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Abstract

The purpose of this paper is to study the split feasibility problem and the fixed point
problem. We suggest a damped algorithm. Convergence theorem is proven.
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1 Introduction
Let C and Q be two closed convex subsets of two Hilbert spaces H; and H, respectively,
and let A : H; — H, be a bounded linear operator. Finding a point x* satisfies

x*eC and Ax"e€Q. 1.1)

This problem, referred to as the split problem, has been studied by some authors. See, e.g.,
[1-8] and [9]. Some algorithms for solving (1.1) have been presented. One is Byrne’s CQ
algorithm [1]

Xn+l = PC(xn - IA*(I - PQ)AJC,,), nel,

where 7 € (0, %) with L being the largest eigenvalue of the matrix A*A, [ is the unit matrix
or operator, and P¢ and P denote the orthogonal projections onto C and Q, respectively.
Motivated by Byrne’s CQ algorithm, Xu [6] suggested a single step regularized method

%ne1 = Pc((1 = apyu)xn — yaA*(I - Po)Ax,), neN. (1.2)
Very recently, Dang and Gao [5] introduced the following damped projection algorithm
Xpi1 = (1= Bu)an + BuPc((1 — ) (%, — TA*(I - Pg)Ax,)), meN.

If every closed convex subset of a Hilbert space is the fixed point set of its associating
projection, then the split feasibility problem becomes a special case of the split common
fixed point problem of finding a point x* with the property

x* € Fix(U) and Ax* € Fix(T).
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This problem was first introduced by Censor and Segal [10], who invented an algorithm,
which generates a sequence {x,} according to the iterative procedure

Xp1 = U(xy —yA* (I - T)Ax,), neN.

Recently, Cui, Su and Wang [11] extended the damped projection algorithm to the split
common fixed point problems. For some related work, please refer to [12] and [13, 14].

Motivated by these results, the purpose of this paper is to study the following split fea-
sibility problem and fixed point problem

Find x* € C N Fix(T) such that Ax* € Q NFix(S), (1.3)

where S: Q — Qand T : C — C are two nonexpansive mappings. We suggest a damped
algorithm for solving (1.3). Convergence theorem is proven.

2 Preliminaries
Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||, respectively.
Let C be a nonempty closed convex subset of H.

Definition 2.1 A mapping T : C — C is called nonexpansive if
1T = Tyl < llx -yl
forallx,y € C.
We will use Fix(T') to denote the set of fixed points of 7', that is, Fix(T) = {x € C : x = Tx}.
Definition 2.2 We call Pc : H — C the metric projection if for each x € H
|« = Pc(x)| = inf{|lx - yll : y € C}.
It is well known that the metric projection P¢c : H — C is characterized by
{x = Pc(x),y - Pc(x)) <0
for all x € H, y € C. From this, we can deduce that P¢ is firmly-nonexpansive, that is,
|2

|Pc(x) = Pc(y)|” < (x = 3, Pc(x) - Pc(y)) (2.1)

for all v,y € H. Hence P¢ is also nonexpansive.

It is well known that in a real Hilbert space H, the following two equalities hold
e+ =0y = ellxll? + (L= Dyl - 01— &)l -y (22)
forallx,y € H and ¢ € [0,1], and

lloe + yII* = llll* + 24, ) + [|y]I> (2.3)
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for all v,y € H. It follows that
ll -+ 711> < l1x]1% + 2¢p,2 + 9) (2.4)

forallx,y € H.

Lemma 2.3 [15] Let C be a closed convex subset of a real Hilbert space H, and letS : C — C
be a nonexpansive mapping. Then, the mapping I — S is demiclosed. That is, if {x,} is a
sequence in C such that x, — x* weakly and (I — S)x, — y strongly, then (I — S)x* = y.

Lemma 2.4 [16] Assume that {a,} is a sequence of nonnegative real numbers such that
An+1l =< (1 - Vn)"ln + (Srn ne N;

where {y,} is a sequence in (0,1), and {5,} is a sequence such that
1) 2221 VYn = O0O;
(2) limsup,_, o, i—‘; <0o0rY 2218, < oo0.

Then lim,_, o a,, = 0.

3 Main results

Let C and Q be two nonempty closed convex subsets of real Hilbert spaces H; and Hy,
respectively. Let A : H; — H, be a bounded linear operator with its adjoint A*. Let S :
Q — Qand T : C — C be two nonexpansive mappings. We use I" to denote the set of
solutions of (1.3), that is, I' = {x*|x* € C N Fix(T), Ax* € Q N Fix(S)}. Now, we present our

algorithm.

Algorithm 3.1 For x¢ € H; arbitrarily, let {x,} be a sequence defined by
%ni1 = TPc((1 = o) (%0 — BA*(I - SPQ)Ax,,)) forallmeN, (3.1)

where {@,},en and {8, },en are two real number sequences in (0,1) and § € (0, W).

Theorem 3.2 Suppose I' # ). Assume the sequence {a,} ,cn satisfies three conditions
(C1) lim,_ o, = 0;
(C2) Y02 oy = 00;
(C3) limy o0 22 =1.

Oy

Then the sequence {x,}, generated by algorithm (3.1), converges strongly to x* = Pr(0).

Proof For the convenience, we write z, = PoAx,, y, = (1 — a,,)(x,, — SA*(I — SPp)Ax,,) and
u, = Pc((1 - a,)(x, — BA*(I — SPg)Ax,)) for all n € N. Thus u, = Pcy, forall m e N.

Let x* = Pr(0). Hence, * € C N Fix(T) and Ax* € Q N Fix(S). By the firmly-
nonexpansivity of Pc and Pg, we can deduce the following conclusions

|zn — Ax*|| = | PoAx, — PoAx* | < || Ax, — Ax*|, (3.2)
n =" = [Peyn = Pea™| < [y =27 (3.3)
|52, — Ax*||” < |20 — Ax* || < A, — Ax* | = N2, — Ax,?, (3.4)

”Mn+1 - un” = ||PCyn+1 _PCyn” =< ||}’n+1 _yn” (35)
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and

121 = 2nll = 1PQA%n11 = PoAxall < 1A%,01 — Ayl (3.6)
From (3.1) and (3.3), we have

e = [ = | Tt =] < ot =6 <y = 7] (37)
Using (2.3), we get

”y,, —x* ||2 = || a- o:,,)(x,, —x* + 8A%(Sz, —Axn)) — X" ”2
<(1- oz,,)” (%, —x™ + 8A*(Sz, —Aac,,)”2 +ay, ||x* ||2
=(1- a,,)[”x,, —x* || +82 HA*(Sz,, —Ax,,)”2

+ 28(96,, —x*,A*(Sz, - Axn)>] +ay, ||x* H2 (3.8)
Since A is a linear operator with its adjoint A*, we have

(x,, - x*,A*(Sz, —Ax,,))
= (A(x,, - x*),Szn —Axn>
= (Ax, — Ax™ + Sz — Axy — (Sz — AX), Sz — Aty

= (Szu — Ax*, Sz — Axy) — ||Sz — Ay >, (3.9)

Again using (2.3), we obtain

(Sz4 — Ax*, Sz, — Ax,) = %(”SZ,, - Ax* ||2 + 1Sz, — Axy||* - | Ax, — Ax* ||2) (3.10)

By (3.4), (3.9) and (3.10), we get

1
(e = 2%, A (S, — Axa)) = ([ Sz - Ax" I? + 1152, — Ax,|1® = || A%, — Ax*||*)

— ISz, = Ax,|1?

IA

1
5 (14 = A" | = Nz = A + 12, - Ase |
~ | Ax, - Ax*|)*) = 1152, - Axa]®

1 1
= —= 2y = Ax, |1 = = 1Sz, — A, || (3.11)
2 2
Substituting (3.11) into (3.8), we deduce
|2 % (12
|y —a*||” < (1—an)[uxn—x |+ 82 I Al 1Sz, — Axul®

1 1
. 28<—§Ilzn - A’ - 1152, —Axnnz)] o

= (L= a)[ |20 — x| + (S21AI? - )11z, — A, ]I

Page 4 of 9
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— 8112 — Ax,lI?] + ||

< (-, + a7
It follows from (3.7) that
e L

< ()| + 2]

).

2
’

< max{ ||x,, —x*

The boundedness of the sequence {x,} yields.

(3.12)

Next, we estimate ||x,,.,1 —%,]|. Set v, = x,, — SA*(I - SPq)Ax,,. According to (2.3) and (3.5),

we have

”Vn+1 - Vn||2 = ”xn+l —Xn +8[ *(SPQ _I)Axrwl _A*(SPQ _I)Axn] ”2

= [&pe1 = 21 + 82| A*[(SP = D)A%s1 — (SPq — DAx, ]|
+ 28(Xs1 — %0, A*[(SPQ — DA% ys1 — (SP — I)Ax, )

< mir = 2 1? + S2IAN | Szt — Sz — (Akps — Ay |
+28{A%1 — A%y, Sz — Sz — (A%ypar — Axy))

= s = 22 + 82N Szt — Sz — (A — Ay)|
+28(S20s1 — S2n» Szt — S2n — (A1 — Axy))
— 28|21 — Sz — (A1 — Ax) |

= et = 2all? + 82 IAI2 ] Szt — Szn — (A — Ay)|
+8(1Szne1 = Szul® + | Szuer = Szn — (Axss — Ax)|”

- ||Axn+1 _Axn ”2) -28 ||SZn+1 - SZ;,, - (Axn+1 _Axn) ”2

= o1 = 2%l + (S NAN? = 8) || Szna1 — Sz — (A1 — Axy)|)?

+8(11Szne1 = Szull® = | A%s1 — Ax]|)

< e = 2l + (S2IAN? = 8) [ S2e1 = Sz0 — (A1 — Axy) |

+8(1zme1 = zull? — 1 A%01 — Axal|?).
Since § € (0, W), we derive by virtue of (3.6) and (3.13) that
Vi1 = Vall < [1%ns1 = %ull.
From (3.5) and (3.14), we have

%1 = %nll < 1Yns1 = Yull
= || (1 - Oln+1)Vn+1 - (1 - an)Vn “

= || (1 - Oln+1)(Vn+l - Vn) + (an - an+1)vn ||

(3.13)

(3.14)

Page 5 of 9


http://www.journalofinequalitiesandapplications.com/content/2013/1/379

Li et al. Journal of Inequalities and Applications 2013, 2013:379 Page 6 of 9
http://www.journalofinequalitiesandapplications.com/content/2013/1/379

< A=) IViner = Vall + a1 — aull|vall

< (L= o) 11 — X ll + lota1 — ] |Vl

It follows that

|otye1 — iyl
i1 = xnll £ —————lvall.
(o778

This, together with condition (C3), implies that

lim ||%,41 — %, = 0. (3.15)
n— o0

That is,
lim [, — Tun| = 0. (3.16)
n— o0

Using the firmly-nonexpansiveness of Pc, we have

|t = [* = | Peyu—a*|®
< |y —2*|* = IPcyn — yul®

= ym = 2*|* = et — 3> (3.17)
Thus,

e N P
< g =% = Nl = yull?

< (L= ) [ =2+ |2 = Nl =yl (3.18)
It follows that

ot =3l < o =2 = v =2 + [

< (o =] + [ter =2 ) ot = 5l + e "
This, together with (3.15) and (C1), implies that
Him [z, =yl = 0. (3.19)
Returning to (3.18) and using (3.12), we have

w1 =1 < =°°
< (1= a) oo =2 + (L= ) (B 1AI1 ~ 8) 12 — A |1

— (= @)8llzs — Az 12 + o |5
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Hence,

(1 - ) (8 = S NAIP)ISzs = Axull* + (1= 0)8 |2, — Ay |I®

< Jon =" = =2 + a2

2

’

= (”xn _x* || + Hxn+l _x* H)”x}’ﬁ-l _xn” + oy ”x*

which implies that

lim ||Sz, — Ax,|| = lim ||z, — Ax,|| = 0. (3.20)
n—00 n—00

So,
lim ||Sz, — z,|| = 0. (3.21)
n— o0

Note that

19 = xall = [|SA*(SPq = A%, + v, |

< SIANNSzy — Axull + ctullvall.
It follows from (3.20) that
lim [, — 9]l = 0. (3.22)
n—00
From (3.16), (3.19) and (3.22), we get
lim ||x, — Tx,| = 0. (3.23)
n— 00
Now, we show that

lim sup(x*,yy, - x*) > 0.
n—0o0

Choose a subsequence {y,,} of {y,} such that

limsup(x*,y, —x%) = lim (x*, y,,, — ). (3.24)
n—00 =00

Since the sequence {y,,} is bounded, we can choose a subsequence {y,,l.j} of {yy,} such that

Iy, = 2. For the sake of convenience, we assume (without loss of generality) that y,, — z.

Consequently, we derive from the above conclusions that

Xp, — 2, Up, — 2, Ax,, —~ Az and z, — Az (3.25)
By the demiclosed principle of the nonexpansive mappings S and T (see Lemma 2.3), we
deduce that z € Fix(T) and Az € Fix(S) (according to (3.23) and (3.21), respectively). Note
that u,, = Pcy,, € C and z,, = PgAx,, € Q. From (3.25), we deduce z € C and Az € Q.
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To this end, we deduce that z € C N Fix(T) and Az € Q N Fix(S). That is to say, z € I'.
Therefore,

limsup(x*,y, —x*) = lim (x*,y,, — x*)
oo

n—00 i—>

lim (x*,z—x*)

i—00

0. (3.26)

v

Finally, we prove that x, — x*. From (3.1), we have

A

oo =*[* < =]

|| - oe,,)(vn —x*) — Xt ||2

IA

(1= ) v = |* = 2000(x*, 3, — )

<(@1- a,,)||x,, —x* ||2 - 2an<x*,yn —x*). (3.27)

Applying Lemma 2.4 and (3.26) to (3.27), we deduce that x, — x*. The proof is com-
pleted. d
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