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1 Introduction
Throughout this paper, we always assume that H is a real Hilbert space, whose inner prod-
uct and norm are denoted by (-,-) and || - ||. The symbol — is denoted by a strong con-
vergence. Let C be a nonempty closed and convex subset of H, and let T: C — C be a
mapping. In this paper, we denote the fixed point set of T by F(T), that is, F(T) := {x €
C:Tx=x}.

Recall that T is said to be asymptotically nonexpansive if there exists a sequence {k,} C

[1, 00) with k, — 1 as # — o0 such that
|| T"x — T”y“ <kux-yl, VYn>1VxyeC. (1.1)

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[1] as a generalization of the class of nonexpansive mappings.
T is said to be asymptotically nonexpansive in the intermediate sense if it is continuous

and the following inequality holds:

limsup sup (| 7" - T"y| - llx - yIl) < 0. (1.2)

n—>o00 x,yeC

Noticing that if we define

On = maX[O, sup (|| T"x — T"y|| — |l —y||) ], (1.3)
x,yeC
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then p, — 0 as n — o0. It follows that (1.2) is reduced to
|77 =Ty <llx =51+ pw Vn=1LV¥xyeC. (1.4)

The class of mappings, which are asymptotically nonexpansive in the intermediate sense,
was introduced by Bruck et al. [2] (see also [3]). It is worth mentioning that the class of
mappings which are asymptotically nonexpansive in the intermediate sense contains prop-
erly the class of asymptotically nonexpansive mappings.

Recall that T is said to be asymptotically pseudocontractive if there exists a sequence
{k,} C [1,00) with k,, — 1 as n — oo such that

(T"x% - T"y,x—y) < kallx = y|>, Vx,y€C. (1.5)
It is not hard to see that (1.5) is equivalent to

” T"x — T"yH2 < 2k, - 1)|lx —y|1* + ||x —y— (T”x— T”y) 2, Vn>1xyeC. (1.6)

The class of an asymptotically pseudocontractive mapping was introduced by Schu [4]
(see also [5]). In [6], Rhoades gave an example to show that the class of asymptotically
pseudocontractive mappings contains properly the class of asymptotically nonexpansive
mappings, see [6] for more details. Zhou [7] showed that every uniformly Lipschitz and
asymptotically pseudocontractive mapping, which is also uniformly asymptotically regu-
lar, has a fixed point.

T is said to be an asymptotically pseudocontractive mapping in the intermediate sense if
there exists a sequence {k,} C [1,00) with k,, — 1 as n — oo such that

limsup sup ((T7x — T"y,x - y) — kullx — y[I*) < 0. (1.7)

n—oo xyeC

Put

T, = max{O, sup ((T"x -T"y,x —y) — k|l —y||2) } (1.8)
x,yeC

It follows that 7, — 0 as n — oo. Then, (1.8) is reduced to the following:
(T"x - T"y,x—y) < kullx = y|* + 70y Vn>LuxyeC. (1.9)

The class of asymptotically pseudocontractive mappings in the intermediate sense was
introduced by Qin et al. [8].

Recall that T is said to be total asymptotically pseudocontractive if there exist sequences
{k,}, {v,} C [0, 00) with k,, v, — 0 as # — oo such that

(T”x - T"y,x—y) <llx—yl*+ kn¢(||x —y||) +v,, VYn>1LlxyeC, (1.10)

where ¢ : [0,00) — [0,00) is a continuous and strictly increasing function with ¢(0) = 0.
The class of a total asymptotically pseudocontractive mapping was introduced by Qin [9].
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It is easy to see that (1.10) is equivalent to the following: foralln > 1, x,y € C,
2 2 2
|| T x — T”y” <|lx-=yll +2k,,¢(||x—y||) + ||x—y— (T”x— T”y) || +2v,. (1.11)

If ¢(1) = A2, then (1.10) is reduced to

(T”x -T"y,x —y) <@+k)llx—y>+v, Vu>1luxyeC. (1.12)
Put
v, = max{O, sup ((T”x -T"y,x —y) — 1+ k)|l —y||2) ] (1.13)
x,yeC

If (1) = A2, then the class of total asymptotically pseudocontractive mappings is reduced
to the class of asymptotically pseudocontractive mappings in the intermediate sense.
In this paper, we introduce and study the following mapping.

Definition 1.1 A mapping T : C — C is said to be total quasi-asymptotically pseudo-

contractive if F(T) # J, and there exist sequences {x,,} C [0,00) and {&,} C [0, 00) with
I, — 0and &, — 0 as n — oo such that

(T"x—p,x—p) <llx=plI* + wad(lx = pll) +& Yn=1lxeC,peF(T), (1.14)

where ¢ : [0,00) — [0, 00) is a continuous and strictly increasing function with ¢(0) = 0.

It is easy to see that (1.14) is equivalent to the following:

| 7%= p|” < e = pI* + 202, (112~ 1)

+ - T"%|* + 25, Vn>1lxeCpeF(T). (115)

Remark 1 It is clear that every total asymptotically pseudo-contractive mapping with
F(T) # () is total quasi-asymptotically pseudo-contractive, but the converse maybe not

true.

Remark 2 If (1) = A2, the (1.14) is reduced to
(T"x - px—p) <A+ wn)lx—pl* +&, VYn>=1xe€C,peF(T). (1.16)
Remark 3 Put

£, = max{O, supc((T”x —-p:x—p)— L+ wa)lx - pl?) } (1.17)
x,y€

If ¢(A) = A2, then the class of total quasi-asymptotically pseudo-contractive mappings is
reduced to the class of quasi-asymptotically pseudo-contractive mappings in the interme-
diate sense.
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Recently, the iterative approximation of fixed points for asymptotically pseudo-contrac-
tive mappings, total asymptotically pseudo-contractive mappings in Hilbert, or Banach
spaces has been studied extensively by many authors, see, for example, [7, 9-13]. In this
paper, we shall consider and study a total quasi-asymptotically pseudo-contractive map-
ping as a generalization of (total) asymptotically pseudo-contractive mappings. Further-
more, we shall introduce an iterative algorithm for finding a fixed point of a total quasi-
asymptotically pseudo-contractive mapping.

2 Preliminaries
A mapping T : C — C is said to be uniformly L-Lipschitzian if there exists some L > 0
such that

|T7"% - T"y|| <Lllx-yll, Vx,yeCn>1. 21)

Let C be a nonempty closed convex subset of a real Hilbert space H. For every point x €
H, there exists a unique nearest point in C, denoted by Pcx, such that ||x — Pcx|| < ||x —y||
holds for all y € C, where P¢ is said to be the metric projection of H onto C.

In order to prove our main results, we also need the following lemmas.

Lemma 2.1 [14] Let C be a nonempty closed convex subset of a real Hilbert space H and
let Pc be the metric projection from H onto C (i.e., for x € H, Pc is the only point in C such
that ||x — Pcx|| = inf{||x — 2| : z € C}). Givenx € H and z € C, then z = Pcx if and only if the
relation

(x—2z,y-2)<0, VyeC (2.2)
holds.

Lemma 2.2 Let C be a nonempty bounded and closed convex subset of a real Hilbert
space H. Let T : C — C be a uniformly L-Lipschitzian and total quasi-asymptotically
pseudo-contractive mapping with F(T) # (). Suppose there exist positive constants M and
M* such that ¢(¢) < M*¢? for all ¢ > M. Then F(T) is a closed convex subset of C.

Proof Since ¢ is an increasing function, it follows that ¢(¢) < ¢(M) if ¢ <M and ¢(¢) <
M*¢? if £ > M. In either case, we can always obtain that

P(0) < (M) + M*¢>. (2.3)

Since T is uniformly L-Lipschitzian continuous, F(T) is closed. We need to show that
F(T)is convex. To this end, let p; € F(T) (i = 1,2), and write p = tp; + (1 —t)p, for t € (0,1).

We take o € (0, ﬁ), and define y, , = 1-a)p+aT"p for each n € N. Then, for all z € F(T),

we have from (2.3) that

lp-T"p|" =(p - T"p.p - T"p)

1 n
= &(p_ya,n’p_ T p)
1

= &([9 ~YaP=T"p~ (yayn - Tny“’”))
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1
+ E(p —Yanr Yan — Tnya,n>

1+L 1
< e Ip = Yeull® + a_<P_Zyya,n = T"Yan)

1
+ ;(Z _ya,n:ya,n - T")hx,n)
1+L
o
1 n
+ ;(z — Yoo Yoo — 2+ 2= T"You)

1
llp _ya,n”2 + &(19 — 2 Yan — Tnyoz,n>

T G R
+ é {un[o M) + M*(diam C)*] + &,}
=al+L)|p-1"p| + é{p = 2,Yan = T"Yan)
+ é{un[qb(M) +M*(diam C)*] + &,}.
This implies that

aft-a+ D]lp - T = (p =230~ Ty

+ [qb(M) + M*(diam C)2] +&,. (2.4)

Now, we take z = p; (i = 1,2) in (2.4), multiplying ¢ and (1 — £) on the both sides of the above
inequality (2.4), respectively, and adding up, and we can get

a[l-a+D)]|p-T"p|* < wa[¢(M) + M*(diam C)*] +&,. (2.5)

Letting n — oo in (2.5), we obtain T”p — p. Since T is continuous, we have T"*'p — Tp
as n — oo, therefore, p = Tp. This proves that F(T) is a closed convex subset of C. d

3 Main results
In this section, we shall give our main results of this paper.

Theorem 3.1 Let C be a nonempty bounded and closed convex subset of a real Hilbert
space H. Let T : C — C be a uniformly L-Lipschitzian and total quasi-asymptotically
pseudo-contractive mapping with F(T) # (. Suppose that there exist positive constants M
and M* such that ¢(£) < M*¢? for all ¢ > M. Let {x,} be a sequence generated by the fol-
lowing iterative scheme:

x1 € C  chosen arbitrarily,
C1 = C, Ql = C;
n=1—o)x, + o, T"x,,
yn=( ) (3.1)
Cri=1{zeCy: oyl —a,(1+L)] lloc, — Tnxn||2 < {x,— Z,Vn — Tnyn> +6,),
Qn+1 = {Z € Qn : (xn —Z,X1 _xn) > 0};

Xntl = PC,H,lﬁQ,H,lxlr Vn > 1;
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where 6, = ,[¢p(M) + M*(diam C)?] + &,, {a,} is a sequence in [a,b] with a,b € (0, ﬁ .
Then the sequence {x,} converges strongly to a point Prrx1, where Pr(r) is the projection

from C onto F(T).

Proof We split the proof into seven steps.

Step 1. Show that Pr(r)x; is well defined for every x; € C.

By Lemma 2.2, we know that F(7) is a closed and convex subset of C. Therefore, in view
of the assumption of F(T') # ¥, Pr(rx: is well defined for every x; € C.

Step 2. Show that C,, and Q, are closed and convex for all n > 1.

From the definitions of C,, and Q,,, it is obvious that C,, and Q, are closed and convex
for all 7 > 1. We omit the details.

Step 3. Show that F(T) c C, N Q, forall n > 1.

To this end, we first prove that 7 (7) C C, for all n > 1. This can be proved by induction
on u. It is obvious that 7(T) C C; = C. Assume that F(T) C C, for some n € N. Then,
using the uniform L-Lipschitzian continuity of T, the total quasi-asymptotic pseudo-
contractiveness of T and (2.3), we have for any w € F(T) that

||x,, - T"x, ||2 = <x,, —T"%,,%, — T”xn)

1

= a—n(x,, = Vs &n — T" %)
_ i( ™ ( ™" )> i( ™ )
- o, Xn _yn:xn - Xp — yn - yn + o, Xn _ynyyn - yn
1
= —{on = 0 = T = (= T"))
1
+ a—(xn —WH+W =Y, Yy — T”y,,)
L 1
= —— M=yl + — (s = Wy = T
1 n
+ _(W_ynryn -T yn)
oy
1+L 1
= oty = 3ll? + — (0 = w30 = T
oy oy

1
+ a—(w—y,,,y,,—w+w—T"y,,>

n

_1+L

1
”xn _yn||2 + _(xn —WVn — T"}’n>
n oy

2 1 n
P+ —(w =y w =T,

1
- _”W_yn
Ay n

L 1
”xn _yn”Z + a_<xn ~Win — T"}’n>

n n

+ ai{un[qs(M) + M*(diam C)°] + &}

n

1
=(1+L)a, ||xy, - T"x, ||2 + a—(x,, - W, Yy — T”y,,)

n

¢ (B + M (@iam O] + 5,
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which implies that
L= a1+ D] o0 = T |* < (%0 = W,30 = ") + [ 9(M) + M*(diam C)?] + &,

which shows that w € C,,;. By the mathematical induction principle, F(T) C C, for all
n>1.

Next, we prove F(T) C Q, for all n > 1. By induction, for n = 1, we have F(T) C C = Q.
Assume that F(T') C Q, for some n € N. Since x,, is the projection of x; onto C, N Q,, by
Lemma 2.1, we have

(X, —z,%1 —%,) >0, VzeC,NQ,. (3.2)
Since F(T) C C, N Q,, we easily see that
(%, — W, %1 —x,) >0, Vwe F(T), (3.3)

which implies that F(T) C Q1. This proves that 7(T) C C, N Q,, for all m > 1.
Step 4. Show that lim,,_, o ||, — x1|| exists.

In view of (3.1) and Lemma 2.1, we have x,, = P, %1 and x,,.,; € Q,, which implies
%0 =21l < I%p1 —21ll,  Vm =1
On the other hand, since F(T) C Q,, we also have
ln =21l < llw =2l VYweF(T),Vn=1.

Therefore, lim,,_, o, ||x, — %1 || exists and {x,} is bounded.

Step 5. Show that {x,} is a Cauchy sequence.

Noticing the construction of C,, one has C,, C C, and x,, = P¢,,x1 € C, for any positive
integer m > n. From (3.2), we have

(xn — Xn+mr X1 — xn> 2 0.
It follows that

2 2
%6 = Xnem ™ = o6 — 21 + %1 — Zm |
2 2
= 1% = X117+ 11 = Ky 17 = 221 = X0 X1 = Xppm)
2 2
= [l — 201" + 1121 = X [I¥ = 20 = %, X1 — X + Xy = Xppom)
2 2
=< ||xl _xn+m|| - ||xn _xlll - (xl —XnyXn — xn+m)
2 2
= %1 = X 17 = [0 — 2117 (3.4)
Letting n — oo in (3.4), one has lim,,—, oo |4, — %4l = 0, Vm > n. Hence, {x,} is a Cauchy
sequence. Since H is a Hilbert space and C is closed and convex, one can assume that

x, — q € Casn— 0o.
Step 6. Show that lim,,_, » ||x,, — Tx,| = 0.
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It follows from x,,,; € C, and (3.1) that

oy [1 - an(l + L)] ||x}’l - Tnxn “2 = (xn —Xn+lbYn — T"JM) + 0}1

< ||xn _xn+1” Hyn - Tnyn || + 9,,. (35)

Since {y,} is bounded, {T"y,} is bounded, lim,_, o [|X+1 — %, || = 0 and «,, € (a, b), we have
from (3.5) that

lim || %, — "%, = 0.
n—00

On the other hand, we notice that

”xn - Txn” = ”xn _xn+1|| + ||xn+1 - Tn+1xn+1 ||
[Tt = T, | + | T — T

S (U+ D)llxy = x|l + ”xn+1 - Tn+1xn+1 ” +L ” T %y — %n ” .
From lim,,_, o ||%,41 — %, || = 0 and lim,,_, o ||, — T"x,,|| = 0, we have
lim ||x, — Tx,|| = 0.
n— 00

It follows that Tx, — g as n — oo. Since T is continuous, one has that g is a fixed point
of T; that is, g € F(T).

Step 7. Finally, we prove g = Pr(ryx;.

By taking the limit in (3.3), we have

(g—-w,x1—q) >0, VYwe F(T),
which implies that g = Pr(r)x; by using Lemma 2.1. This completes the proof. O

Since every total asymptotically pseudo-contractive mapping with F(7) # ¢ is total
quasi-asymptotically pseudo-contractive, we immediately obtain the following corollary:

Corollary 3.2 Let C be a nonempty bounded and closed convex subset of a real Hilbert
space H. Let T : C — C be a uniformly L-Lipschitzian and total asymptotically pseudo-
contractive mapping with F (T) # (. Suppose there exist positive constants M and M* such
that ¢(¢) < M*¢? for all ¢ > M. Let {x,} be a sequence generated by the following iterative
scheme:

x1 € C  chosen arbitrarily,

C =C, Q1 =C,

In = (1= n)xn + 00, T"xy,

Cun = {z € Gy au[l —ay(L+ D)%, — T"%u 11> < (% = 2,90 = T"y) + 6.},
Qui1={z€ Qu: (xy— 2z, %1 —x,) > 0},

Xntl = PC,H,lﬁQ,H,lxlr Vn > 1;
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where 6, = ,[¢p(M) + M*(diam C)?] + &,, {a,} is a sequence in [a,b] with a,b € (0, ﬁ .

Then the sequence {x,} converges strongly to a point Prrx1, where Pr(r) is the projection
from C onto F(T).

Remark 3.3 Since the class of the total quasi-asymptotically pseudo-contractive map-
pings includes the class of asymptotically pseudocontractive mappings, the class of asymp-
totically pseudocontractive mappings in the intermediate sense, the class of the total
asymptotically pseudo-contractive mappings, the class of quasi-asymptotically pseudo-
contractive mappings in the intermediate sense as special cases, Theorem 3.1 improves
the corresponding results in Zhou [7], Qin et al. [9], Chang [10] and Qin et al. [12].
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