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Abstract

Forreal ¢ and B such that 0 <« < 1 < B, we denote by S(e, B) the class of
normalized analytic functions f such that & < Re{zf'(2)/f(2)} < B in U. We find some
properties, including inclusion properties, Fekete-Szegd problem and coefficient
problems of inverse functions.
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1 Introduction
Let H denote the class of analytic functions in the unit disc U = {z : |z| < 1} on the complex
plane C. Let A denote the subclass of H consisting of functions normalized by f(0) = 0 and
f'(0) = 1. Let S denote the subclass of A consisting of univalent functions. Denote by &*
and C, the class of starlike functions and convex functions, respectively. It is well-known
that C C S* CS.

We say that f is subordinate to F in U, written as f < F if and only if f(z) = F(w(z)) for
some Schwarz function with w(0) = 0 and |w(z)| < 1, z € U. If F(z) is univalent in U, then
the subordination f < F is equivalent to f(0) = F(0) and f(U) C F(U).

We denote by S*(A, B), the class of Janowski starlike functions, namely, the functions sat-
isfying the subordination equation: zf'(z)/f (z) < (1+ Az)/(1 + Bz). Note that S*(1,-1) = S*.

Now, we shall introduce the class of analytic functions used in the sequel.

Definition 1 Let « and 8 be real numbers such that 0 < « <1 < 8. The function f € A
belongs to the class S(w, B) if f satisfies the following inequality:

< Re{ 7@

e }<,3 (ze€ ).

We remark that for given o, 8 (0 <a <1< B), f € S(, B) if and only if f satisfies the

following two subordination equations:

zf'(z) - 1+(1-2a)z an zf'(z) - 1+(1-28)z
f(2) 1-z f(2) 1-z
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since the functions (1 + (1 — 2a)z)/(1 — z) and (1 + (1 — 288)z)/(1 — z) map U onto the right
half plane, having real part greater than «, and the left half plane, having real part smaller
than B, respectively. The above class S(e, ) is introduced by Kuroki and Owa [1]. They
investigated coefficient estimates for f € S(«, ) and found the necessary and sufficient
condition for f € S(«, B) using the following subordination.

Lemma 1 (Kuroki and Owa [1]) Letf € Aand 0 <« <1< B. Then f € S(a, B) if and only
if

1—

zf'(2) B—-a, 1-Fug
Iie) <1+ - Llog< 12 ) (ze ).

Lemma 1 means that the function p defined by

l-a

cl-a
1- eanﬁuz>

(2)

plz)=1+ 'B_ailog(
/4 1-z

maps the unit disk U onto the strip domain w with & < Re(w) < 8. We note that the function
f € A, given by

cl-a

ﬁ—a‘/wl 1- et
= -log| —— ) dty,
f(z) zexp{ - 10 - log -

is in the class S(a, B).

2 Inclusion properties
Theorem 1 For given 0 <« <1< B, let A and B be real numbers such that

2_a_ﬂ§B<A§ﬂ_2aﬂ+a. 3)
B-« B-«

Then S*(A,B) C S(«, B).

Proof At first, we note that

2-a-bf q BT2ebre
B -« B-—«a

-1<

For f € 5*(A, B), we know that the following inequality holds:

1-A <Re{zf/(z)} 1+A (e l).

1-B @ | “1+B
Therefore, it suffices to show that o and B satisfy the following inequalities:
1+A
<—— and — <8 4
a< and  —— < B (4)
Using inequality (4), we can derive that

1+B> and 1+A<

-« B -«

2(1-a) 28(B—«a) 5)
5 —.
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Also,

26-1) and 1—Azw. (6)

1-B<
B -« B -«

By the above inequalities (5) and (6), we can easily obtain the inequalities (3), so the proof
of Theorem 1 is completed. g

Lemma 2 (Miller and Mocanu [2]) Let & be a set in the complex plane C and let b be a
complex number such that Re(b) > 0. Suppose that a function  : C? x U — C satisfies the
condition

Y(ip,0:2) ¢ &

for all real p, 0 < —|b—ip|*/(2Re(b)) and all z € U. If the function p(z) defined by p(z) =
b+biz+byz? + - isanalytic in U and if

¥ (p2),2p(2);2) € &,
then Re(p(z)) >0 in U.

Theorem 2 Letf € A,1/2 <« <1and Re{zf'(2)/f(2)} > & in U. Then
1
Re{f(—z)} >y(a):=—— (zel). 7)
z -2«
Proof Write y («) := y and note that % <y <l1for % <« < 1. Let p be defined by

1 (S
p(e) = m(ﬂz) ‘V)'

Then p is analytic in U, p(0) =1 and

#'@_, -y
f(@) A-y)p) +y

=¥ (p(), 2 (2)),

where

(I-y)s

Iﬂ(r,s):1+ m

Also,
(¥ (p(2),20'(2)) :2€ U} C {w e C:Re(w) >} := 2,.

Now for all real p, o < —%(1 +p?),

Re(¥ (ip,0)) = Re<1+ (-y)o ) 1, Y-y

1-y)ip+y Y2+ (1-y)?p?
1+ p?

1
<1-Zy(l-yp)—-"——.
=1 J/)J/2+(1—7/)2p2
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Now, we let
1+ p?
=, 9
0= gt ©)
Then
/ 2(2]/ - l)p
g(p)

T2+ Ay

hence g’(p) = 0 occurs at only p = 0 and g satisfies

1
g(0) = ?
and
li =
Jim (o) TEE

Since 1/2 < y <1, we have

1 o) 1
= <elp) < ——,
y? ¢ 1-y)?

hence we get

, 1 1 3y-1
Re(W(lprG)) <1- 5)/(1— )/)ﬁ = 7 =a.

This shows that Re{y (ip,0)} ¢ £2,. By Lemma 2, we get Re(p(z)) > 0 in U, and this shows
that inequality (7) holds and the proof of Theorem 2 is completed. d

Theorem 3 Letf € A, 1< B <3/2 and Re{zf'(2)/f(2)} < B in U. Then

1
3-28

R {f&) (ze). (10)

e —}<8(,B)::

z

Proof Note that § := §(8) = ﬁ >1 for B > 1. Let p be defined by

_ 1 (B
vo- (T -2)

Then p is analytic in U, p(0) =1 and

zf'(z) ,
ﬂ@—w@wmpwy

where ¥ is given in (8). Also

{¥(p(2),20'(2)) :2€ U} C {w e C:Re(w) < B} := 25.
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Now, for all real p, o < —%(1 +p32),

Re(y(ip,0) 2 1~ 53(1 - 5)g(p),

where g(p) is given (9). Since

1 1
(1-5) <g(p) < 5

for all § > 1, we have

36-1

Re(l//(i,o,a)) = T B.

This shows that Re{v/(ip,0)} ¢ §25. By Lemma 2, we get Re(p(2)) > 0 in U, and this is

equivalent to
Re{f(—z)} <8 (zel),
z

and the proof of Theorem 3 is completed. O
Combining the above Theorems 2 and 3, we can obtain the following result:
Theorem 4 Letf e A, 1/2 <a <1< B <3/2anda<Rel{zf'(2)/f(2)} < B inU. Then

f@
z

y(oz)<Re{ } <8(B) (zel,

where y(«) and §(B) is given (7) and (10).

3 Some coefficient problems

In this section, we investigate coefficient problems for functions in the class S(«, 8). In [1],
Kuroki and Owa investigated the coefficient of the function p given by (2); the function p
can be written as

o0
p@) =1+ B,
n=1

where

B, = 26 - ) sin(l_an).

nmw B-«a

We denote by S, («, B) the class of bi-univalent functions f such that f € S(«, 8) and the
inverse function f~! € S(a, B). Srivastava et al. investigated the estimates on the initial
coefficient for certain subclasses of analytic and bi-univalent functions in [3, 4]. Ali et al.
have studied similar problems in [5].

In theorem, we shall solve the Fekete-Szego problem for f € S(«, ). We need the fol-
lowing lemma:
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Lemma 3 (Keogh and Merkers [6]) Let p(z) =1+ c1z+ 222 + - - - be a function with positive

real part in U. Then, for any complex number v,
|2 —vep| < 2max{1, |1 -2vl}.
The following result holds for the coefficient of f € S(«, B).

Theorem 5 Let 0 < o <1< B and let the function f given by f(z) =z + Y -, a,z" be in the
class S(a, B). Then, for a complex number 1,

5  B-«a l1-o
|a3—,ua2| < 5 2 —2cos Fi -2
T -

1 - 1 - jizo
L raoow P (Lo ook
2 2 T

~max{1;
T

}. (11)

Proof Let us consider a function g given by g(z) = zf'(z)/f(z). Then, since f € S(«, B), we
have g(z) < p(z), where

2=

— 1_ B-a
p(z)=1+ﬂ ailog( ¢ Z).
T 1-z

Let

_1+p7'(q()

= =1l+hmz+hz?+ - (zel).
T i) Tt <l

h(z)

Then / is analytic and has positive real part in the open unit disk U. We also have

h(z) -1
0@-p(5551) e 12

We find from equation (12) that
1
a = EBlhl
and
1 1 1 1
as = EBth — gBlh% + ngh% + gB%h%,
which imply that
2 1 2
as — (ay = ZBl(hz - \)l’ll),
where

Lo g ous
v=-|1-—-B+ .
2 B, T
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Applying Lemma 3, we can obtain

1
’6{3 —,ua%’ = E|Bl||h2 - Vh%|
1
< E-max{1;|1—2v|}. (13)
And substituting
— l-o
B =P i) (14)
T
and
o
By = ——i(l- M) (15)
in (13), we can obtain the result as asserted. O

Using the above Theorem 5, we can get the following result.

Corollary 1 Let the function f, given by f(z) =z + Y _ -, anz", be in the class S(a, B). Also
let the function f71, defined by

@) =z=f(F"(2), (16)

be the inverse of f. If

1 - 1 — il
L5 “i+<—+3ﬁ—ai>e2mﬂa
kg 2 b4

Proof Relations (16) and (17) give

by=-a; and b3 = 2(13 —as.

Thus, we can get the estimate for |b;| by

\by| = |as| < 2B - sin(l_a n),
b4 B—-«
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immediately. An application of Theorem 5 (with p = 2) gives the estimates for |bs3|, hence
the proof of Corollary 1 is completed. d

Next, we shall estimate on some initial coefficient for the bi-univalent functions f €

So(a, B).

Theorem 6 Let f be given by f(z) =z + Y .., a,z" be in the class Sy (., B). Then

Bi|s/|B
lay) = VIR (18)
|By + B1 — By
and
las| < |Bi1] +|Ba — B1l, (19)
where By and B, are given by (14) and (15).
Proof 1f f € Sy (a, B), then f € S(o, B) and g € S(«, B), where g = 1. Hence
zf'(2) zg'(2)
Q(z) := <plz) and L(z):= < p(2),
f@ ~F g@ F
where p(z) is given by (2). Let
1+p7(Q(2)) 2
h(z) = —————==1+hz+hyz"+---
1-p1(Qw) A
and
1+p7'(L(2)) )
kz) = —————=1+kiz+k e
(2) - (L) +kiz+ koz” +
Then /1 and k are analytic and have positive real part in U. Also, we have
h(z) -1 k(z) -1
= d L(z) = .
Q) ’”(h(z) " 1> and  L{z) p(k(z) i1
By suitably comparing coefficients, we get
1
az = 531}11, (20)
1 1 1
2613 - a% = EBlhz - 1311’1% + EBzh%, (21)
1
—ay = EBlkl (22)

and

1 1 1
3ak —2a; = EBlkz - EBlkf + Zszlz, (23)
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where B; and B, are given by (14) and (15), respectively. Now, considering (20) and (22),
we get

h=-k. (24)

Also, from (21), (22), (23) and (24), we find that

B:l)’ (h2 + kz)

2
a;=——F———-.
>" 4(B?+B,-By)

(25)

Therefore, we have

|B,? |B.?
| < — (|l + ko]) < :
4|Bl +31 —Bg|

2
a —_—.
[ ~ |B} + B - By|

This gives the bound on |a,| as asserted in (18). Now, further computations from (21), (23),
(24) and (25) lead to

1
as = g(Bl(hz + 3/(2) + 2]’!%(32 — Bl))
This equation, together with the well-known estimates:
Il <2, lhal <2 and |k <2

lead us to inequality (19). Therefore, the proof of Theorem 6 is completed. d
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