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Abstract

In this paper BMO-Lorentz martingale spaces are investigated. We give the
characterization of BMO-Lorentz martingale spaces. Moreover, we discuss the
relationship between the Carleson measure and BMO-Lorentz martingales. As a
consequence, we find a new way to characterize the geometrical properties of a
Banach space.

1 Introduction and preliminaries

Since 1951 when they were first introduced by Lorentz in [1], Lorentz spaces have attracted
more and more attention. A lot of results were obtained such as normability, duality, in-
terpolation, and so on [2-7].

We know that martingale theory is intimately related to harmonic analysis. In martingale
case, Weisz [8] and Long [9] considered the spaces H,,, and the interpolations between
them, respectively. It is well known that the validity of a classical (scalar-valued) result in
the vector-valued setting, i.e., for functions or martingales with values in a Banach space
X, depends on the geometrical or topological properties of X.

It was exactly with this in mind that Xu [10] developed the vector-valued Littlewood-
Paley theory, which was inspired by Pisier’s celebrated work [8] on martingale inequalities
in uniformly convex spaces. Very recently, Ouyang and Xu [11] studied the endpoint case
of the main results of [10] by means of the classical relationship between BMO functions
and Carleson measures. Jiao [12] discussed the relationship between Carleson measures
and vector-valued martingales.

Let (€2, ) be a nonatomic o -finite measure space. Suppose that f is a measurable func-
tion on a measure space (2, ). We define its distribution function

Ar(t) = u{a): Hf(w) H > t}, t>0,
and its decreasing rearrangement function
@) = inf{s >0:2p(s) < t}.
Given a measurable function f on a measure space (2, ) and 0 < p, g < 0o, define

(o)) ifg< oo,

Wfllpa = 1 _
SUP,q 2 f*(2) if g = 0.
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Remark 1.1 Observe that for all 0 < p,r < 0o and 0 < g < 0o we have

” |g|r||l}7,q = ||g||2pr,qr~ (1.1)

Unfortunately, the functions || - ||z« do not satisfy the triangle inequality. However, since
forall £> 0, (f + 2)*(¢) <f*(t/2) + g*(t/2), we have

If +&llra < cpg(If llzra + lgllzra), 1.2)

where ¢, , = 2"? max{1,20-9/4}.

The set of all f with ||f||r4 < 00 is denoted by LP4(X, ) and is called the Lorentz space
with indices p and g. Observe that the definition implies that L>* = L*°.

Let (2, X, P) be a complete probability space, and let (X,),>0 be a nondecreasing se-
quence of sub-o -algebras of ¥ with ¥ = o'(| .o £,). We denote by E and E,, the expecta-
tion and conditional expectation with respect to ¥ and X, respectively. For a martingale
f = (fu)u=0 with martingale difference df;, = f,, — f,-1, n > 0, f.1 = 0, we define its maximal
function, p-square function, respectively, as usual:

[e'e) 1/p
Mf = sup |[full, S(")(f)=<2||dﬁ,||1’) )

We say that an X-valued martingale f = (f,,),>0 € LP4(X) if sup,, ||l ra < 0.
The space BMOfpqx, (a > 1,1 < p,q < 00) consists of all martingale f € L7(X) such that

If | zvton

tpay = SN EQW ~foa1120) ™ gy < 00-

Remark 1.2 The spaces BMOj)4y, are independent of 2 and all corresponding norms are
equivalent. This allows us to denote any of them by BMOypax).

Proof If a > 1, ¢(x) = x* is a convex function, by Jensen’s inequality, we have E(||f —
FitllS0) < EF = o I1E0)V%, which implies E(If ~ fot I E0)*(©) < (ES = fya ]
) (), i.e., BMOGpq(x) C BMO] -

On the contrary, let g, = E(||f —f,_11|| Zx), Mg = sup,, lgu ||, 7 = E(If —fu1 141 Z0) V4, Mh =
sup, |14,]|. Now we set A; = {w : Mh > t}. Then Mg > ¢t a.e. on A,. (Factually, if there is a
B C A; with u(B) > 0 such that Mg <t on B, then E(||f — f,-1||2,) < t = E(¢|%,) a.e.on B,
which implies ||f — f,_1]| <t a.e. on B. This is a contradiction for A;.) So, P{w : Mh > t} <
c¢P{w: Mg > t}. Then

(o] l/p th l/q
W lamos, g, = <q /0 [tP(Mh(w) > 1) ]7)

1/q

o 1/p th
sc(q /0 [tP(Mg(w) > 1) ]7) = cllflsnio,

)
i.e., BMO}pq ) C BMOY,4 ). Thus we complete the proof. O

Remark 1.3 If p = g = 00, BMOjpa(x is the classical BMO space.
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Remark 1.4 For the classical BMO space, we have the following statement (see [12]):
If llzato ~ sup pe(x < o) M PIf = frallz,, 1<p<oo. (1.3)

It is well known that L7 is a subspace of L”" for 0 < p < 00, 0 < g < r < 00 and LF?>%2
is a subspace of L9 for 1 < p; < py < 00, 1 < q1,42 < 0o. Thus we have the following
proposition.

Proposition 1.5 (1) [f0<p <00,0<g<r <00, BMOpq € BMOypr.
(2)Ifl1<p1 <pr <00,1<q1,q2 < 00, BMOypra2 € BMOjpra1.

Theorem 1.6 Let f = (f,) >0 be an X-valued martingale in [71(X), 1 < p,q < 0o. Then
f € BMOypax) if and only if there exists an adapted process 0 = (0),>0 such that

Co = sup|E(IS = Bu-t11Zn) | gy < 00
And, in any case, we have
WEMO,pa vy = f Co < I lEM0pa () = €l lEAMOLpax, -
Proof Assume f € BMOjppax). Then, obviously,

W N8at0ypae, < W 1830

Now let |”f|||BMOw»q(X) < oo and 0 = (0),>0 be any one such that Cy < co. Then we have

E(If —fual1Z0) < E(If = 6n-alllBi) + 1651 = fra
= E(If = 0uall130) + [ E((F = 0n0)I T |
< E(If = 0uall1Z0) + E(IIf = On-1ll| Zn1)
= E(If = 0nrl1Z0) + E(E(If = Opr1120) | 1)
Taking ‘inf’ over all possible 6 and (1.2), we get the desired inequality. O

Theorem 1.7 Let f = (f,)u>0 be an X-valued martingale in BMOypa(x), where 1% + i = %

1,1 _1
and itu=s 1<p,q,1,81,80 < 00. Then

1
I 1 8MOp.a ) ~ SUP w(fr < 00)) T If —froallimseo
T

where ‘sup’ is taken over all stopping times t.

Proof Assume that |[f || 510,p4,, < 00, T is any stopping time. Then, by Holder’s inequality,

)
we have

If = fecillzseo = || (F = frm1) X(r<oo)

< cllf —fe-1llzpaoo | X <ooy lzs152 x)

L73(X)
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<c sup
gl zp.ayx <1

/
()
=cl = sup
p gl pays <1

q 1/q 1
< C(;) f Il Ba0,pq - (T < 00)T.

/ (Ilf _ftlll)gdﬂ‘ N Xgr<ooy 512 x)
{r<o0}

1

/{ }E(”f_fr—ln'g|2r)d/t",u(l’<oo)51

1
This proves one half of the assertion. Conversely, assume that 8 = sup, u({r < oc0}) % ||f -

Sfe-1llzrsx) < 00, and t is any stopping time, F € X, F C {t < 00}. Define

t ifwéeF,
T =
oo ifwéF.
Thus we get

B = (it <00)) T If —fuctllimen

1
= LE) If = fep-allzrseo

1
= W f = fep-1llrarrnx)
= I ~foal
~ u(F) -l (0

1
- 5 L - Fald

That is, E(||f — f;z-1ll1Z+:) < B. By Remark 1.2 we have

"f”BMOlp,q(x) <cpB.
Thus we complete the proof of the theorem. d
Proposition 1.8 Particularly, if s = r and p = q = 0o, we get Remark 1.4.
By Theorem 1.6 and Theorem 1.7, we have the following proposition.
1

Proposition 1.9 Letf = (f},),>0 be an X-valued martingale in BMOypp.ax), where 1% + i =

1,1 _1
and its =y l<pgrs,s <00 Then

1
W | 8m0pa ) ~ if(}fSUPM({f < 00}) T If = Ot llzrsx,s
T

where ‘sup’ is taken over all stopping times t and ‘inf’ is taken over all adapted process
0= (0);120'
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2 Carleson measure and BMO-Lorentz martingale spaces
Definition 2.1 Let v be a nonnegative measure on Q x N, where N is equipped with the

counting measure dm. Let T denote the tent over :
T= {(a),k) k> 1(w), t(w) < oo}.
v is said to be an s-Carleson measure if

ol = sup —2F
=P (T < 00}

’

where 7 runs through all stopping times.

Theorem 2.2 Let 1 < p,q < 00, and g = (g,)u=0 be a real-valued martingale and dv =
| Avg|*8k A, where 8 is the Dirac measure centered at k. So, if g € BMOizpzq, visallp'-

Carleson measure. Moreover, if 1 < p,q < 00, the converse is also true, where L 7t i =1,

?-I-‘—I:l.

Proof Let g = (g,)n>0 be a real-valued martingale, let v be generated by g as above, and let

7 be any stopping time. Then, for 1 < g < 0o,

k=0

{5 el o)

( )
< c|E(lg = ge-1l1Z0) | g - Ittt
- c|E(lg - gea1T0)
= o[ E(1g - ge1P120) " [Fopas - n({() < k)™

< C”g”imo;m (fr@) k)"

o
V(%) = E(Z |Akg|2X{r(w)sk})

( |g_gf—1|2|2 X{z(w) <k)

-2
| e X <kl

So,g € BMOLQ,,Zq implies that v is a 1/p’-Carleson measure and |||[v]|| < ||g||BM02

Conversely, for any # and any F € %, we define

n ifwekF,
oo ifwé¢F.

T =

Since v is a 1/p’-Carleson measure, we have

1
n({T < co})”

1
T / Z |Acgl dp

v({(w,k) k> 1(w), T(w) < oo})

fivil =
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v

L[S
— |Axgl®du
w(F) Jr .

1 / 9
= —— | lg-gual"dn.
W(F) JF § 8
That is, [|v]| > E(|g - g4_1/*|Z,). Then we have ”g”fwo2 < c||v|l. Thus, we complete
12p2q
the proof of the theorem. O

3 The characterization of Banach space’s geometrical properties

Let 1 < g < 0o. Then a Banach space X has an equivalent g-uniformly convex norm if and
only if for one 1 < p < 0o (or equivalently, for every 1 < p < 0o) there exists a positive con-
stant ¢ such that

[S91, < csup il
n

for all finite L,-martingales f with values in X. Again, the validity of the converse inequality
amounts to saying that X has an equivalent g-uniformly smooth norm.

Definition 3.1 Let X and X, be two Banach spaces. Let L(X;,X,) denote the space of
all bounded linear operators from X; to X. Let v = (v,),>1 be an adapted sequence such
that v, € Loo(L(X1,X32)) and sup,; Vs llzooz(x1,X,) < 1. Then the martingale transform T'
associated to v is defined as follows. For any X;-valued martingale f = (f,),>1,

(Tf)n =Y _ vicdfe.

k=1

We get the following results from [13, 14].

Lemma 3.2 With the assumptions above, the following statements are equivalent:
(1) There exists a positive constant c such that

| Tf Iamocx) < clfllsmocn),  Yf € BMO(Xy).
(2) There exists a positive constant ¢ such that
” (Tf)* HBMO(XZ) < Cll,f”BMO(Xl)r Vf [S BMO(XI)

(3) Forsomel < p < oo (or equivalently, for every 1 < p < 00), there exists a positive
constant c such that

I Tfllreo) < clfllrxy,  Vf € LP(X).

Theorem 3.3 Let X be a Banach space, 2 < q < 00, 1 < p < 0co. Then the following state-
ments are equivalent:
(1) There exists a positive constant ¢ such that for any finite X -valued martingale,

I S (f) ||BM Ompas < cllf llBaoypa -

(2) X has an equivalent norm which is q-uniformly convex.

Page 6 of 10
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Proof (1) = (2) Let I% + sl = %, % + é = %, 1<p,q,r, 81,82 <00 By Theorem 1.7 we have

1

IS ”BMOLp‘q(X) ~ slrlpu({t < oo})‘% S9(f) - S(,q,)l(f) L) (3.1)
05, ~ S0P (17 < 001) T If ~fe-slirrc. (32)
So, if (1) holds, we have
|S@) - S(r{ﬂ(f) ”Lr.r(X) <cllf = feaallzrr o).
By Remark 1.4 we have
ISP paso < €llf smo- (3.3)

We now consider a martingale transform operator Q from the family of X-valued mar-
tingales to that of /;(X)-valued martingales. Let v € L(X,/,(X)) be the operator defined
by vi(x) = {xj}]‘?f1 for x € X, where &; = x if j = k and x; = 0 otherwise. Q is the martingale

transform associated to the sequence (vx):

Q=Y vidfi = (@dfi, dfs, ... df,,0,...).

k=1

Then

@Y =) 54
By (3.3) and (3.4) we have

1@ paso0 = €llflsaro-

By Lemma 3.2 we have

Is9l, - 1], < el

Thus, by Pisier’s theorem, X has an equivalent g-uniformly convex norm.
(2) = (1) Suppose that X has an equivalent g-uniformly convex norm. By Pisier’s theo-
rem [15], we find, for any 1 < n < oo,

E(Z ||dﬁ||q\2n> = cE(If = fua 11 %0)-

Since E(|S9(f) - S9, ()14 5,) < cE(I(SD ()1 - (S2,(1))9]|£,), we have

E(ISO4) =2 0| 1E0) < E(If ~fia17IZa).
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Thus

(q)
|90 ”BMOw,q(X) =< cllf lBMmOpa -
We complete the proof. d

Theorem 3.4 Let X be a Banach space and 1 < p < 2,1 < g < oo. If there exists a positive
constant ¢ such that for any finite X-valued martingale

a0, < €lSP O paso,.,. (3.5)

X0

then X has an equivalent norm which is p-uniformly smooth.

On the contrary, if X has an equivalent norm which is p-uniformly smooth, then

I a0, ) = ENSPD paios, .

for every martingale f .

Proof Let X* be the dual space of X. It suffices to prove that X* has an equivalent
P -uniformly convex norm, where p’ is the conjugate index of p. By Pisier’s theorem, this
is equivalent to showing that

@) A L .
9@, <cle’l,, - el oo 56
Recall that H;, (X*) is defined by
H, (X*) = {X*-valued martingale g = (g,) : g* € L,/ }.

It is well known that BMO;»(x) can be identified as a subspace of H;, (X*). Thus, for any
finite martingale, f = (f,)u>0 € BMOp»r(x) and g = (g,)us0 € H;/ (X™*).

€] = [ 66o.@)dP = clflavio - Vel

On the other hand, IIS(”/)(g) | L, is the norm of the difference sequence (dg,) in L, (/s (X™)).
Thus

|s*(g) ”Lp/ = ?;(I)’{ ‘Z(dgk;tlk)’ @l 0,00 < 1}
- sup [ 2ldg @) ~ Eeca@n)] |+ @0 00 <1}
Set dfy = Ex(ax) — Ex-1(ax) and f = > df. Then f is an X-valued martingale. We have

IS* @I, =sup {3t dfol|} = clflismoy i, - g o (37)
ak


http://www.journalofinequalitiesandapplications.com/content/2013/1/371

Zhang et al. Journal of Inequalities and Applications 2013, 2013:371 Page 9 of 10
http://www.journalofinequalitiesandapplications.com/content/2013/1/371

It remains to estimate ||f | svo,, e Since ||(ax)llz,(,x) <1, we can also get the conditional
case E((3_2,, lakll’)| £,) < 1. Then by (3.5)

Fllsr0,p 0 < €[ SP(F) “BMOLp(X>

< csup [ E(|SP () - s AN 1),

< esup|E([SPy - SR P 12,

o0
<csup E(Z”Ek(ﬂk) - Exa(an)|” En)
n k=n L

14
o0
<c E((Z ||ak||1”>]2n> <c.
k=n §rd

On the contrary, we deﬁnef” = Af, ), where %, = Eﬂi,ﬁ =frvi —fr» 1> 0. So, we have
(SPG)Y =Py - 5Py

Suppose that X has an equivalent p-uniformly smooth norm. Then by Pisier’s theorem,

we have

1771, = el PG,

E(If ~f7I?) < E(SP()F -~ SP(FY).
Moreover, we conditionalize it, we will get

E(If —fTlP1Ze1) E(SP (Y ~ SP(FYIS041).

By the definition and Theorem 1.7, we get

1 w0, = €15 P o, -

Thus we complete the proof. g
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