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1 Introduction

The notion of summability of single sequences with respect to a two-valued measure
was introduced by Connor [1, 2] as a very interesting generalization of statistical con-
vergence which was defined by Fast [3]. Over the years, and under different names, sta-
tistical convergence was discussed in the theory of Fourier analysis, ergodic theory and
number theory. Later on, it was further investigated from the sequence spaces point of
view and linked with summability theory by Fridy [4], Salat [5]. The notion of statisti-
cal convergence was further extended to double sequences independently by Méricz [6]
and Mursaleen et al. [7]. Savas [8] studied statistical convergence in random 2-normed
space. For more recent developments on double sequences one can consult the papers (see
[9-16]) where more references can be found. In particular, very recently Das and Bhunia
investigated the summability of double sequences of real numbers with respect to a two-
valued measure and made many interesting observations [17]. In [18], Das and Savas et al.
introduced some generalized double difference sequence spaces using summability with
respect to a two-valued measure and an Orlicz function in 2-normed spaces which have
a unique non-linear structure. The study of Orlicz sequence spaces was initiated with a
certain specific purpose in Banach space theory. Lindenstrauss and Tzafriri [19] investi-
gated Orlicz sequence spaces in more detail and they proved that every Orlicz sequence
space [ contains a subspace isomorphic to /, (1 < p < 00). The Orlicz sequence spaces
are the special cases of Orlicz spaces studied in [20]. Orlicz spaces find a number of useful
applications in the theory of nonlinear integral equations. Whereas the Orlicz sequence
spaces are the generalization of /,-spaces, the /,-spaces find themselves enveloped in Or-
licz spaces [21].
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The concept of 2-normed spaces was initially introduced by Gahler [22, 23] as a very
interesting non-linear extension of the idea of usual normed linear spaces. Some initial
studies on this structure can be seen in [22-24]. Recently a lot of interesting develop-
ments have occurred in 2-normed spaces in summability theory and related topics (see
[18, 25-30]).

In this paper, in a natural way, we first define statistical convergence for double sequences
in 2-normed spaces using a two-valued measure and also prove some interesting theo-
rems. Furthermore, we introduce some new sequence spaces in 2-normed spaces using

Orlicz functions, generalized double difference sequences and a two-valued measure x.

2 Preliminaries
Throughout the paper N denotes the set of all natural numbers, x4 represents the char-
acteristic function of A C€ N and R represents the set of all real numbers.

Recall that a set A € N is said to have the asymptotic density d(A) if

d(A) = lim G) > xal)
j=1

exists.

Definition 2.1 [3] A sequence {x,},cn of real numbers is said to be statistically convergent
to & e R if for any € > 0 we have d(A(€)) = 0, where A(e) = {n e N: |x, — §| > €}.

In [31] the notion of convergence for double sequences was presented by Pringsheim.

A double sequence x = {xy;} of real numbers is said to be convergent to L € R if, for any
€ > 0, there exists N, € N such that |x; — L| < € whenever k,[ > N.. In this case, we write
limy ;oo %5 = L.

A double sequence x = {xy;} of real numbers is said to be bounded if there exists a positive
real number M such that |xy| < M for all k,/ € N. That is, [|%]l(c0,2) = SUPg jeny 4] < 00.

Let K € N x N and let K(k,[) be the cardinality of the set {(m,n) e K :m < k,n < [}.
If the sequence {%}UGN has a limit in the Pringsheim’s sense, then we say that K has
double natural density and is denoted by d,(K) = limg %

A statistically convergent double sequence of elements of a metric space (X, p) is defined
essentially in the same way (p(xx, &) > € instead of |xy; — &| > €).

Throughout the paper u will denote a complete {0,1}-valued finite additive measure
defined on algebra I' of subsets of N x N that contains all subsets of N x N that are con-
tained in the union of a finite number of rows and columns of N x N and u(A) =0 if A is

contained in the union of a finite number of rows and columns of N x N (see [18]).

Definition 2.2 [18] A double sequence x = {x;} of real numbers is said to be p-statistically
convergent to L € R if and only if for any € > 0, u({(k,]) e N x N: |x;; — L] > €}) = 0.

Definition 2.3 [18] A double sequence x = {x4;} of real numbers is said to be convergent to
L € R in p-density if there exists an A € I" with p(A) = 1 such that {xx}x,)ea is convergent
to L.
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Definition 2.4 [23] Let X be a real vector space of dimension d, where 2 < d < oco.
A 2-norm on X is a function ||-,-|| : X x X — R which satisfies (i) ||x,y| = 0 if and only
if x and y are linearly independent; (ii) |lx, |l = |ly,«|l; (iii) lox, y]| = |o|llx, y]l, @ € R;
(iv) [|%,y + 2|l <%, y1 + ||%,z||. The ordered pair (X, ||, -]|) is then called a 2-normed space.

Let (X, ]-,-]|) be a finite dimensional 2-normed space and let u = {uy,uy,...,u,} be the
basis of X. We can define the norm ||, -[|oc On X by ||, - ||oo = max{||x, u;]| : i =1,...,d}. Also,
e = ylloc = max{llx =y, 1= 1,..., ).

Let (X, ||-,-||) be any 2-normed space and let S”(2 — X) be the set of all double sequences
defined over the 2-normed space (X, ||, -||). Clearly S”(2 — X) is a linear space under addi-
tion and scalar multiplication.

Recall in [20] that an Orlicz function M : [0, 00) — [0, 00) is a continuous, convex and
non-decreasing function such that M(0) = 0 and M(x) > O for x > 0, and M(x) — oo as
x — 00.

Note that if M is an Orlicz function, then M(Ax) < A for all A with 0 < A < 1.

In the later stage, different classes of Orlicz sequence spaces were introduced and studied
by Parashar and Choudhary [32], Savas [28-30, 33—38] and many others.

Definition 2.5 [18] A double sequence x = {xy} in a 2-normed space (X, ||-,-||) is said to
be convergent to L in (X, |-, -]) if for each € > 0 and each z € X, there exists n. € N such
that |l — L,z|| < € for all i,j > ne.

Definition 2.6 [18] Let u be a two-valued measure on N x N. A double sequence {x;;}
in a 2-normed space (X, ||, -||) is said to be pu-statistically convergent to some point x in
X if for each pre-assigned € > 0 and for each z € X, u(A(z,€)) = 0, where A(z,¢) = {(k,]) €
N x N: |lwg — %, z|| > €}.

Definition 2.7 Let u be a two-valued measure on N x N. A double sequence {xy} in a
2-normed space (X, ||, -||) is said to be p-statistically Cauchy if for each pre-assigned € > 0
and for each z € X, there exist integers N = N (g, z) and M = M(g, z) such that 1 (A(z,€)) = 0,
where A(z,€) = {(k,]) e N x N %11 — Xn(e,2)pM(e .20 2] > €]

We first give the following theorem.

Theorem 2.1 Let u be a two-valued measure on N x N and two sequences (xx;) and (yx)
in 2-normed space (X, ||, -||)- If (yx1) is a u-convergent sequence such that xy; = yy a.a. (k,1),
then (xy;) is j1-statistically convergent.

Proof Suppose u({(k,l) € N x N:xy # yi}) = 0 and lim,, ,,—, oo [|y10, 2|l = ||L, 2. Then, for
everye >0and z € X,

{(k,)) eNx N:|lxg— L,z = e} € {(k,)) e N x N: ||y — L,z|| > ¢}
U {(k,l) eNx N:xy #ykl}.
Therefore
uw{(k,) eNxN:|lax — Lzl = e} < u{(k,)) e N x N: |lyi — L z|| > ¢}

+u{(k,1) e N x N:xg # yu}.
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Since
tim_lyw 2l = IL,2]
for every z € X, the set
{(k,0) e N x N: [y — L, zl| > &}
contains a finite number of integers. Hence,
pn{k,)) e N x N:|lyy - L,z|| > ¢} =0.
We get
n{k,)) eNxN:|lxg—L,z| > e} =0

for every € > 0 and z € X. Consequently, t-st-limg ;. o0 || %k, 2|| = || L, z||. This completes the
proof. d

Theorem 2.2 Let p be a two-valued measure on N x N and let {xi}ii>11 be a pu-
statistically Cauchy sequence in a finite dimensional 2-normed space (X, ||-, -||). Then there
exits a p-convergent sequence {Yi}i>1 in (X, ||+, -||) such that xiy = yu for a.a. (k).

Proof First suppose that {x4}«>1 is a statistically Cauchy sequence in (X, ||, ||« ). Choose
natural numbers M; and N; such that the closed ball Bbl = By (%an;,1) contains xy
for a.a. (k,/). Then choose natural numbers M, and N, such that the closed ball By5 =
B (%pyn, 5 (217)) contains xy, for a.a. (k,l). Note that B2? = BL! U B, also contains xy, for
a.a. (k,1). Thus, by continuing this process, we can obtain a sequence {B},?}, ;-1 of nested
closed balls such that diam{B;?} < ;. Therefore Moot B = {A}. Since each B.? con-
tains x4 for a.a. (k,[), we can choose a sequence of strictly increasing natural numbers

{Ty,4}p.q>1 such that

%H(k,l)eNxN:xkléBﬁ'qH< if k1> Ty

p.q

Hence we have
p{k,)) eNxNixy ¢ By} =0 ifk, [>T,

Put W, = {(k,)) e N x N: (k,]) > T} g, %10 ¢ B} forall p,g > 1,and W = U;ZZ?J Wyq-

Now define the sequence {yi}«>1 as follows:

A ifkD)eWw,

Vi = .
X otherwise.

Note that limy ;. co¥x = A. In fact, for each € > 0, choose a natural number p, g such
that € > qu > 0. Then, for each kI > T}, or yjg = A or yy = Xy € B7 and so in each case
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7k = Alloo < diam{B}?} < 5. Since {(k,]) € N x N: yi; # a1} € {(k, 1) € N x N: x; ¢
B} we have

,u{(k,l) eNx N:yy #xkl} C /L{(k,l) e N x N:xy éBﬁ'q}.

Hence u({(k,!) € Nx N: yyy #xi}) = 0. Thus, in the space (X, ||, ‘|| 00), Y1 = xx; for a.a. (k, ).
Suppose that {uy,us,...,u,} is the basis for (X, ||-,-||). Since lim,,;— oo ||y — Alloo = 0 and
Iy — A, ui]l < Iy — Allo for all 1 < i < d, limy,— 00 [|[y11 — A, 2]| o = O for every z € X. This
completes the proof. O

In order to prove the equivalence of Definitions 2.5 and 2.6, we shall find it helpful to
use Theorems 2.1 and 2.2.

Theorem 2.3 Let p be a two-valued measure on N x N and let {xy;}1>1 be a sequence in
a 2-normed space (X, ||-,-||). The sequence {xy} is p-statistically convergent if and only if
{xk} is a p-statistically Cauchy sequence.

3 New double sequence spaces

We first state an inequality which will be used throughout this paper : If {py;} is a bounded
double sequence of non-negative real numbers and supy ;. px = H and D = Max({1, 277},
then

|as + b |P¥ < D aw|P¥ + | b ¥ }
for all k, [ and ayy, by € C, the set of all complex numbers. Also,
la|PR < Max{l, |a|H}

foralla € C.

By a lacunary sequence 6 = (k,); r =0,1,2,..., where ko = 0, we shall mean an increasing
sequence of non-negative integers with k, — k,_; as r — co. The intervals determined by 6
will be denoted by I, = (k,_1, k,] and A, = k, — k,_;. The ratio k’:—fl will be denoted by g,.

Definition 3.1 The double sequence 6, = {(k;, )} is called double lacunary if there exist
two increasing sequences of integers such that

ko=0, h =k —ki1— 00 asr— oo

and

lp=0, hy=l-Il_1—> 00 ass— oo.

Let us denote k., = kI, hys = h,h; and 0, is determined by I, = {(k,]) : k,_1 < k <

k&l <1<}, qr = k]:rl s = lsl_il’ and qrs = 4rqs.

Definition 3.2 Suppose that as before u is a two-valued measure on N x N and let M be
an Orlicz function and (X, ||-,-||) be a 2-normed space. Further, let p = {py;} be a bounded
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sequence of positive real numbers. Now we introduce the following different types of se-
quence spaces, for all € > 0,
W (6%, M, 2™, p, [1+-1)

1 " X —
:{xeS”(z—X):,u((k,l)eNxN:h— > [M<HA’C_“L,Z
s (k)

ISR

0
for some p >0 andLeXandeachzeX},
WSL (ezxMy Am,p; ”1 ”)

1 1 A" x
:{xeS (2—X):,u<(k,l)eNxN:h— 3 [M(H . £,z

S (kDelys

ISR

for some p > 0 and each z GX},

W2 (0%, M, 2™, p, -1l

{ S'2-X): 3/<>0,u<{(/<,l)eNxN:

A" xpy
_ E ,z
hrs |: (H
(kD) elys

where A" xjg =A™ xpg— A Kpr— A7 w i+ A7 g

Pkl
D:| zk}) =0 for some p > 0 and eachzeX},

We now prove the following theorem.

Theorem 3.1 WH(0,M, A", p,|--|1), W' (0% M, ™, p, |I-,-|l) and Wi (0, M, A™,p, |-, -1I)
are linear spaces.

Proof We shall prove the theorem for W{' (6%, M, A™,p, |-,-||) and others can be proved
similarly. Let € > 0 be given. Assume thatx, y e? WéL(Q,M, A", p, |5 -]l) and , B € R, where
x = {xx} and y = {yx}. Further let z € X. Then

o (=) FR

for some p; > 0 and

(fuen |2
S (kl)elys

for some p, > 0.

i
Do e
Since |-, -] is 2-normed, A” is linear, therefore the following inequality holds:
Lot
lalor + [Blp2

1 o A" x
<0p- ¥ ||
S (ko elys lee| o1 + | Bl o2 1

)
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A Pkl
e 52A)]
lee| o1 + | Bl o2 P2

P>
%,Z[ (5] o 2 (155

D
P

)"

where

=Max{l, ’ .
lee| o1 + | Bl o2 lal o1 + | Bl o2

From the above inequality we get

1 A" (oxu + Byi) )T” }
{(k’Z)ENXN'h 2 [M<” alon + B0 ZH =

S (ke

cfurennor 5 (|52
(kl)e]

1 Amykl Pkl 6}

k,l) e Nx N:DF— , — 1.

ofwnennor Z[M(H 2)] =5

"8 (kd)els
Hence from (3.1) and (3.2) the required result is proved. O

Y

v

Theorem 3.2 For any fixed (k,1) € N x N, Wk (82, M, 2™, p, |-, -||) is a paranormed space
with respect to the paranorm gy : X — R, defined by

&u(x) = inf > szl

(kD) elys

A" x
+inf{,opk’/H:p>Os,t, sup |:M<H kl,z
(k,)eNxN 1Y

Pk
D] §l,VzeX}.

Proof This can be proved by using the techniques similar to those used in Theorem 4.3
in [18]. U

Theorem 3.3 Let M, M, M, be Orlicz functions. Then
(i) W§©* My, A", p,|I--Il) € Wi (0%, Mo My, A, p, ||-, -|I), provided {pi}xienxw are
such that Hy = inf pg; > 0;
(i) Wy (6% My, A", p, |I--1) O W5 (0%, My, &A™, p, ||, -11) € W' (0%, My + My, 8™, p, |-, - ).

Proof (i) Let € > 0 be given. Choose €y > 0 such that max{egf,eglo} < €. Now, using the
continuity of M, choose 0 < § <1 such that 0 < ¢ < § implies that M(t) < €y. Let {xy} €
W (6%, My, A™, p, ||, -]|). Now, from the definition 1(A(8)) = 0, where

A) = {(k,l) eNxN: L Y [MI(H Ampx“,z“)r“ . SH}'

" (kd)elrs

Prl
e

Thus if (k, 1) ¢ A(8), then

e, (55

’Sk1e1

Page 7 of 11
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A" x,
% [m(] <5
0

(r,s)€lys

Pkl
)

(55

for all (k,[) € I,;. Hence

Am
(|54
0

for all (k) € I5.
Hence, from the above, using the continuity of M, we must have

([ ) <

for all (k, ) € I,5. This implies that

A" Xy
MOMl ,»Z
0

Pl
D:| <max{el, €'}

for all (k,[) € I, i.e.,

m Pkl
Z |:M0M1(HA xkl,z“)} <h,smax{e(1,'[,egl}<hrse,

(k,D)elys p

which again implies that

1 |: A Xkl Pkl
— E M0M1<H ,z“>:| <E.
hrs( ’ P

7,8)€Elys

This shows that

fonerxa = 3 [moan(|22,2) [ 2 ] < o

& (kD €lrs P

Therefore

1
,u({(k,l) eNxN: - > [MoMl(
(k,D)elrs

Thus

A" X1

yZ

{xkl} € Wg (92)M11 Am;pr ”; ”)

)

Page80of 11
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(i) Let {xx} € W5 (6% My, 2™, p, ||-,-11) N W (02, My, A, p, ||, -|I). Then the fact that

A x Pkl
|:(M1 +M2)< Mz )]
A" X1

1%
D ( Pkl D A Xkl Pl
< — M1 — )z + — Mz —Z
hrs I’l rs 1%

p )
gives us the result. Hence this completes the proof of the theorem. O

1
T

Finally we conclude this paper by stating the following theorem.

Theorem 3.4 Let X(A™Y), m > 1, stand for W*(0*, M, A" L, p, ||, -||) or W5 (6%, M, A",
P ll5-1) or WE (0%, M, A, p, ||, -|1). Then X(A™71) G X(A™). In general, X(2') G X(A™)
foralli=1,2,3,...,m-1.

Proof We shall give the proof for W} (6%, M, o™, p, ||, -||) only. It can be proved in a sim-

ilar way fOr W/,L(QZ’M, Am_l,P, ” N ”) and ZW&(Q,M) Am_l;P: ” N ”)'
Let x = {xx}rien € Wo (0%, M, 2L p, |-, -1]). Let also € > 0 be given. Then

1 m-1 Pkl
,u({(k,l)eNxN:h— Z [M(HA xkl,z )] Ze}) =0 (3.3)
S (ks p

for some p > 0. Since M is non-decreasing and convex, it follows that

()

- 1 -1 1
1 [ M (H A" g ia= A = A K+ A a .
- 7 ’

Pid
4p ﬂ
D 1 A"y
h_ Z ([ZM(H k+1,l+1,Z
(k,l)elys p

Pkl 1 AWI*I x Pil
)] e[|
4 P
1 ALy Al
s [_M(H kil ‘ Xkl
4 P

Pkl 1 Pkl
)|l =]
4 P
< D’G Z A" ]xk+1l+1
K
(k,D)elys

’

: DI L=

+[M(H%’ D] (==

where G = Max({1,(3)"}. Hence we have

AMI

A" xy

{ 1 Z Pl
(kD) eNxN: - [M(” ZD] Ze}
s (kl)elys 4p

DZG Am71 Kle+1,0+1
g{(k,l)eNxN: — > |:M<H—z

S (ke P

)] =]

D*G A1 Khr1,l
U{(k,l)eNxN: — > |:M<”T,z

S (kDelys
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DG A" e,
U{(k,l)eNxN:— > [M(Hﬁz
S (kd)els

DG A"
U {(k,l) eNxN:=— " [M(H&z
(kD) €lys P

rs

Using (3.3) we get
1 AT Xkl Pil
ul 1k, )eNxN: — E Ml |——,z >ep ) =0.
Py 4p
(k,1)elrs
Therefore x = {xi} € W4 (6% M, A™, p, ||, -||). This completes the proof. O
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