were obtained.
The aim of the present article is to obtain approximation results for complex Durrmeyer-

Stancu type operators which are defined for f : [0,1] — C continuous on [0,1] by

" 1
qua,ﬂ)(f; Z) = H;Pn,k(z)/o pn_l’k_l(t)f(ilt:g> a

+f(ﬁ)l’n,0(z)’ (1)

where «, B are two given real parameters satisfying the condition 0 <o < f,z€C, n=
n\ k —k

L,2,...,and pu(z) = ()" (1 - 2)"*.
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Note that, for & = B = 0, these operators become the complex Durrmeyer-type operators
M,(f;z) = quo’o)(f; z), this case has been investigated in [11].

2 Auxiliary results

In the sequel, we shall need the following auxiliary results.

Lemma 1 Let e,(z) = 2", me NU{0}, ze C,neN, 0 <a < B, then we have that
M(,,D"ﬂ )(em;z) is a polynomial of degree less than or equal to min(m, n) and

i lam_]
M ep;z) =) <m> T Mi(e2).
S\t p)

Proof By the definition given by (1), the proof is easy, here the proof is omitted.
Let m = 0,1,2, according to [11, Lemma 1], by a simple computation, we have

MPey;2) = 1;

@B (g g) = "2 o
M, (el,z)—(n+1)(n+ﬁ)+n+ﬁ,
@y, M 2nz +n(n— 1)z2j|
M2 (ey;2) = (n+ B |: i D)ns2)
ZI’IZO(Z o(z
+(”+1)(Vl+,3)2+(n+ﬁ)2' O

Lemma 2 Lete,(z)=2", meNU{0},zeC,neN,0<a <B,forall |z| <r,r>1, we
have IM*P) (e,:2)| < .

Proof The proof follows directly Lemma 1 and [11, Lemma 2]. d

Lemma 3 Lete,(z) =2", mneN,z€ Cand0 < o < B, then we have

z(1-2)n

(e, 8) o) —
My emni2) = e )

(M (e32))
(m+n2)n+al +2m+n)

(m+B)Ym+n+1)

am(n +a) @p)
B (m+B2m+n+1) "

M) (e, 2)

(em-1;2). ()

Proof Let
) ! nt+ao
T, 5 ()= /0 Prn-1k-1(E)f py dt,
1
(o) nt+a
a0 [ st (25 ) e

A ! nt+ao
Tef. 0= [ pn_l,k_ut)ﬂf( )dt,
’ 0 n+p

n
ECP(f2) =1y pur@TL (),
k=1
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then we have

MEP(f;2) = E“ﬁ><fz)+f( )pno<z>

1 m
~(aB) n+p (nt+a o nt +«o
m) = n-1,k—1(Z - dt
n—l,k—l(e) /OP 1,k 1() " (Vl+}3 I’l+ﬂ)<l’l+ﬁ

n+p
T on

(@B) & (wB)
Tn-l,k—l(emﬂ)_; n-1lk—

Fan )_/1 " n+ B\ nt+a a \*(nt+a mdt
nLh1\6m) = [ Ptk n n+B n+p n+p

(n+'8) a /1 1( m+2) MT(QU( 1( m+1)

1(em);

n
a 2
¥ (;> 70 (em)-

By a simple calculation, we obtain
2(1-2)p,(2) = (k= n2)pur(2),  [(k=1) = (n = Dt]ppixa(8) =t - ),y 1 (2).

It follows that

/

2(1 - 2)(E@P (e 2))

- nt+o
= k- n n— d
DR kz)fp 1k1(t)< ﬁ) ¢

n

1
=1y pus2) /0 [(k=1) = (1= )¢ + (1= Dt + 1]pprgr (0

=1

nt+a\”
: ( poy: ) dt — nzE®P(e,,; 2),

>

where
n 1
nzpn,k(z)/ [(k=1) = (n-1)t+(n -1t +1]
k=1 0

nt+o\”
'pn—l,k—l(t)< ) dt
n+p

-annk / —t)pnlkl(t)(”‘:;‘)

+nn=-1) " pu@ T 1<em>+n2pnk<z> “(em)
k=1

—annk / 1= 0P 14 1(t)(nt+—+g>

a(n-1)
n

L=t B)

n

EP)(e4152) + [1— }Eff’ﬁ)(em;Z).
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Also, using integration by parts, we have

1 t
/ot(l t)pnlkl(t)<%> dt

1 m
- / Prtsa(®)(1-20) (”‘ * “)
0 n+p

1

m-1
mn nt+o
pn—l,k—l(t)t(l - t)( ) dt

Cn+ B n+p
=T (en) +2T“P) 1(em)
MmN Z(a.p) i
- n +,B no—ll,k—l(em—l) 7 +ﬁ Talk 1(em 1)

n+p : 20 20m :
=— (m + 2)Ty(10:1’?1271(em+1) - (1 tmt — )Tflaf,)(l(em)

am(a + n)

n(n+ B) T(alk 1(m-).

So, in conclusion, we have

n+

B+ 1+ DE“P ey0152)

21 -2)(E“P(en2) =

a(l+2m+n
- [Q m+nz:|E(“ﬁ)(em;z)
n
. am(n + o) (e :2)
}’l(l’l + /3) n m-1>%)>
which implies the recurrence in the statement. g

Lemma4 LetneN,m=2,3,..., e,(z) =2", qu‘f;f)(z) = Mﬁ,a’ﬂ)(em;z) -7Z",z€eCand 0 <
o < B, we have

z(1-2)n
(n+ B)(m + n)
(m-1+nzn+a(m—-1+n)

(n+ B)(m+n)

oam

S@P(z) = (M@P e, 152))

nml()

Tt B m ) Plen132)

a(m-1)n+ )
C(n+ B):(m + n)
m-1+nzin+a(m-1+n)

(n+ B)(m +n)

M(a 2 (em Z’Z)

2"t (3)

Proof Using the recurrence formula (2), by a simple calculation, we can easily get the re-
currence (3), the proof is omitted. O

3 Main results

The first main result is expressed by the following upper estimates.
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Theorem 1 Let 0 <o <fB,1<r<R,Dr={z€C:|z| <R}. Suppose that f : Dr — C is
analytic in Dy, i.e., f(z) =Y .o cmz™ for all z € Dy.
(i) Forall |z| <randne N, we have

K“P(f)
n )

|M@P(f;2) - f(2)| <
where Kr(a,ﬁ)(f) =@+n)> 0 lemlmim +1 + o + B)r" < co.

(i) (Simultaneous approximation) If1 <r <y < R are arbitrarily fixed, then for all
|z| <rand n,p €N, we have

o]«
= (n+ B)(ry — )Pt

|(MP) (£;2)) )~ f

where K,(f"ﬁ)(f) is defined as in the above point (i).

Proof Taking e,,(z) = 2™, by the hypothesis that f (z) is analyticin Dg, i.e.,f(z) = Y o, 5 Cm2™
for all z € Dy, it is easy for us to obtain

P(f;2) = Zcm P (e 2).

Therefore, we get
IME@Af;2) — f(2)] < Z el - [ M©P(e,52) - €,u(2))|

= Z |l - |M&P (€3 2)

as MYP)(ey;2) = eo(2) = 1.
(i) For m € N, taking into account that M,(f"ﬂ ) (e-1; 2) is a polynomial of degree < min(m —
1,n), by the well-known Bernstein inequality and Lemma 2, we get
-1
’(M;“'ﬁ)(e ) ‘ < —max{‘M"‘ﬁ (em-1;2 )| 2] < r} < (m-1)r"?
r

On the one hand, when m =1, for |z| <r, by Lemma 1, we have

|MEP(ey;2) - er(2) | =

2
n‘z o 1+r
<—Q2+a+p).
n

(n+1)(n+/3)+n+,3_z -

Whenm >2,forneN, |z| <r,0 <a < f,inviewof |(m-1+nz)n+a(m-1+n)| <

(n + B)(m + n)r, using the recurrence formula (3) and the above inequality, we have

|MEP (es 2) - em(2)| = |SEE(2)]

r(l; " (m-1)r"2+ r|S(a ) ()|

n,m-1
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o o m+1+
+ Ty Sy 7'3(1 + 1)
n n n

m-—1
< ——@Q+n)rmty r|S,(f,’f,)1(z)|
p ,

m+1+p

o
+—Q+r)r s (1+r)rmt
n

2m+ o+

r|S(“'ﬁ) @) + 1+t

nm-1

By writing the last inequality, for m = 2,..., we easily obtain step by step the following:

|MEP) (€3 2) — e(2)|

- r<,| s () ¢ 2D rerp

n,m-2

1+ r)rm‘2>

2m+a +
+ amrerh p 1+ 7)™t

m—1+m)+2(x+p)

2( _
= r2|S£f,‘f_)2(z)| + 1+ 7)rm

l+r
<< —mm+l+a+B)rmL
n

In conclusion, for any m,n € N, |z| <r, 0 <« < B, we have
@B) L+r -1
| MF (€3 2) — em(2)] < m(m+1+a+p)r"",
n

from which it follows that

147 —
|M£l°"5)(f;z) —f(z)| < - Z lemlm(m +1+a + B)r™ .

m=1

By assuming that f(z) is analytic in Dg, we have fP(z) = Y-, ¢,,m(m — 1)z"2 and the

series is absolutely convergent in |z| < r, so we get > o, |¢;u|m(m — 1)r"2 < 0o, which
implies K*P(f) = (1 + r) > lemlm(m +1+a + B)r"! < oco.

(ii) For the simultaneous approximation, denoting by I' the circle of radius r; > r and
center 0, since for any |z| <rand v € T', we have |v — z| > r; — r. By Cauchy’s formula, it

follows that for all |z| < r and n € N, we have

(e 2)” 02| = 2

@By
/M,, (f;v)—f(v) Ju
27 r

(U — Z)p+1

- Ky pt - 2mn
- n 2w (rp—rp+l

K
n (ry = r)p+’

which proves the theorem. O

Theorem?2 Let0 <o < B,R>1,Dp={z € C:|z| < R}. Suppose that f : Dr — C is analytic
in Dg,i.e,f(z) = rop cxZ* for all z € Dy. For any fixed r € [1,R] and all n € N, |z| < r, we
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have

MEPf;2) — f(2) - f(2) - =—f"(2)

a-1+p)z z1-2) ,
n n

Ml M) M50

n? " n(n+ B) * (n+’B)2’ (4)

where M,(f) = > o<, lck|kBy,r* < 0o with By, = r*(2k> + 3k + 3k + 1) + r(4k> + 12k? + 14k +

6) + 2K + 9K + 13k + 6), MU (f) = Y00 [exl [2k(k — 1% + 2k3Br + K2af + K>B2r]r!
V(w2822

M(raz,ﬁ)(f) _ ZICZI ekl k(k 1)(0t2 +B717) k=2 < 00.

Proof For all z € Dg, we have

Dz - fia) - TP p gy AL D
_MOP(f2) - f@) + 2 - =Dy =Py
n n n

= [Mn(f; —f() - =2 i@ - (z)]

¥ [Mff‘ﬁ)(f; 2) — My(fi2) - ‘nﬁ Zf/(z)}

= 11 + 12.

By [11, Theorem 1], we have || < Mn’z(f), where M,(f) =Y 12, |ck|kBy -1 < 0o with By, =
r2(2K3 + 3k* + 3k + 1) + r(4k® + 12k + 14k + 6) + (2k> + 9k* + 13k + 6).
Next, let us estimate |I|.

By f is analytic in Dy, i.e., f(z) = Y o, ck2* for all z € D, we have

2| = Z Ck [Mff"s)(ek;Z) — M, (ex;2) — a_Tﬂzkz"‘l]

k=1

o - Bz
M P (er; 2) — Myy(ex; 2) — .

[e¢]
<> el
k=1

- Zj: ( ) ky /gt by Lemma 1, we obtain

On the one hand, when k > 2, since "
(n+B)

(n /3)"

MEPes32) - Myfews2) - TPk
n

L wak7 n*
) ,Z( s e -1 s

o - Bz
n

=2 ok knF 1y
My (e z) + ———7 Myu(ex-1;2)
j=0

kzk—l

(n+/3)" (n+ B

Page 7 of 13
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k-1 n]ﬂk_] ﬂZ o
Z] (>n+ﬂ)k sz = ke
=

2 - _
ok’ k1

k
= Z (1) (Vl n ﬂ)kM (el,Z) + ﬁ[Mn(ek—l;z) —_ ek—l(z)]
j=0

kkl k=2 1[31(—1
oyl %X)w rfea)

k1
(n+ﬁl)3k[ (ek;Z)—ek(z)] (n+,3l)3k Q- ﬂzlzk_
2 nat kn* o
= ()m+mkn@@+(jgvph@ﬁg_@ﬂ@]
2 Vl}ﬂk_] /(Vlk‘lﬂ
( ) (n+ lg)k nlex;z) - W[Mn(ek;Z) —ex(2)]

j=0

1 n 1, L ”kl] k
_[n_(n+ﬂ)k] +[n_(n+ﬁ)k e

By the proof of [11, Corollary 3], for any k € N, |z| <r, r > 1, we have

2
M2 <7, M) —er| < 2ok

Hence, for any k > 2, |z| <r, r > 1, we can get

206\ ok
()————ﬂwd%@
=0

= \J/ (n+ )
K20k Wak 2
= 120( Joiar
& kk-1) (k—2> Wk @’
o k=) =j-1) (n+ Y2 (n+p)>*
k(k ) 2 & Wok
= i+ BP ZO( j )(”Jrﬂ)k‘zr
_kk-n
-2 (n+ B)2
and
knk-1 k(k —1)?
e Meci2) - ]| < %

Also, using

T
Z_(n+,3)k_ nn+ B} T nn+p)

Page 8 of 13
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forany k> 2, |z| <r,r>1, we get

o —pz
MY 0152 - Myles2) - 2Pk
n

- k(k-1) o’ R 2k(k = 1)’ e k(k-1) P’ K
2 (n+pp n(n + B) 2 (n+pp
28 . KB ., K
+ o+ ro+ r
nn+p)  nn+p) n(n+p)

oo 2 3 2 202
= n(n+ﬂ)[2k(k_1) o +2K°Br+ Ko + K Br]
2 k(k-1)(a® + %)
+ . .
(n+ B)? 2

On the other hand, when & = 1, using Lemma 1 and M, (e;; 2) = ;5 (see [19]), by a simple
calculation, we can get |M? (e1;2) - M, (er;2) — a—nﬁz < n(n1+/3) (2Br +af + p2r).
So, forany k € N, |z| <r,r >1, we have

— Pz
M e2) ~ Myes) - P k)
n

k-1

< ”1(”7‘*,3) [2/((/( —1)%a +2K3Br + Kap + /(2/32r]
2 k(k—1)(e? + B2r?)
n . .
(n+B)? 2

Hence, we have

M) M)
nn+p) | (n+ PR

|| <

where MGP(f) = Y0 leel(2k(k — 1P + 2K3Br + Kaf + K221, MGP(f) =
2,822
ZZ‘;”CHM,J«Z.

In conclusion, we obtain

Mﬁ,a’ﬂ)(fQZ) _f(Z) 1 + ﬁ)zf ( ) Z(l Z)f//( )

M, (f) M“‘”(f Mﬁ‘;’f’)(f)
n? +rz(n+,3) (n+ B2’ O

<|hl+1h| =

In the following theorem, we obtain the exact order of approximation.

Theorem3 Let0 <o < B,R>1,Dp={z € C: |z| < R}. Suppose that f : Dr — C is analytic
in Dg. Iff is not a polynomial of degree 0, then for any r € [1,R), we have

')
n ’

|75 (5 = £], = neN,

where ||f ||, = max{|f(2)|;|z| < r} and the constant Cf“’ﬂ)(f) > 0 depends on f, r and «, B,
but it is independent of n.

Page9of 13
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Proof Define e)(z) = z and

B z1-2) ,

(o 2P (2.

f(2)

HP(fi2) = M fiz) - f " n

For all z € Dy and n € N, we have

M fi2) ~f(2)
= %{[a —(1+B)z)f (2) + z(1 - 2)f "(2) + %[nQHf;"'ﬂ)(f; 2)] }

In view of the property [|F + Gl|, = [|F|l, = IGll-| = [IFl; = G|l it follows

|MeD g5 - 1],
2 %{ I - A+ Blea]f +er(1 - en)f”| - %[nz [EED )] ] }

Considering the hypothesis that f is not a polynomial of degree 0 in Dg, we have
|| [a -1+ ﬁ)el]f/ +e(l- el)f””r > 0.

Indeed, supposing the contrary, it follows that
[oz -1+ ﬂ)z]f/(z) +z(1-2)f"(z2) =0 forallzeD,.

Defining y(z) = f'(z) and looking for the analytic function y(z) under the form y(z) =
Z,fio ayz’, after replacement in the differential equation, the coefficients identification
method immediately leads to a; = 0 for all k € N U {0}. This implies that y(z) = 0
for all z € D, and therefore f is constant on D,, a contradiction with the hypothe-
sis.

Using inequality (4), we get
RIHED ], NP .
where NI“V(f) = M,(f) + M5 () + MG (F).

Therefore, there exists an index ny, depending only on f, r and «, 8, such that for all

n > ng, we have

[~ @+ ey + et —enr”], - [ 3]

=

[[A+a)-@2+Be]f +ed-e)f”

”

N =

which implies

1
||M}(f‘"3)(f; D) —f||r > 7 || [a -1+ ﬁ)el]f/ +e(l- 61)f”||r for all n > ny.
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Forne{1,2,...,ny — 1}, we have

W(D‘:ﬁ)
el = V5D,

where Wr(yoﬁ,'ﬁ)(f n||MP ;) —fll,>0.
As a conclusion, we have

Dlﬁ)

e 511, =

forallm € N,
where
ClP(f) = min{ WP, WS P, ..., WP (),
—||[ 1+ﬂel]f +e(1—e))f” H}
this completes the proof. O

Combining Theorem 3 with Theorem 1, we get the following result.

Corollaryl LetO <a < f,R>1,Dr={z € C:|z| < R}. Suppose thatf : Dr — Cis analytic
in Dg. Iff is not a polynomial of degree 0, then for any r € [1,R), we have

1
| MEP ) - £, = ~, neN,

where ||f ||, = max{|[f(2)|; |z| < r} and the constants in the equivalence depend on f, r and o,

B, but they are independent of n.

Theorem4 Let0 <o < B,R>1,Dp={z<€ C:|z| < R}. Suppose that f : Dr — Cis analytic
in Dg. Also, let1 <r<r <Rand p € N be fixed. If f is not a polynomial of degree <p —1,
then we have

1
(e 50)7 10, =, men,

where ||f, = max{|f(2)|; |z| < r} and the constants in the equivalence depend on f, r, 1, p,

a and B, but they are independent of n.

Proof Taking into account the upper estimate in Theorem 1, it remains to prove the lower
estimate only. Denoting by I" the circle of radius r; > r and center 0, by Cauchy’s formula,

it follows that for all |z| < r and # € N, we have

I (@,8)
(MED(f;2)? - f )= ” /M Vv =10 4,

(V Z)p+1
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Keeping the notation there for H™P )(f ;z), for all n € N, we have

MEP(f;2) ~ f(2)

_l{[a_(l-"ﬁ)zlf,( +Z(]. Z)_f” +l[ 2Haﬁ(fz]}

n
By using Cauchy’s formula, for all v € I', we get

(M;a'ﬁ)(f; Z))(I’) _f(P)(z) = %{[(a -1+ ﬁ)z)f/(z) +2z(1- z)f//(z)](p)

1 p n2HP (f;v)
+ f— —
n 2mi r (w=zp+

Passing now to || - ||, and denoting e;(z) = z, it follows

(e 7)), = [n[( s pre + at-e]7),

Since for any |z| <rand v € I we have |u — z| > r; — 1, so, by inequality (5), we get

pl /‘ nZHr(la'ﬁ)(f; V)
—d
r

2i (v—-)pt

wHEP ) P 2 [HEP )
V =< —-
2m r (v— )1’+1 . 2 (r; —r)ptl
ﬂ)(f)P!h
= T

where NS (f) = My, (f) + M () + MED(f).

1,1 1,2

Taking into account that the function f is analytic in Dg, by following exactly the lines
in Gal [5], seeing also the book Gal [6, pp.77-78] (where it is proved that ||[(« — Be1)f’ +

e1(12—e1)f/f](p) I, > 0), we have

I[(e =@+ Bler)f +en(1 - el)f”](p) |.>o.

In continuation, reasoning exactly as in the proof of Theorem 3, we can get the desired

conclusion.
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