Han and Zhang Journal of Inequalities and Applications 2013, 2013:392 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2013/1/392 a SpringerOpen Journal

RESEARCH Open Access

Upper bound estimate of character sums
over Lehmer’s numbers

Di Han and Wenpeng Zhang’

“Correspondence:

wpzhang@nwu.edu.cn Abstract

D t t of Math tics, . . . e .
szirwrgftnugiveriitf;zn‘fSShaanxi, Let p be an odd prime. For eagh integer gwith 1 < as<p-1,itis clear that there exists
PR.China oneandonlyoneawithO<a<p-1suchthata-a=1 mod p. Let A denote the set

of allintegers 1 <a < p-1,in which a and @ are of opposite parity. The main purpose
of this paper is using the analytic method and the properties of Kloosterman sums to
study the estimate problem of the mean value ) _ 4 x (a), and give a sharp upper
bound estimate for it, where x denotes any non-principal even character mod p.
MSC: 11140

Keywords: Lehmer's numbers; character sums; Kloosterman sums; upper bound
estimate

1 Introduction

Let g > 3 be an odd number. For each integer a with 1 <a <g -1 and (a,q) =1, it is
clear that there exists one and only one b with 0 < b < g —1 such that ab =1 mod q. Let
A(g) = A denote the set of cases, in which a and b are of opposite parity. For g = p, an
odd prime, professor Lehmer [1] asked to study |.4| or at least to say something nontrivial
about it, where p is a prime, and |.A| denote the number of all elements in .A. We call such a
number a Lehmer’s number. It is known that |.4| = 2 or 0 mod 4 when p = 41 mod 4. For
general odd number g > 3, Zhang ([2] and [3]) studied the asymptotic properties of |.A],

and obtained a sharp asymptotic formula for it. That is, he proved the asymptotic formula

1 1
Al = S¢(q) + O(q2 - d*(q) - In*q),

where ¢(q) is the Euler function, and d(q) is the Dirichlet divisor function.

Let M(a,p) denote the number of all integers 1 < b, ¢ < p — 1 such that bc = a mod p
and (2,b +¢) =1, and E(a,p) = M(a,p) - ”T_l. Then Zhang [4] also studied the mean value
properties of E(a, p), and proved that

p-1
3 31
4 Inlnp

a=1

where exp(y) = €. Some related works can also be found in [5, 6] and [7].
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In this paper, we consider the estimate problem of the character sums

p-1
Y x@=Y xla), (11)
acA a=1

2ta+a

and give a sharper upper bound estimate for it, where x denotes any non-principal even
character mod p.

About character sums (1.1), it is clear that its value is zero, if x is an odd character mod p.
If x is a non-principal even character mod p, then how large is the upper bound estimate
of (1.1)? About this problem, it seems that none had studied it yet, at least we have not
seen any related results. The problem is interesting, because it can help us to understand
the deep properties of the character sums over some special sets, for example, Lehmer’s
numbers.

The main purpose of this paper is using the analytic method and the properties of
Kloosterman sums to study this problem, and prove the following result.

Theorem Let p > 3 be an odd prime. Then for any non-principal character y mod p, we
have the estimate

1
Y x(@)<p?-In’p.
ac A

For general odd number g > 3, whether there exists a similar upper bound estimate for
(1.1) is an interesting problem, we will further study it.

2 Several lemmas

In this section, we will give several lemmas, which are necessary in the proof of our theo-
rem. Hereinafter, we will use many properties of character sums, all of which can be found
in [8], so they will not be repeated here. First we have the following.

Lemmal Let g > 2 be an odd number. Suppose that x is an odd character mod g, then we
have the identity

gq-1
2

(1-2x Zax(a x2)q ) x(a).

a=1

Proof See reference [9]. O

Lemma 2 Let g > 2 be an odd number. Then for any even character x; mod g, we have the
identity

q
Zx(ﬂ)=—% > (1-2x0@)(1-2x 2)( Zaxxl )(;Z x(a)>,
a=1

acA x mod g
x(=1)=-1

where ) y mod q denotes the summation over all odd characters x mod q.
x(=1)=—
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Proof From the orthogonality relation for character sums mod g and the definition of A

we have
1 q- 1/ 1 g-1 1 q- 1/
> @ -3 “) @) =5 Y n@-5 Y ) @
ac A a=1 a=1 a=1
1 gq-1 gq-1 ,
e -1)4 -1 b) |, 2.1
2@ X%q(;( ) xlx(m) (;} ) x( )) (21)

where Z/Zj denotes the summation over all 1 < a < g such that (a,q) =
If x(-1) =1, then

gq-1

Z (-1)bx(b) = 0. (2.2)

b=1
If x(-1) = -1, then

q-1
2

Z( 1" x(b) = 2x(2) x(b). (2.3)

,_.

Note that if x(-1) = -1 and x;(-1) =1, then yx x1(-1) = —1. So combining (2.1), (2.2), (2.3)
and Lemma 1, we have

)
Y0 gm T (xxl 5 ) (e 3 x0)
(’b( ) x mod g b=1

x(-D=-1
14
= ¢( ) > (1-2x02)(1-2x(2) ( ZﬂXXl )(—Zax(a))
1 x mod g 9 a=1
x(-1)=-1
This proves Lemma 2. d

Lemma 3 Let p be an odd prime, let x be any character mod p. Then for any integers m
and n, we have the estimate

p-1 _
ma + na

> x(a)e(

a=1

N

where e(y) = €™, (m, n, p) denotes the greatest common divisor of m, n and p.
Proof See [10] and [11]. O

Lemma 4 Let p be an odd prime, let x be any even character mod p. Then for any integer
¢ with (¢, p) = 1, we have the estimate

. _ 3
> %@t x)LATHLAX)| < p? In’ p.
Xx mod p
x(-1)=-1
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Proof For any non-principal character x mod p, applying Abel’s identity (see Theorem 4.2
of [8]), we have

3

)/ ag— _

_ X(n Z xad)  [*AW,X)

LA LA T) =y = / i (;ZX
P

n=1

dy, (2.4)

WhereA(y’Y) = Zp <n<yX Zd\n Xl(d
From [12], we know that for any real number y > p, we have the estimate

Y A0 < y0* @) 2.5)

x mod p
x(=1)=—

From (2.4), (2.5), Lemma 3, the orthogonality relation for character sums mod p, the def-

inition of Gauss sums, and noting that |z(x)| = ,/p, we have

> x(@rGOT( X)L XL, X)

x mod p
x(=1)=-1
a¥a 4+ b\ A Y (@)
ZXl(ﬂ ( )Z . Z x (abcn)
a=1 b=1 n=1 x mod p
x(=1)=-1
AW, X)
+O( S ool r(xxl)|f | (”' y)
x mod p
x(-1)=-1
Z X U a+b
_ 22 am Xa(d Zle(a( )
n=1 a=1 b=1

abc=n mod p

d p-1 p-1
2 sz\n)h() ZZ Xl(ﬂ)e<

n=1 a=1 b=1
abc=—n mod p
x mod p

Ay, ¥
/ | (yzx)l dy)
P Y
x(=1)=-1

Vi — p-1 _
P;l Z Zd|nnX1(d) Z)ﬁ(ﬂ)e(d + VlC‘&l)

')

+O(po Z

n=1 a=1 p
3 — -1
P12y Xa(d) & a-n-a
-5 le p ;xl(a)e ; +O(p)

N ,
=O(PTZ%) =0(p? -In’p).

n=1

This proves Lemma 4. g
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3 Proof of the theorems
In this section, we will complete the proof of our theorem. First, if x (-1) = -1, then from
Theorems 12.11 and 12.20 of [8], we have

p .
LS bv) = LeoLw ). (3.1)
p T

b=1

From (3.1), Lemma 2 and Lemma 4, we have

2
Z x(a) = _¢_([9) Z (1 - 2)()(1(2))(1 - 2)((2))
acA mo
;(—l)jﬁ
1< 1
x (1_7 Z“XXI(“)) (; Zax(a))
a=1 a=1
2 —_— —_
"D > (1-2x02)(1-2x2) 00T (o) LA X)L X)
mod
;(*1):]1
= ﬁ Y T00TOOLA XL D)

T - x mod p

x(-1)=-1
- % > x@700T (o) LA X)L, X)

x mod p
x(=1)=-1
o) X AT 0rGL, TOLT)
TP x mod p
x(=D=-1

+ ) 3 A @rson0 L
x(=D=-1

1
= O(— -p% -lnzp) = O(p% -In*p).
p
This completes the proof of our theorem.
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