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Abstract
In this study we investigate the structures constructed by deleting a subplane from a
projective Klingenberg plane. If the superplane and the subplane are infinite, then it
can be easily seen that the remaining structure satisfies the conditions of a hyperbolic
Klingenberg plane. In this study we show that the remaining structure is the
hyperbolic Klingenberg plane if the inequality r ≥ m2 +m + 1 +

√
m2 +m + 2 holds

when the superplane and the subplane are finite and t, r and t,m are their
parameters, respectively.
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1 Introduction
There are three kinds of important planes in plane geometry: affine planes, projective
planes and hyperbolic planes. In affine planes, only one parallel line can be drawn to a
line from a point not on this given line (which is Playfair’s version of Euclid’s famous fifth
postulate, []). In projective planes, all lines intersect, that is, we cannot mention par-
allel lines. In hyperbolic planes, exactly k parallel lines (k ≥ ) can be drawn to a given
line from a point not on this given line. In literature, there is a lot of work on these
planes.
Geometrical structures, which are more general than affine and projective planes, are

obtained by taking a class of points instead of a point, a class of lines instead of a line, and
by reorganizing the incidence relation []. These generalizations can be found in [] for
affine planes, in [] for projective planes, and in [] for hyperbolic planes.
In this paper incidence structures are defined as in [] and blocks are called lines. For

any point P, (P) denotes the set of lines incident with the point P, [P] the cardinality
of (P), and [P,Q] the number of lines joining P and Q. (l), [l], and [l,d] are defined du-
ally.
A projective Klingenberg plane (PK-plane) is an incidence structure K = (P ,L,I) to-

gether with an equivalence relation∼ onP andL (called neighbor relation, and the equiv-
alence (neighbor) class of P (resp. l) is denoted by 〈P〉 (resp. 〈l〉)) such that:

(PK) P�Q�⇒ [P,Q] = , ∀P,Q ∈P .
(PK) l� d �⇒ [l,d] = , ∀l,d ∈L.
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(PK) There exists a projective plane K∗ (the canonical image of K) and an incidence
structure epimorphism ϕ :K →K∗ such that

P ∼Q ⇐⇒ ϕ(P) = ϕ(Q), ∀P,Q ∈P ,

l ∼ d ⇐⇒ ϕ(l) = ϕ(d), ∀l,d ∈L.

Axiom (PK) is equivalent to the following.

(PK)′ Putting 〈P〉I〈l〉 iff there areQ, d withQ ∼ P, d ∼ l andQId, the equivalence classes
with respect to this incidence an ordinary projective plane K∗.

In the above definition, � means ‘non-neighboring’, and PK-planes are denoted by K =
(P ,L,I ,∼).
A point P is said to be near a line l, and this is denoted by P ∼ l, whenever P ∼ Q for

some QIl. Detailed information about PK-planes can be found in [, ].
One can easily prove the following lemma.

Lemma  Let K = (P ,L,I ,∼) be a PK-plane. Then
(i) P ∼ l ⇐⇒ ∃h ∈L, such that h∼ l, and PIh,
(ii) h∼ d ⇐⇒ ∃HiIh,∃DiId �Hi ∼Di, H �H, D �D, h,d ∈L, Hi,Di ∈P , i = , ,
(iii) ‘P ∈P , l, l ∈L,PIl, l ∼ l’ �⇒ ∃P � PIl, P ∼ P.

When |P ∪L| is finite, the geometric structure is called finite. Now, we state a theorem
for finite regular PK-planes, which can be found in []. The original proof of this theorem
for Hjelmslev planes is due to Kleinfeld []. Drake and Lenz [] observed that this proof
remains valid for PK-planes.

Theorem  Let K = (P ,L,I ,∼) be a PK-plane. Then there are natural numbers t and r
which are called the parameters of K, with:

(i) |〈P〉| = |〈l〉| = t, ∀P ∈P , l ∈L.
(ii) |(P)∩ 〈l〉| = |(l)∩ 〈P〉| = t, ∀PIl.
(iii) Let r be the order of a projective plane K∗. If t �= , we have r ≤ t (then K is called

proper and we have t =  iff K is an ordinary projective plane).
(iv) [P] = [l] = t(r + ), ∀P ∈P , ∀l ∈L.
(v) |P| = |L| = t(r + r + ).

A projective or affine Klingenberg plane (PK-, AK-plane) is defined as a generalization
of ordinary affine and ordinary projective plane (see []). Like these, in [] the definition
for a hyperbolic-Klingenberg plane (HK-plane) is given as a generalization of an ordinary
hyperbolic plane. We recall these definitions from the literature.
It is well known that there is an alternative system of axioms for a hyperbolic plane. For

instance, Graves introduced the following definition.
A hyperbolic plane is a geometric structure such that:
(A) There are at least two points on each line.
(A) Two distinct points lie on one and only one line.
(A) There exist at least four points, no three of which are collinear.
(A) Through each point X not on a line l, at least two lines pass not meeting (parallel

to) l.
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(A) If a subset S of the points contains all points on the lines through pairs of distinct
points of S, then the subset S contains all points of the geometric structure (see
[–]).

A hyperbolic Klingenberg plane (HK-plane)H is a system (P ,L,I ,‖,∼), where (P ,L,I)
is an incidence structure and ∼ is an equivalence relation on P ∪ L (called neighboring)
such that no element ofP (point) is neighbor to any element ofL (line), ‖ is an equivalence
relation on L (called parallelism), and H satisfies the following axioms for all P,Q ∈ P ,
g,h ∈L:

(HK) P�Q �⇒ [P,Q] = , ∀P,Q ∈P .
(HK) l ∈L�⇒ ∃PIl,QIl, P�Q.
(HK) There exist at least four pairwise non-neighbor points, no three of which are

collinear.
(HK) For each point-line pair (P, l), P � l, there are at least two non-neighboring lines

through P parallel to l.
(HK) There exist a hyperbolic planeH∗ = (P∗,L∗,I∗) and an incidence structure epimor-

phism ϕ :H →H∗ such that

P ∼Q ⇐⇒ ϕ(P) = ϕ(Q), ∀P,Q ∈P ,

l ∼ d ⇐⇒ ϕ(l) = ϕ(d), ∀l,d ∈L

and if [g,h] =  then ϕ(g) ‖ ϕ(h) (see []).

Various models for hyperbolic planes such as Poincare’s models (see []), Sandler’s
models (see []) and the extension of Sandler’s models (see []) have been developed. It
is well known that if a line is deleted from a projective plane, then the remaining substruc-
ture forms an affine plane. Graves [], Kaya-Özcan [] and Sandler [] gave examples
of hyperbolic planes obtained by deletion from projective planes. Sandler showed that if
three non-concurrent lines are deleted from a projective plane, then the remaining struc-
ture forms a hyperbolic plane []. Kaya-Özcan [] extended Sandler’s construction and
showed that if m lines, no three of which are concurrent, are deleted from a projective
plane, then the remaining structure forms a hyperbolic plane. If K is a PK-plane and l is
a line, by deleting all lines neighbor to l and all points near to l, the remaining structure
forms an affine Klingenberg plane. In [] the method of [] was adopted for obtaining an
HK-plane from a PK-plane.

2 Deleting subplane from finite PK-plane
Let � = (P ,L,I) be a finite projective plane of order n, then it is well known that � has
n + n +  points and n + n +  lines. Also, there are n +  points on each line and n + 
lines pass through each point. If � is any finite projective plane, then the possible order
of subplanes of � is restricted by the following theorem (see []).

Theorem  Let � be a finite projective plane of order n with a proper subplane �′ of
order m. Then either n =m or n≥ m +m. If n =m, a subplane is called a Baer subplane.

The following lemma is proven by simple calculations (see []).
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Lemma  If a Baer subplane with order m is deleted from the projective plane of finite
order n, then the remaining structure is empty.

The following theorem is given from [].

Theorem  Let � = (P ,L,I) be a finite projective plane of order n with a non-Baer sub-
plane �′ = (P ′,L′,I ′) of order m. Then the substructure � = (P,L,I) , P = P\{X ∈
P | X ∈ l, l ∈ L′}, L = L\L′, I = I ∩ (P ×L) is a hyperbolic plane if n ≥ m +m +  +√
m +m + .

Now we can adopt the last theorem to obtain a hyperbolic Klingenberg plane from a
projective Klingenberg plane. However, we must give the following lemma before the the-
orem. Since the incidence relation and neighboring are similar, we use the same notation
for the incidence and neighbor relations of a subplane and a superplane.

Lemma  Let K = (P ,L,I ,∼) be a finite projective Klingenberg plane with parameters
t and r, and let K′= (P ′,L′,I ,∼) be a subplane of K with parameters t, m such that r ≥
m +m.Then we consider the substructureK = (P,L,I ,∼),whereP =P\{X ∈P | ∃l ∈
L, l ∩P ′ = l′ ∈L′,X ∈ l}, then the following properties hold:

(i) For any l ∈L, 〈l〉 has t(r + ) points.
(ii) If P�Q and P,Q ∈P, then [P,Q] = .
(iii) |L| = t(r + r –m –m).
(iv) |P| = t(r –m)(r –m).
(v) If l ∈L, then [l] = t(r –m –m) or (l) = t(r –m).

Proof (i) For any d ∈ 〈l〉, ϕ(d) = d∗ is a line of K∗ which is the projective plane of order
r where ϕ :K → K∗ is the incidence structure epimorphism given in (PK). Since d∗ has
r+ points and every point ofK∗ is the image of t neighbor points, 〈l〉 has t(r+) points.
(ii) Since P ⊂P , it is obvious from (PK) for K.
(iii) SinceK andK′ has r + r+ andm +m+ pairwise non-neighbor lines respectively,

K has

r + r +  –
(
m +m + 

)
= r + r –m –m

pairwise non-neighbor lines. Therefore K has t(r + r –m –m) lines.
(iv) Let l′ ∈K′ and l ∈K be such that l′ = l∩P ′, then 〈l′〉 has t(m+ ) points and 〈l〉 has

t(r+) points. For this reason, 〈l〉 has t(r–m) points which do not belong to 〈l′〉. SinceK′

hasm +m +  pairwise distinct neighbor classes for lines, there are t(r –m)(m +m + )
points belonging to deleted lines not in P ′. In addition to these points, all the points ofK′

are deleted. Therefore the total number of deleted points is

t(r –m)
(
m +m + 

)
+ t

(
m +m + 

)
= t

(
m +m + 

)
( + r –m).

Consequently, K has

t
(
r + r + 

)
– t

(
m +m + 

)
( + r –m) = t(r –m)

(
r –m)

points.
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(v) Let l = l ∩P ∈L and l ∈L. There exist two cases: l ∩P ′ = φ or not.
(a) Let l ∩P ′ = φ. Then [l] = t(r + ) and all pairwise non-neighbor lines of K′ intersect

l on pairwise non-neighbor points. Since m + m + , the pairwise distinct lines of K′

intersect l on t(m + m + ) points which are deleted from l. Therefore [l] = t(r + ) –
t(m +m + ) = t(r –m –m).
(b) Let l∩P ′ �= φ. Then there exists a point N ∈P ′ such that l∩P ′ = l∩ 〈N〉. Therefore

l ∩ P ′ has t neighbor points. The number of pairwise non-neighbor lines of K′ through
the points neighbor to N is m + . Since K′ has m + m +  pairwise distinct lines and
m +  of these lines pass through the neighbor points to N , there are m pairwise non-
neighbor lines in K′ which intersect l on pairwise non-neighbor points not belonging to
〈N〉. Thereforem + point neighbor classes are deleted from l. Since every neighbor class
of points has t points on l, we have [l] = t(r +  – (m + )) = t(r –m). �

Under the same assumptions of the following theorem, in [] it is shown that K∗
 is the

hyperbolic plane, and therefore we obtain the following theorem considering the previous
lemma.

Theorem  The structure K given in the previous lemma is a hyperbolic Klingenberg
plane if r ≥ m +m +  +

√
m +m + .

3 Some outstanding problems
In this paper, it is shown that the structure obtained by deletion of a subplanewith parame-
ters t,m from the finite Klingenberg planewith parameters t, r is a hyperbolic Klingenberg
plane when the parameters of the subplane are suitably small relative to the parameters of
the superplane. But now we give some outstanding problems.
• When is the structure K a HK-plane where the parameters of the superplane are t, r
and the parameters of the subplane are t′, m and t �= t′?

• When is a HK-plane with appropriate parameter restriction a subplane deleted
PK-plane?
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