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Abstract

In this paper, by using the Rosenthal-type maximal inequality for ¥r-mixing random
variables, we obtain the Khintchine-Kolmogorov-type convergence theorem, which
can be applied to establish the three series theorem and the Chung-type strong law
of large numbers for yr-mixing random variables. In addition, the strong stability for
weighted sums of ¥r-mixing random variables is studied, which generalizes the
corresponding one of independent random variables.
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1 Introduction

Let (2, F, P) be a fixed probability space. The random variables we deal with are all defined
on (€2, F,P). Throughout the paper, let I(A) be the indicator function of the set A. For
random variable X, denote X© = XI(|X| < ¢) for some ¢ > 0. Denote log* x = In max(e, x).
C and ¢ denote positive constants, which may be different in various places.

Let {X,,,n > 1} be a sequence of random variables defined on a fixed probability space
(2, F,P),and let S, = Zle X; for each n > 1. Let #n and m be positive integers. Write F" =
o (X;,n <i <m). Given o -algebras 5, R in F, let

|P(AB) - P(A)P(B)|

B,R)= su . 1.1
vBR) AeB,BeR,ISA)P(BbO P(A)P(B) @D

Define the mixing coefficients by

¥ (n) = sup ¥ (Ff, F2,), n=>0.

k>1

Definition 1.1 A sequence {X,,n > 1} of random variables is said to be a sequence of
Y¥-mixing random variables if ¥ (n) | 0 as n — oco.

The concept of ¥ -mixing random variables was introduced by Blum et a/. [1] and some
applications have been found. See, for example, Blum ez al. [1] for strong law of large num-
bers, Yang [2] for almost sure convergence of weighted sums, Wu [3] for strong consistency
of M estimator in linear model, Wang et al. [4] for maximal inequality and Héjek-Rényi-
type inequality, strong growth rate and the integrability of the supremum, Zhu et al. [5] for
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strong convergence properties, Pan et al. [6] for strong convergence of weighted sums, and
so on. When these are compared with the corresponding results of independent random
variable sequences, there still remains much to be desired. The main purpose of this pa-
per is to establish the Khintchine-Kolmogorov-type convergence theorem, which can be
applied to obtain the three series theorem and the Chung-type strong law of large num-
bers for i-mixing random variables. In addition, we will study the strong stability for
weighted sums of ¢ -mixing random variables, which generalizes the corresponding one
of independent random variables.

For independent and identically distributed random variable sequences, Jamison et al.
[7] proved the following theorem.

Theorem A Let {X, X,;, n > 1} be an independent and identically distributed sequence with
the same distribution function F(x), and let {w,, n > 1} be a sequence of positive numbers.
Write Wy, = > i, w, and N(x) = Card{n : W,/w, < x}, x> 0. If
(i) W, — oo and w,W,' - 0asn— oo,
(ii) E|X| < oo and EN(|X]|) < oo,
(i) S5 *%( fy -1 NO)/Y? dy) dF (%) < o0,
then

n
Wn_l Za)iXi —c as., (1.2)
i=1

where c is a constant.

The result of Theorem A for independent and identically distributed sequences has been
generalized to some dependent sequences, such as negatively associated sequences, nega-
tively superadditive dependent sequences, p-mixing sequences, ¢-mixing sequences, and
so forth. We will further study the strong stability for weighted sums of ¥/ -mixing random
variables, which generalizes corresponding one of independent sequences. The main re-
sults of the paper depend on the following important lemma - Rosenthal-type maximal
inequality for ¥ -mixing random variables.

Lemmal.1 (¢f Wangetal. [4]) Let{X,,n > 1} be a sequence of r-mixing random variables
satisfying y .-, Y (n) < 00, q > 2. Assume that EX, = 0 and E|X,,|7 < oo for each n > 1. Then
there exists a constant C depending only on q and (-) such that

q a+n a+n q/2
) < C[Z E|X;|7 + (Z EX?) ] (1.3)

i=a+1 i=a+1

a+j

5

i=a+1

E (max
1<j<n
forevery a > 0 and n > 1. In particular, we have

J

>

i=1

q n n ql2
) < C|:ZE|Xi|q + (ZEX}) } (1.4)
i=1

i=1

E| max
1<j<n

foreveryn>1.

The following concept of stochastic domination will be used frequently throughout the
paper.
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Definition 1.2 A sequence {X,,n > 1} of random variables is said to be stochastically
dominated by a random variable X if there exists a constant C such that

P(|X,,| >x) < CP(|X| > x) (1.5)
forallx>0and n>1.

By the definition of stochastic domination and integration by parts, we can get the fol-
lowing basic property for stochastic domination. For the proof, one can refer to Wang et
al. [8], Tang [9] or Shen and Wu [10].

Lemmal.2 Let {X,,n > 1} be a sequence of random variables, which is stochastically dom-
inated by a random variable X. For any o > 0 and b > 0, the following statement holds

EX,|°I(1X,| < b) < C{EIX|*I(1X| < b) + b*P(1X| > b)},
where C is a positive constant.

2 Khintchine-Kolmogorov-type convergence theorem

In this section, we will prove the Khintchine-Kolmogorov-type convergence theorem for
Y -mixing random variables. By using the Khintchine-Kolmogorov-type convergence the-
orem, we can get the three series theorem and the Chung-type strong law of large numbers

for Y -mixing random variables.

Theorem 2.1 (Khintchine-Kolmogorov-type convergence theorem) Let {X,,n > 1} be a
sequence of Yr-mixing random variables satisfying Y .-, ¥ (n) < co. Assume that

ZVaI(X,,) < 00, 2.1
n=1

then Y > (X, — EX,) converges a.s.

Proof Without loss of generality, we assume that EX,, = 0 for all # > 1. For any € > 0, it can
be checked that

P( sup |Sk = Sl >€) < P(supISk—Snl > f) +P(sup 1S, — Syl > g)

k,m>n k>n 2 m>n

<2 Jim P( max [ = S,| > f)

—o0  \n<k<N 2

N

2

<2 lim Var(X;)
LNOPIA

_16 5y,

=2 Z ar(X;) > 0, n— oo,

i=n+l

where the last inequality follows from Lemma 1.1. Thus, the sequence {S,,n > 1} is a.s.
Cauchy, and, therefore, we can obtain the desired result immediately. This completes the
proof of the theorem. d
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With the Khintchine-Kolmogorov-type convergence theorem in hand, we can get the
three series theorem and the Chun-type strong law of large numbers for 1 -mixing random

variables.

Theorem 2.2 (Three series theorem) Let {X,,,n > 1} be a sequence of -mixing random

variables satisfying ¥ .-, ¥ (n) < co. For some ¢ > 0, if

ZP(|X,,| > c) <00, (2.2)
n=1

ZEXS,C) converges, (2.3)
ZVar X C < 00, (2.4)

then 'y .2, X, converges almost surely.

Proof According to (2.4) and Theorem 2.1, we have
oo
Z(Xff) ~EX!)  converges a.s. (2.5)

n=1

It follows by (2.3) and (2.5) that
ZXff) converges a.s. (2.6)

Obviously, (2.2) implies that
2: (X, #X9) §:P|X|>c (2.7)

n=1

It follows by (2.7) and Borel-Cantelli lemma that
P(X, #X9,i.0.) = 0. (2.8)

Finally, combining (2.6) with (2.8), we can get that > -, X,, converges a.s. The proof is
completed. d

Theorem 2.3 (Chung-type strong law of large numbers) Let {X,, n > 1} be a sequence of
mean zero Y -mixing random variables satisfying ¥ .-, ¥ (n) < 0o, and let {a,,n > 1} be a

sequence of positive numbers satisfying 0 < a, 1 0o. If there exists some p € [1,2] such that

oo
E|X,|P
E: a <00, (2.9)

n=1
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then

hm—ZX 0 as. (2.10)

n—00 (1, T
i=

Proof It follows by (2.9) that

E(X)?

= 2
ay,

. Var(X\")
S )

2
ay

M2

=
]
—_

n=1

EXRI(1 X, < an)
@

e

=
]
—_

E|X,P

a,

< 00,

M

=

I
—_

n

Therefore, we have by Theorem 2.1 that

S X(ﬂn EX (an)
Z “ converges a.s. (2.11)

n=

Since p € [1,2], it follows by EX,, = 0 that

|EXl(|1X,| < an)|

an

M8

i |EX(ar1)|

n=1 n

i
I

|EXuI(1Xn| > @)

rqu

n=1 n
o0
E|X, P
< <00,
=L
n=1
which implies that
S Ex(ﬂn)
Z ~ converges. (2.12)

n=1 n

Together with (2.11) and (2.12), we can see that

x Xﬁlﬂn)

2

n=1

converges a.s. (2.13)
n

By Markov’s inequality and (2.9), we have

ip(xn ZX) =Y " P(1X,l > an) Z
n=1

n=1 n=

N

(2.14)

UN

Hence, the desired result (2.10) follows from (2.13), (2.14), Borel-Cantelli lemma and

Kronecker’s lemma immediately. O
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3 Strong stability for weighted sums of ¥-mixing random variables
In the previous section, we were able to get the Khintchine-Kolmogorov-type convergence
theorem for v/ -mixing random variables. In this section, we will study the strong stability
for weighted sums of 1/-mixing random variables by using the Khintchine-Kolmogorov-
type convergence theorem.

The concept of strong stability is as follows.

Definition 3.1 A sequence {Y,,n > 1} is said to be strongly stable if there exist two con-
stant sequences {b,,n > 1} and {d,,, n > 1} with 0 < b,, 1 oo such that

b;lYn -d,— 0 as.

For the definition of strong stability, one can refer to Chow and Teicher [11]. Many au-
thors have extended the strong law of large numbers for sequences of random variables to
the case of triangular array of rowwise random variables and arrays of rowwise random
variables. See, for example, Hu and Taylor [12], Bai and Cheng [13], Gan and Chen [14],
Kuczmaszewska [15], Wu [16—-18], Sung [19], Wang et al. [20—24], Zhou [25], Shen [26],
Shen et al. [27], and so on.

Our main results are as follows.

Theorem 3.1 Let {a,,n > 1} and {b,,n > 1} be two sequences of positive numbers with
¢y =byla, and b, t 0o. Let {X,,,n > 1} be a sequence of yr-mixing random variables, which
is stochastically dominated by a random variable X. Assume that ) .., y(n) < co. Denote
N(x)=Card{n:c, <x},x>0,1<p <2. Ifthe following conditions are satisfied

(i) EN(1X]) < o0,

(i) [y~ 'P(1X| > 6)(f7° N(y)/y+t dy) dt < oo,
then there exist d, € R, n=1,2,..., such that

b;l Z aX—-d,—0 as. (3.1)

i=1

Proof LetS, =Y a;X;, Ty = Y7, a;X*. By Definition 1.2 and (i), we can see that

[e¢] o] [e¢]

Y P(Xi #X7) = > P(IXi > i) < C D P(IX| > ¢;) < CEN(1X]) < 0. (3.2)

i=1 i=1 i=1

By Borel-Cantelli lemma, for any sequence {d,,n > 1} C R, the sequences {b,'T, - d,}
and {b,'S, — d,} converge on the same set and to the same limit. We will show that
B ai (X — EX) — 0 a.s., which gives the theorem with d,, = b;' 3", a,EX\".,
Note that {ai(XfCi) - EXfCi)), i > 1} is a sequence of mean zero ¥ -mixing random variables.
It follows from C, inequality, Jensen’s inequality and Lemma 1.2 that

i Elan(Xy" - EX;)P
7

n=1

o0
<CY GPE(IXPI(1Xul < c2))

n=1
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IA
9
M8

P[hP(1X] > ¢u) + EIXIPI(1X] < ¢) ]

X
Il
[

Mg

X|>c,)+C ‘P/CHt"‘IPX t)dt
P(IX] > c,) Zc i (1X1 > t)

n=1

X
Il
[

and

Cn o0
Zcf”/ #7'P(1X| > t) dt</ 7P(|IX| > 1) Y ot
0

niey>t

< OQp—l > +1
_Cfo ¢ P(|X|>t)(/t N(y)/ dy)dt.

The last inequality above follows from the fact that

P _ 13 —P
¢’ = lim E c
Z n Uu—00 n
nicy>t mit<cp<u

u

lim yPdN(y)

Uu—00 t

= lim (u_pN(u) —tPN(t) +p/uy_("+l)N(y) dy)

U—00 t

and

o0
u PN (u) §p/ y P IN@G)dy — 0 asu — oo.

u

Obviously,

ip(m >cn) <EN(IX]) < 00

Thus, by (3.3)-(3.5) and condition (ii), we can see that

o Ela, (X, —EXff”))lp
3 <00,

n=1 "

Therefore,

n
b a(x -EX) >0 as,

i=1

(3.3)

(3.4)

(3.5)

(3.6)

following from (3.6), Theorem 2.3 and Kronecker’s lemma immediately. The desired result

is obtained.

d

Corollary 3.1 Let the conditions of Theorem 3.1 be satisfied, and let EX,, = 0 for n > 1.

Assume that [°EN(|X|/s)ds < 00. Then b;' 3" a;X; — 0 a.s.

Proof By Theorem 3.1, we only need to prove that

n
b ZaiEXi(C") —0 as.
i-1

(3.7)

Page 7 of 14
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In fact,
o0 ) (¢i) [e's) o)
S B LS e (1 < )] = 30 BN > <)
i=1 ! i=1 i=1

o %)
< Zc{l (c,-P(|X,-| > ¢i) +/ P(1Xi| > ) dt)
i=1 Ci
[e¢]
< CEN(IX]) + C/ EN(|X|/s) ds < oo,
1

which implies (3.7) by Kronecker’s lemma. We complete the proof of the corollary. g

Theorem 3.2 Let {a,,n > 1} and {b,, n > 1} be two sequences of positive numbers with c, =
byla, and b, 1 oo. Let {X,,, n > 1} be a sequence of mean zero r-mixing random variables,
which is stochastically dominated by a random variable X. Assume that y .-, ¥ (n) < 0.
Denote N(x) = Card{n: c, <x},x>0,1<p <2. Ifthe following conditions are satisfied
(i) EN(|X]) < o0,

(i) [ EN(1X|/s)ds < o0,

(i) maxi<j<, c]p Y2 e’ =0(m),
then

b;l Z“z’Xi -0 as (3.8)

i=1

Proof By condition (i) and (3.2), we only need to prove that b;! Y7 4,X\ — 0 a.s. For
this purpose, it suffices to show that

n
b a(X - EXY) >0 as. (3.9)
i=1
and
n
b ZaiEXi(ci) —0 asn— oo. (3.10)

i=1

Equation (3.10) follows from the proof of Corollary 3.1 immediately.
To prove (3.9), we set &y = 0 and &, = max;<j<, ¢j for n > 1. It follows from C, inequality,
Jensen’s inequality and Lemma 1.2 that

00 (cn) _ (en)y 1 p o0
ZEW(XH EXOF _ CY GPE(1XuPI(1X,l < 1))

n=1 bﬁ n=1
[o¢] [e¢]
< CY P(IX|>ca) + CY_GPEIXPI(IX| < cy).
n=1 n=1
Obviously,
o0
> P(IX| > ¢y) < EN(1X]) < 00 (3.1)

n=1
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and
Zc"’E|X|PI X <) < D GPEIXPI(IX] < &)
n=1 n=1
<) &P(ga< X <g) Y e <CYP(IX|> &)
j=1 n=j j=1
< c<1 + Y P(IX]> cn)) < C(1+EN(IX])) < 0
n=1
Therefore,
o (en) _ (en)y 1 p
Z El|a, (X, EX; )| <0, (3.12)

n=1 bﬁ
following from the statements above. By Theorem 2.3 and Kronecker’s lemma, we can
obtain (3.9) immediately. The proof is completed. O

Theorem 3.3 Let {a,,n > 1} and {b,,n > 1} be two sequences of positive numbers with
¢y =byla, and b, 1 0o. Let {X,,, n > 1} be a sequence of \r-mixing random variables, which
is stochastically dominated by a random variable X. Assume that ), y(n) < 0. Define
N(x) =Card{n:c, <«x},R(x) = fxoo N(©y)y3dy,x > 0.Ifthe following conditions are satisfied
(i) N(x)<oo foranyx >0,

(i) R(1) = [ZN(y)y™dy < oo,

(iii) EX?R(|X]|) < oo,
then there existd, e R,n=1,2,..., such that

b,'Y aiXi-dy—0 as. (3.13)

i=1

Proof Since N(x) is nondecreasing, then for any x > 0
o 1
R =N [y dy= NG (314)

which implies that EN(|X|) < 2EX2R(|X]) < oo. Therefore,

oo oo
Y oP(Xi#X7) = P(1Xil > )
i=1 i=1
[e e}

<C) P(IX|>ci) < CEN(|X]) < o0. (3.15)

i=1

By Borel-Cantelli lemma for any sequence {d,,n > 1} C R, {b;'S, —d,} and {b;' T, - d,}
converge on the same set and to the same limit. We will show that 5! Y7, a,»(Xl.(C") -
EX) - 0 a.s., which gives the theorem with d,, = b;' Y7, a,EX\?. It follows from
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Lemma 1.2 that

> < S - S <)

n=1 n=1
o0
< CEN(|X|) + C ) ¢,EX*I(1X| < cy) (3.16)
n=1
and
oo
Y GPEXCI(X| <cn) = Y GPEXI(IX] <ca) + Y G EXPI(1X] <)
n=1 nmicp <1 nicp>1
= 11 + 12. (317)

Since N(1) = Card{n : ¢, <1} < 2R(1) < oo from (3.14) and (ii), it follows that [; < co. For
I, we have

L= ¢EXI(|X| <cp) Z > GPEXPI(IX] < ca)

nicy>1 k=2 k-1<c,<k

o0

(N(k) = N(k - 1))(k - 1)EX*I(1X] <1)

k=2
+ Y (N(k) = N(k - 1)) (k - 1)EX*I(1 < |X| < k)
k=2
=1y + I,
00 00 j+1
Iy < CZ (k) =N(k-1)) Y " j2=CY j3Y (N(k)-N(k-1))
j=k-1 =1 k=2

o 00
<CY (+1)°N(+1) <C / y>N(y) dy < <.
j=1 !
Since N(x) is nondecreasing and R(x) is nonincreasing, we have

Iy < Y EX*I(m-1<|X| <m) Y NK)((k-1)2-k?2)
k=m

m=2

k+1

< CZEXZI(m—1< 1X| §m)Z/ N@)x3dx
m=2 k=m k

o0
< CY EX’R(|X|)I(m-1<|X| < m) < CEX*R(]X[) < 00

m=2
Therefore,

0 Cn))

Z Var <00 (3.18)
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following from the above statements. By Theorem 2.1 and Kronecker’s lemma, we have

bt Z ~EX) >0 as. (3.19)
Taking d,, = b;' Y1, a:EX', we have b;' Y " a, X\ — d, — 0 a.s. The proof is com-
pleted. d

Corollary 3.2 Let the conditions of Theorem 3.3 be satisfied. If EX, = 0, n > 1 and
[P EN(1X|/s)ds < oo, then b, Y"1 a;X; — 0 as.

In the following, we denote «(x) : R, — R, as a positive and nonincreasing function
with a, = a(n), b, = Y, a;, ¢u = by/a,, n > 1, where

0<b, 1 oo, (3.20)

0< 11m1nfn c,,oz(log ¢y) <limsupn~ Lo a(logc,) < 0o, (3.21)
n—0o0

xo (log+ x) is nonincreasing for x > 0. (3.22)

Theorem 3.4 Let {X,,,n > 1} be a sequence of identically distributed -mixing random
variableswith Y-, ¥ (n) < 00. If E| X |a(log* |X1|) < 0o, then there existd, e R,n=1,2,...,
such that b,' Y " a;X; —d, — 0 a.s.

Proof Since a(x) is positive and nonincreasing for x > 0 and 0 < b, 1 00, it follows that
¢, 1 00. By (3.21), we can choose constants m € N, C; > 0, C; > 0 such that for n > m,

Cin < cya(logey,) < Can. (3.23)
Therefore, for n > m, we have é (lgﬁ which implies that
o0 o0 2 2
) a*(logcy,)  a*(logcy)
c° < - < . (3.24)
N R T

By (3.22)-(3.24), it follows that

> E(sz e & /
S L Z / xar+y” [ X dp
j=m {IX11=cm-1} {eim1<IXil=c;}

i=m

00 j
§C+ch_22/ X} dp
j=m

i=m ¢ leici<IXa|=ci}

<C+ CZ ita?(logc;) X12 dP

i—m {eimr<IX1]=c;}

<C+ cza(logq)/ |X;| dP
{ci1<IXq]=ci}

< C+CZ/ X |or (log" 1X:1) dP < oo
{ci-1<IX11=c;}

i=m
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Therefore,
iad Var(zz,X ad a-)((c"))2
2 =) PR R (3:25)
j=1 j=1 1
which implies that
12 X9 —EX) >0 as. (3.26)

from Theorem 2.1 and Kronecker’s lemma. By (3.22) and (3.23) again, we have

Y P(IX1 > ¢) <> P(IXla(log” |Xi1) = er(log ;)
j=m j=m

Mg

P(1X1|a(log" [X1]) = Cij) < o0,

j=m

[ee] [ee] m-1 [ee]
>p X#X )= _P(IX1>¢) =Y _P(IXi| > ¢) + > _P(IXj] > ¢) <
j=1 j=1 Jj=1 j=m

By Borel-Cantelli lemma, we have P(X; # Xj(cj ), i.0.) = 0. Together with (3.26), we can see
that

- a;(X; —EX") — a.s. .
b} X, —EX') >0 (3.27)

n
i=1

Taking d, = b;' Y7, aiEXfc") for n > 1, we get the desired result. 0

Theorem 3.5 Let {X,,n > 1} be a sequence of V-mixing random variables with
Yoo ¥ (n) < oo. If for some 1 <p <2,

o0
Z n_pE’X,,a (log+ |X,,|) |p < 00,
n=1

then there existd, €e R,n=1,2,..., such that b;,l Z:’zl aX;—d,— 0a.s.

Proof Similar to the proof of Theorem 3.4, it is easily seen that

oo o0
S P #X7) <m-1+3 P(Xla(log" 1X;1) = gallogc))
j-1 j=m

<m-1+Y) P(IXjla(log" 1X}]) = Cj) < 00

j=m

By Borel-Cantelli lemma for any sequence {d,, n > 1} C R, the sequences {b;1 ZL a;X; -
dy}and {b,' Y1 a:X, fci) —d,} converge on the same set and to the same limit. We will show
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that b;! Y7 a,(X% — EX')) — 0 a.s., which gives the theorem with d,, = b;' 3" | a;EX.
Note that {ai(Xfci) - EXI.(Ci))/bi,i > 1} is a sequence of mean zero 1/ -mixing random vari-
ables. By C, inequality and Jensen’s inequality, we can see that

) L)
= Ela(X,? —EX )P i
Yy — - L — <Cm-1)+CY G EIXII(1X)| <))
j=1 J j=m

<Clm-1)+CY j?(alloge)) EIXII(1X] < ¢)

j=m

o0
<Cim-1)+C Y jPE|Xa(log" |X;])|" < oc.
j=1

It follows by Theorem 2.3 that b7 Y7, a,(X* — EX\) — 0 a.s. The proof is completed.
g

Corollary 3.3 Let the conditions of Theorem 3.5 be satisfied. Furthermore, suppose that
EXy=0andy 52y [° P(1Xul > sc,) ds < 00, then b;' Y1 a;X; — 0 a.s.
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