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Abstract

In this paper, we prove the existence of global smooth solutions to the Cauchy
problem of 3D incompressible magnetohydrodynamics (MHD) flows with mixed
partial dissipation and magnetic diffusion if the initial condition is suitably small.
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1 Introduction
In this paper, we consider the following 3D incompressible MHD equations with mixed

partial dissipation and magnetic diffusion (see [1]), i.e.,

U+ u-Viu==Vp+ [llhyy + fLllyy + b - VD, 1)
by +u-Vb=nby +nby, +b-Vu, 2)
divu=0, divhb=0, 3)

associated with the initial data

u(0,x) = uy, b(0,%) = by. (4)

Here u = (u1(¢, %), us(, %), us(t, x)) is the velocity field, b = (b1(¢, %), by (¢, %), bs(t, x)) is the
magnetic field, p = p(¢, %) is scalar pressure, i > 0 is the kinematic viscosity, n > 0 is the
magnetic diffusion. For more background, we refer the reader to [2] for MHD and (1, 3] for
MHD with mixed partial dissipation and magnetic diffusion. Without loss of generality,
we assume that ¢ = 7 =1 in the remainder of the paper.

To state the main results, we first introduce the following conventions and notations

which will be used throughout this paper. Set

/fdxé/Rdexdydz,
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and that | - || is the L% norm, i.e.,

IF1l = ( f fzdx)é,

1/2
H™ £ W™ (R?) = { > |D“u|2dx} with the norm | - [|zzm.

la|<m
Our main result of this paper can be stated as follows.

Theorem 1.1 Assume that uy € H* and by € H? with divug = divby = 0 and |ugl;p +
1boll;n < €, where ¢ is a sufficiently small positive number. Then (1)-(4) admit global
smooth solutions.

Remark 1.1 Theorem 1.1is Theorem 1.2 in [1], which has not been proved in their paper.
We would also emphasize that our proof of Theorem 1.1 is clearer for deducing the desired
a priori estimates in Lemma 2.3 (see the next section) than that of Proposition 3.1 in [1].

The rest of the paper is organized as follows. In Section 2, we deduce the desired a
priori estimates to complete the proof of Theorem 1.1. We finish the proof of Theorem 1.1
in Section 3 by the method of vanishing viscosities.

2 A priori estimates

In this section, we deduce the desired a priori estimates in order to finish the main result.
Before we begin to prove the main theorem of this paper, we first state the following useful
lemma that was deduced in [1].

Lemma 2.1 Assume thatf,g, h, f., g, h, are all in L*(R®). Then we have

1 1 1 1 1 1
/ [fghl dx < CIIF 11> gl > 172112 Il 2 ligy I > 12212 -

Clearly, the standard energy estimate shows that

|

(2l + 1D1%) + Newell® + gy 1> + 162l + 16117 = 0. (5)

N =
[aW

t

We denote that w = V x uand j = V x b. Thus, applying the operator ‘V x’ to (1) and (2),
together with (3), we deduce that

Wi+ U VO -0 VU= + w0y +b-Vj—j- Vb, (6)

Je+ - Vj=jux + jyy + b - Voo + &5 (b 0y — djuy dby), (7)
where g; is defined as follows:

1 if (i, /, k) is an even permutation,
&ijk = 3—1 if (i,j,k) is an odd permutation,

0  others.
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The first key lemma is the following.

Lemma 2.2 If (4, D) solves (1)-(4) and the initial data satisfies

1 ) 1
||uo||2+||bo||25E and ||wo||2+||]o||251, (8)

where C is a suitable large number, then the vorticity w and the current density j satisfy
t
lleol® + 11jlI* < 1, / (lwall® + lloy I + 1jl® + iy I1?) ds <1 for all £ > 0.
0

Proof Multiplying (6) and (7) by w and j, respectively, then integrating the resulting equa-
tions by parts, after adding the two equalities together, we finally deduce

1d

2
2dt ”

(lol® + 171%) + llewxl® + ey 1> + ljll* + iy 11
= /(w -Vo-w—-j-Vb-w+ ei,k(ajb, Oy — Ojuy 81bk)j,-) de=I+]J+K +L. 9)

We have to estimate each term on the right-hand side of (9). Some of the terms are the
same as in [1] and are proved here for completeness. First, I can be written as

1= /a) Vu-wdx:/a)iaiuja)jdx
= /w1 Oxlhj; dx+/w2 0y ujw; dx+/w3 dujwjdx =1 + I + I3.
With the help of Lemma 2.1, we deduce that
1 1 1 1 1 1
L = | o1 0uwjdx < Cllo]|2 w2 [|o]] 2 |l 2 [y |2 || 2
i 2 i 2, 2 4
< —lloxll” + —lloyll” + Cllue |l

~ 24 16

Similarly, we obtain that
L :/wza ujw;dx < inwan + i||w 1%+ Clluy I o],
hdd hao ) = 24, 16 y y
and
]3 = f w3 azuja), dx = /(8;&!2 — 8yu1) 821/{}'(1)1‘ dx
< Lol + 2oy + C(llusl + 1ty 1) ol
~ 24 16" 7 Y

In order to bound J, we rewrite the integrand explicitly as follows:

]=—/j-Vh-wdx:—/jiaib/wjdx

= - _/]1 axb}w,dx - /]2 Bybja)j dx - /]3 szja),»dx =]1 +]2 +]3.
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Due to Lemma 2.1, we see that

. 1 N B 1 1
h= —/]1 dxbjw;dx < ClIjI12 1Dk 12 ol 2 [l 2 192Dz 1% llewy |12

1 1
< ﬁ||jx||2 + Enwyn2 + Cllb > (Il + 11%).

Similarly,

. 1 1o 1 .
)y = _/,2 dybjoj dx < lleyI* + 7l + S iy 17 + Clgy I (ol + 11%),
]3 = —/j3 sz/a),dx=—/(3xb2 _aybl) azbla)}dx

1 1 . 1 .
=< 2—4||wx||2 + 5lllxll2 + %”]y”z + C(1B:1> + 116y 1%) (llll* + 111%)-

Now, let us turn to bound L,
L=- / &ijk Ojuy Oyupj; dx
=— / &k Oxthy Opuur; Ax — / &k Oyuy Opuurj; dx — / Eijk 071y Opuurj; Ax
= L1 + L2 + L3.

By Lemma 2.1, we have that

. S (S S P 1
L= _/eijk Oty Oyuirfi Ao < Cllaae | 17112 7112 i1 2 1y 112 w12

1 1. .
< —llw.® + 1>+ %||]y||2+c||ux”2”]”4'

Similarly,
L=- / i Byttt dx < — I+ —= sl + = 7,112 + Clagy 12111
Ry —16" 7 22 2677 4

As for L3, we should split it into three parts:

Ly=- / Eijk 071y OpUuij; dx

= —/8,»,7( 0,U1 OxUif; dx—/si,'k 0,1y Byukjidx—/s,'/k 0,u3 O, uij; dx
=Lz + L3 + L33,
L31 = _/Ezjk azul axukji dx
1 1.1 1 Lo, .1
< Clloll 2 16112 1112 lx | 2 [13:b.]1 2 Iljy || 2
II*

= _”wx

1. 1. ,
+ ﬁlllxll2 + %”]y”z + Clbal (lleol® + 11711).
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Similarly,

‘ 1 1 ,
L3 = _fgzjk 0713 Oyuij; dx < ﬁllwxll2 + %”/}1”2 + Clloy 1> (loll* + 11711*).

To bound Lss, using the incompressibility condition divu = 0, we deduce that
L33 =— / 8ijk 0;U3z O uyj; dx
= / ik (Dxtt1 + Oyutn) O uuif; A = Lég + Lﬁg.
We get the L1, and L2, as follows:
1 . L1 1o, 1.1
Lyz = | &gk 0xtt1 uupfy dx < Cllugl| 2 11112 11112 | 0xzac | 2 1 12 11y 11 2
1 1 . 1. .
< —llwxll® + — lljll* + % iy 1> + Cllaex 121711,

24 22

and
By = eyl + oo 1l + 5l + Cllag 21
To bound K, we should divide it into three parts:
K= / &4k 0jby Oyuagj; dx
= / i1k Oxby Ojuij; dx + f iok Oyby djuyj; dx + / Ei3k 0.b; Opuyj; dx
=K + Ky + Ks.

Similarly, we deduce that
, 1 1.1 1 1.1
Ky = | ik 0xby Opugji doe < Cllbg || 2 [l 2 117112 10D, 112 o1 2 1y | 2

1 1 1 ,
< ﬂllwxll2 + EIIJXII2 + %”]y”2 + Cllb: NP (lloll* + 1171%),

and

1 1
K, = / eiok dyby g dx < ﬂ||wx||2 + %lvyn2 + CllbylI* (lloll* + 171%).

For K3, we have
1(3 = /El'gk 8Zbl 31ukji dx

= / Ei3k 8zb1 8xukj,' dx + / Ei3k azbz 8yukji dx + / Ei3k 3zh3 8letkji dx

= [(31 + [(32 + I<33.
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Thus,

. 1 11 1.1 1
1<31:/8i3k 9zb1 uiji dx < CIjIZ [l | 2 1112 Nl 12 Ml 2 11y 112
1 1, 1 . .
< o lloxll® + o ljl® + %”];11”2 + Cllus 1?11,

~ 24 22

and
Ko = / o 8252 0o < oy 12 + = 1l + = 7y 12 + Clly P71,
Y ~16" 7 22 26" 4
As for K33, using div b = 0, we obtain
Ks3 = / i3k 0;b3 Ozuyj dx = — / i3k (0xb1 + 0yby) 0 1u4j; dx
< inwxnz + in/‘ I+ C (161 + 15, 1%) (0 ll* + 111*).
~ 24 267 4

Substituting all the above estimates into (9), we conclude that

| e

‘ 1 , .
(llewll® + 1711%) + E(Hcoxn2 + oyl + 1 l1* + ljyl1%)

N =
o

t
< C(lluxll® + Ny I + 164117 + 1By 1) (Hlew1* + [1711%).

Let ||w|? + ||j]|?> <1, we deduce, with the assumption (8) on the initial data, that

t
lleoll® + 1111 +/ (lleoxl® + ey II* + lll® + 1y 11*) ds < 1.
0

Thus, the proof of Lemma 2.2 is completed. O
Now, we turn to deduce the higher order estimates about the solution.

Lemma 2.3 If (u, b) is the solution of (1)-(4), then
t
IVol® + [ VjII* +/ (IVoxl* + IV, 1> + I Vjell* + V), [1*) ds < C. (10)
0

Proof Multiplying (6) and (7) by Aw and Aj, respectively, then integrating the resultant
equations by parts, after adding the two equalities together, we finally obtain

1d . , .
Eg(llvwll2 +IVIP) + (Vx> + IV I + IVjll® + 1)y %)
:/[u~Vw~Aw+u~Vj~Aj—w~Vw~Aw+j~Vb~Aa)—b~Vj~Aa)

-b-Vo-Aj- si,k(ajb; Ojuy — Ojuuy albk)Aj,»] dx

=M+N+P+Q+R+S. (11)
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Now, we turn to bound each term on the right-hand side of (11). Similar as the proof of
Lemma 2.2, keeping in mind Lemma 2.1 and the divergence-free property of u# and b, we
deduce

M:/u~Va)~Aa)dx:/uiaiwjaﬁka)jdx:—/Bkuial-wjaka),-dx

=—/8xui Bia)jaijdx—/ayui Bia)j Bywjdx—fazui 8,‘6()}' 8Zw,dx
=M1 +M2 +M3.
We estimate each term as follows:
1 1 1 1 1 1
My = — | 3xu; 3w 0y dx < Cllug| 2 Vol 2[[ Vol 2 [[ Va2 [V || 2 || 0xu, || 2
<1 Vg L Vo,|*+C Vol?
< 5” g ||” + E” oy |7 + Cllug || |k || Vool
< Vel + — Ve, I + C(laell + o) I Voo
62 40
Similarly,
Mz 2—/3ylzti B,wj Bya)jdx
1 1 1 1 1 1
= Cllyyl2[IVol 2 Vol 2 [Vaxl 2 [[Vayl 2 ||y, | 2

1 2 1 2 2 2 2
Sa”vwac” +E||wa|| + C(lluy 1 + llwy1?) I Vo>

Now, we turn to bound M3,
M3 = —f 0, u; 0;w; 0, dx

= —/ azul 8xa), 82(,()1‘ dx - f 8ZM2 8ya)j 8za)j dx — f Bzug 32(,()]‘ 82(,0/‘ dx

= M31 +M32 + M33.

Similarly, we can deduce that

M31 = —/ 821/11 Bxa),» 8Za),~ dx
1 1 1 1 1 1
< Clol} lwsl 1Yol } wsll [ Ve |} Va1
< L IVaulP + = 1V, P + C(lol + [s]?) VoI,
~ 62 40 4
M32 = —/ azuz aya),- Bza), dx

1 1 1 1 1 1
= Cllolizllay 2 [[Vel 2 ol 2 [ Vey |2 [ Vo, 12

1
= RIIwaII2 + C(lwl® + lloxl?) Vel ®,
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http://www.journalofinequalitiesandapplications.com/content/2013/1/345

Su and Wang Journal of Inequalities and Applications 2013, 2013:345
http://www.journalofinequalitiesandapplications.com/content/2013/1/345

Msz = — / 32143 8ZC()/ 8za), dx = /(axul + ayMZ) azwl azwl dx
1 1 1 1 1 1
= Cluxl 2 IVl 2 Vol 2 |05 (|2 [V x| 2 [ Ve, |2
1 1 1 1 1 1
+ Clluy |2 [Vl 2 [Vol 2 [10yu | 2 [| Vx| 2 | Vo, |2

~ 62

As for N, integrating by parts, we deduce that

N = / u- VJ . A]dx = / U; Bij,' B,fkj,» dx = —/ akl/tl' 3[jj 3kjj dx

= —f 8xui 8,], 8x], dx — / ayui 8,/, Byj,» dx — / 8zu,~ 3,}, 32]] dx

=N1+N2 +N3.

Similarly, we have

N1 :—/8xui aij/ 3x],dx
1 P . | 1 .ol .ol
< Cllae 12 IV il 2 ol 2 Vel 2 [V 112

1 . 1 o 2 2\ (112
SﬁHV}xH +E”V]y” + C(lluxll® + NlewxlI®) V112

N2 = —/ 8ylztl' 8ijj 3yjj dx

PR T Lio: nhios ok
= Cllay 12 VA2 Wiy 12 ey 12 1Vl 2 1V |12

1 ., 1 . 2 2\ 112
Sﬁ”lell +E”V]y” + C(lluy 1> + ooy I*) 1 V]I

As for N3, we obtain

N3 = —/ Bzui 3[]}' szj dx

=—f8zu1 ijjazjjdx—/azuz Byjj sz,dx—/ﬁzug 8Zj,»8zj,»dx

= N31 + N32 + N33.
Thus, we have

N31 :—/azul 8x/,8211dx
L. 1 1 1 .ol S
= Cllel2 12 IV leoxl12 1Vl 2 [ Vy 12

1. 1o, .
= %IIVMII2 + EIIV/yII2 + C(lwll® + lleoxl®) V112,

1 1
< —lIVor|? + EIIwaII2 + Cluall® + gy I? + w1 + oy 1) [ Vel .
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N32 = —/ 32142 8yjj szj dx

SRS S S U
= Clloll2 Ly I IVIIZ lex 2 1V 12 11V 12

IA

1 . ,
EHV]yHZ + C(lloll? + loxI*) I Vil1%,

N33 = _/8:5”3 azjj szjdx
1 ard L D S Lol 1
= Cllu 12 IV IVIIZ IV IVl o] 2
1 ol L Lol " 1
+ Clluy 12 IV IVI2 IV 2 IV 1 eyl 2
. 1 . .
< —|IVjul* + E”V]ynz + C(llall? + Ny lI* + lleoell® + llewy 1) V11>

— 50

We now turn to bound P,
P= —/a)-Va)- Awdx = —/wiaiuja,%kwjdx
= / Ok w; O O dix + / ; O O;u4j Ogwj dx = Py + Py,
For P;, we have
P = / O w; 0;u; Ipw; dx

= / 8xa)i 8,~u,~ axa)/ dx + / 8y60i al‘bt]‘ 8ya)j dx + / Bzwi aiuj Bza)/ dx
=Py + Pyy + Pr3,
PH = / 8xa)i Biuj aij dx
1 1 1 1 1 1
< Clloxll? loll 2 loxll 2 x| 2 [ Vol [ Vol 2
1
< EIIV%II2 + C(llol* + lloxl*) Vol ?,
P12 = / aya)i 8,»14,» 3ya)j dx
1 1 1 1 1 1
= ClloylI2 ol 2 lloyl1> loxlI2 Vo, 12 Ve, 2

1
< EIIwaIV + C(llol* + loxl?) Vol

For P;3, we see that

Plg = / Bzw,' 8,'1/!}' Bza)j dx

= f azwl 8xbt]‘ aza)j dx + / 820)2 Byu,» aza)j dx + / 82(1)3 8ZMI‘ 8;,;(,()/ dx

_pl 2 3
=P; + Py + Pps.
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Thus, we can bound P;3 as follows:

n 1 1 1 1 1 1
Py = | 9,01 0,1 0,05 dx < ClIVo| 2 |lux |2 | Vol 2 [ Vor |2 [ Vo, || 2 [|wx| 2

IA

1 1
allvtuxll2 + EIIwaII2 + Cluall® + lleoxl®) Vel

5 1 1 1 1 1 1
Py =/3zw2 dyuj 0, dx < C[Va 2 [luy |2 [ Vol 2 [[Vax |2 [ Vay |2 [|wy| 2

IA

1 2 1 2 2 2 2
o IVexl™+ Vel + C(lluyI” + oy 1) IV,

i
S
|

= / aza)g 8Zu,« Bza)/ dx

= /8z(8x142 - 8ybt1) 8Zuj 82601‘ dx
1 1 1 1 1 1
< ClloslF ol Vol } Vsl losF Vo,
1 1 1 1 1 1
+ Clloy I} 0l 1Yol Ve, I} oy} Ve,
< L IVarlP + = 1V, I + C(Io]2 + sl + oy?) [Veo |2
- 62 4.0

Now, we turn to P,
Pz = / w; ak al«u,« 3](0)]' dx

= / w1 3k 3xuj 3](&)]' dx + / wy ak Byu}- Bkwj dx + / ws3 3k 8zuj 8](60}' dx

= Py1 + Py + Po3.

Similarly,

P21 :/wl ak axl/l] Bka),dx
1 1 1 1 1 1
= Clol2 o2 Vol 2 loxll 2 [ Vay | [[ Vo2

1 1
st 6—2||wa||2 + 4—0||wa||2 + C(lwl® + lloxl?) Vel ?,

P22 :/a)z 3]< ayuj Bka)jdx
1 1 1 1 1 1
= Cllol2[loyI2 [Vl 2 w2 Vo 12 [| Vay || 2

1
= %IIV%II2 + C(lwl® + lloxl?) Vel ,

Pzg = /a)g 8]( E)zuj 3ka)j dx
1 1 1 1 1 1
= Clluc|2 Vel 2 Vel 2 [Vl 2 [ Vo[l o 2
1 1 1 1 1 1
+ Clluy 2 [Voll2 Vol 2 [V 2 [ Vo, |2 lwy 12

1 1
=< EIIV%II2 + EIIwaII2 + Cluall? + Ny 1P + llwox ) + Ny ) [ Vol .
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To bound Q, we see that

Q: /] Vb - Awdx = /jiaibja,fkw,dx
= - / akji 8,-19,- 8](601‘ dx — /]z ak alb] 8ka),- dx = Q1 + Qz,
Ql = - / ax]z Bibj 8xa)/ dx — / 3yj,' 3ibj 3ywj dx — / 3zji 3,‘17]‘ Z)zwj dx
=Qu + Quz + Qi3
. P R 1 .ol il 1
Qu =~ [ 04 0:bj 0z dx < ClljilI 2112 [lox 12 IV 2 V]I 2| Vx| 2
< LIIwall2 + LIIVJ'xII2 + C(I71% + 112 (IVel® + 1V11%),
62 50

. JD S SRS S | 1
Qiz = —/ dyji 9;bj Oy dox < Clljy 12 7112l 2 11V 2 1[I 2 1V o[>

1 Lo, . . ,
=< 6—2||waII2 + 4—8IIVJyII2 + C(IAI + 1) (IV@ll> + 1V/11%).

As for Qq3, we see that

Q13 =—- f azji 8,‘b]‘ aza)j dx
= - / 8zj1 3xb]‘ Bzw, dx — / 3zj2 aybj aza)j dx — / azjg azb, Bza)j dx

1 2 3
= Q3 + Qi3 + Qs

Thus, we can deduce that

QiB :—fazjl axb, 8za),»dx
a1 1 1 PR S § 1
< CIVil2b 2 IVl 2 IVjl 2 1jx 12 Vo, || 2

1 1 , , .
< EIIwaII2 + %HVMHZ + C(1b:1? + 1:1%) (IVel® + 1V/11%),

2= — / 322 ybj 0, dx
il 1 1 T T 1
= CIV/I B2 IV oll2 [Vl 1y 12 1 Veoy |12

1 1 , , .
=< EIIwaII2 + %IIVMII2 + C(IB 117 + 1, 1%) (1Yl + 1V411%),

Q5= - / 3.3 9.bj d,j dx = — / 3,(3xby — 3,b1) 3,b; 3,07 dx
D R ¢ 1 J T o 1
= Clil 12 IVl 2 Vil 2 1y 112 [ Vex | 2

R SRR ¢ 1 P S | 1
+ Clljy I I IVl 2 Vi 12 1y 112 [TV wx 12

~ 62

1 1 ) 1 ; ) . . .
< —|[IVa,|* + %nmnz + EHVJyHZ + C(IFIZ + il + 112 (V> + 1V]]I%).
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Now, we turn to Q,,

Q2:_/b.Vj'Aa)dx=—/]'i3k3ibjakwjdx

= - /}1 3k 3xbj 8ka),- dx — /}2 3/( ayb, 8ka)j dx — /]3 8k 8ij 3/(6()1' dx

= Qa1 + Qa2 + Qus.

We deduce that

Qxn =—/f1 Ok 0xbj Iy dx
T | 1 1,1 .ol
< CljI2 2 IVl 2 Vol 2 iy 2 | Vil 2
1 1
< anmnz + 5||ij||2 + C(IFIZ + 171 (IV l* + 1V/11%),
Q22 =—/j2 3k 3yb/ 8ku)jdx
J S | 1 1,1 oL
< CljIzlj 12 IVoll2 Vel lil2 [ Vjy]2
1 1
< a||Vcox||2 + Enwyn2 + C(IFI% + 1 13) (Ve + 1V411%),
Q= - / J3 Ok 0;bj Orew; dx
1 L 1 1 JRET S §
< Clb: 2 1VjlI2 [Vl 2 Vel 2 V)12 [l 2
1 gL 1 1 R S
+ Clby | ZIIV]lI2 [Vl 2 [Vl 211 Viyll 2 [yl 2

62

Here we start to estimate R as follows:
R:—fb-Vj-Awdx—fb-Vw-Ajdx
=- / b; 3yj; O wj dx — / b; dw; 3y dx
= / Okb; 9;j; Ohw; dix + / Okb; 0;w; Oij; dx = Ry + Ry.

For Ry, we have

R1 = / akbl‘ 8,'jj 8/<a)jdx

= f 8xbl 8,-j,» axa)j dx + f 8ybl' 8,»j,» 8ya)j dx + / szi BL], az(x)j dx

= Ru + R12 + R13.

1 1o, . . ,
< —lIVo|? + @IIV/yII2 + C(IBI> + i + 1By 11> + 1y I%) (I Ve + 1V1I).
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We deduce that
Ru =/8xb,' 8,-]'; 8xa),dx
1 L 1 Lol r.o..1
< ClbAIZ IVl 2 s 121V 12 (Va2 [ljx]] 2

1 1 . .
< 5”%”2 + %nwﬁ + C(I1bx]1* + llwxI*) V1%,

R12 =/8yb,» 8,‘jj Bywj dx
1 S 1 .ol Lo, .1
= Cliby I IVIIZ leoy 12 1Vl 2 (Ve 12 [y 112
1

1 2 2 2 2 12
S%”v/x” +E||wall + C(1by11” + oy 1) 1V

For R;3, we have
R13 = / azbi 81]] 32(1)1‘ dx
= / 3:b1 857 0 dx + / 3:by 3,j; d,; dx + / 3:b3 8, 3,05 dx = Rj5 + Riy + R,

Similarly,

Ri; = / ;b1 04jj 0,0 dx
D S § 1 1 D SR |
< ClilZ i IZ IVl 2 I Varll 2 1 Vil 2 1112

1 1o, . . .
< aIIwaII2 + @IIVMII2 + C(IAI + i) (IVel® + 1V/112),

R = / ;b ,j; 0,005 dx
D S § 1 1,1 J
< Clilz iyl 2 IVl 2 IVl 2 iy 1211Vl 2

1 Lo, , . .
=% IVar* + 28 IV + CAAIE + 1 I2) (IVoll® + [1V/1),

/ 8zb3 szj E)Za)j dx

3
R13

- /(axbl + 8yb2) azjj Bza)j dx
L1 1 o, 1.1
< Clb:AI2IVil2 IVl 2 IVl 2 [Vl 2 1]l 2
1.1 1 T, 1.1
+ Cloy 12 VI IVl 2 [ Vox 12 [V 12 11y 2
1 1
< aIIwaII2 + EIIVJ&II2 + C(I1% + iy IIP) (Ve 1> + 11V711%).
Now, we turn to R,,

R2 = / akb,‘ Bia)j 8kjj dx

= / 8xbl Bia)j Bx/, dx + / Byb,» Bia)j Byj,» dx + / azbl' 8,»0),» 8zj,» dx = R21 + R22 + Rzg.
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Thus, similarly, we deduce that

. 1 ., 1 1 R SR §
Ryt = | 8:b; diw; djydx < ClIBL N 2Vl 2 ]l 2 | Veorl| 2 [ Vil 2 [l 2
< inv(uxnz + invj’xnz + C(I1b< 1 + 1117 IV lI* + 1 V/I1%),
- 62 50
. 1 1,1 1 R S |
Ry = f dyb; 9;0; 3y dx < ClIby |12 [[Vol|2 [y 12 [ Vel 2 [ Vjy 12 11y 1|2

1 1 , . ;
=< 6—2IIwaII2 + EIIVJyII2 + C(IB 11> + 1 I%) (I Vel + I1V1I?).

For R,3, we have
Ry = / 0:b; 0;w; 5 dx
= / 0;by 0xw; 35 dx + / 0;b 0yw; 0 dx + / 0;b3 0,w; 0j; dx
=Ry + R2; + RS,

Similarly,

, R 1 il 1 T ST
Ry =f3zb1 dxw; 0zfj dox < CljII2 Nlewxl 2 IV IV @12 [Vl 2 11y l12

1 1 . . .
= 5||wa||2 + ﬁlllell2 + C(II> + lloox ) IV,

2 . L 1 L P S | 1
Ry = | 3.5y 3,0 855 dx < ClIjll 2 leox 12 IIVAII2 Vil 2 iyl 2 [ Veoy | 2
1. 1 , ‘ .
< %nwﬁ + Enwynz + C(I7I% + i, 1?) (V1> + 11 V]II?),

/ 8zb3 az(,()]‘ azj,» dx

3
RZS

- /(8xb1 + aybz) 82(1)]‘ sz, dx
1 DI | SR
< Clb:l2 IVl 2 IV IVl 2 [ Vjyll 2 [l 2
1 DI | SN (|
+ Clioy 12 IVl 2 V]I IVox 211V l12 1y 12
- 62
Finally, for the last term S, we have
S:—/Si/k(ajbl Oyuy — Ojuy b)) Aj; dx

= /Sijk 0 (9;by Oy — Oju; 9;by) 3, dx

:Sl +Sz.

1 1 . ) . ,
< —lIVau|? + EIIV]yII2 + C(1:1> + 16y 1% + Wil + Wi I%) (I Vel + V1)
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We first consider Sj,

S1= /Sz’jk 0 (9;by Opre) By dox

= / Eijk 3x(8jbl Oputy) 0yj; dx + / Eijk ay(a,-bl Ouiy) dyjidx + / Eijk 32(3}-171 Ojuy) 05j; dx

= Su + Slg + 513.

We deduce that

Su = /Sljk 3x(3;b1 aluk) 3x'idx=‘/8[jk 8x ij, 81uk Bx',»dx+/£i,~k 8,»b; 3x Bluk ax'i dx
.t Lo, 1 1 " ol
< ClljxllZ leol1Z 7l 2 leox 12 1 Vel 2 11 Vjy 12
gL r ., 1., 1 1 .o L
+ CjIZ loxll 2 e 12 17zl 2 1Vl 2 | Vil 2
< L Vo + invf‘xnz + inw I+ C(I > + ll® + 17117) (IVell* + 1 V/11%),
- 62 50 48" 7
512= /Sijk 3y(3jb1 aluk) Byjidx=/8ij]<8yajb1 Bluk 8y'idx+fsijk 3]'191 3yaluk By',»dx
oL 0,1 Y . 1
= Clplzllolz 12 IV I Z IV lI2 Vol 2
oL T, 1., 1 1 R
+ ClilI 2 oy 12 iy 12 1 12 1V 12 (| Vil 2
1 2 1 .2 1 .2
< Ellvall + 5“%” + EIIVMI
+ C(llwll® + Wigll* + 1% + 1 1?) (Ve > + 1 V/11%).

As for Si3, we see that

Si3 = / &k 0,(9;by dyui) 9,j; dx
= / Sijk az 3]'[91 a]uk 8Zj,» dx + / Eijk 8]'[91 BZ aluk azji dx
= / Eijk az axb[ aluk azj,- dx + / Eijk az 3yb[ 81Mk azji dx + / Eijk az 3zb1 aluk az 'i dx
+ / &ijk Oxby 0 Oquy 35 dox + f &ijk 0yby 0 Oqu 3j; dx + / &ijk 0;b; 0 Ojug 0j; dx
=Sl + 8% + 8% + Sh + 82, + S5,
We deduce each term step by step as follows:
Sl = / &k 0z Oxby Oyuy 0j; dx
D S 1 L " 1 S
= ClixllZ oI Z V2 IVig 12 sl 2 (| Visl| 2

1 1
< %IIV/}cII2 + EIIVJ}II2 + C(lwll® + 1xl?) (IVel® + 11V/11%),
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Sk = / &k O yby . 3yj; dx
.k 1 L Lok 1 S
= Clp Iz ol IV IVl oy 12 1 V)ylI2

1. 1 . ,
< %HVMHZ + EHV}yHZ + C(lloll® + iy I?) (IVll* + 1 VjI1?).

For S3;, we have

St = / &k 07 0;by Oyu 0 dx
= / Eijk 0z 0;b1 Ot aZji dx + / Eijk 0, 0;by ayuk 0zjidx + / Eijk 0, 0,b3 0,y szi dx
st s

Thus, we deduce that

= / Eijk 0z ;b1 Dyt Dy dx
gL 1 gL .ol J 1
< CIVjll2 a1 2IVIIZ I Vi 2T Vg1 2 o)) 2

1 1
= %IIVJBCII2 + @IIVJ}H2 + C(llual? + leoxl®) IV,

5:133? :/5i1'k 0, 0;by ayuk 8zjidx
i 1 i J S " 1
< CIVjllZuy 12 IV 21Vl 2 1 Vipll 2 ] 2

1 . 1 2 2\ (1112
S%HVMH +E”V]y” + C(lluy I + oy I*) 1 VI,

S5 = f &k 0 0.b3 D u dj; dx

= - / Eijk 32(8xb1 + aybz) 8Zuk 82 'i dx
. i 1 S .ol S 1
= Clljcll 2 @l IV IVl IVjy 12 [ Vel 2
ol 1 il .o i .l 1
+ Cli 2 ol 2 IV IV 2 IV 12 I Vell 2
1

1. . , . ,
< %nwﬁ + Env/ynz + C(llwll® + il + 1 1*) (V!> + [V/11%),

St = / &ijk 0xby 0, i 35 dx
1 1 gL 1 T S |
S ClbNIZ IVl ZIViIZ IVl 2 1Vl 2 [ljx]l 2

1 1 , , .
st 6—2IIwa||2 + EIIVJyII2 + C(IBl> + 17:1%) (1 V@lI* + 1V/11%),

St = / &k Oyby 3 Oy 05 dox
1 1.1 1o 11
< ClblI2 IVl ZIVill 2 IV ox I 2 | V)12 Iy ]I 2

1 1 . . ;
< 6—2||wa||2 + E“V]ynz + C(IB 11> + 13 1%) (I Vel + I1V1I?).
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For the last term S%, we see that

St = / &4k 0zby 8, Ojua 0; dx
= / Eijk 8Zb1 81 axuk aZji dx + / Eijk azbZ az ayuk 8z 'i dx + / Eijk 3zb3 az 8zuk azji dx
s esi s
Then,

, a1 D I SR 1
St = /gljk 9zb1 0z ux 0zji dox < CIIjI 2 lewx 2NV 2 IVl 2 1y 12 Vo]l

1 1
< anmnz + %||fo||2 + C(IFI% + llewxlI?) VA%,

. L 1 a1 PR SRR | 1
§62 - / 51 0.2 0, 0,1 0,7, dx < Cll ooy 119712 19 17, 12 190y 1
< L Vo, I+ 19l + CI + oy P) IV,
— 40 50

5% = / 51 0:bs 0. D10 0y dx

- / ai,-k(axbl + 8yb2) 32 Bzuk azji dx

1 1 S 1 R SR
= ClbN 2 IVl 2 IV]IIZ IVl 2 1 Vjy 12 1y l12

1 1 il 1 P R |
+ Clby 2 IVl 2 [IV]II2 IV x 2 1Y)yl 1yl

1 1
= 5||wall2 + EIIVJ}II2 + C(I1B1> + 116y 1% + 1 I*) V1.

As for S, deduced by similar methods, we can obtain the following inequality (for sim-

plicity we omit the details here):

S2 < S Vel + = Va2 + = [Vl
— ||V, |?* + — +—
2= g Vel F g IV eyl + g iV

2 2
[ I

1 , .
+ EIIVJyII2 + (lloxll + llll® + 171> + ey

+ 1D+ 1l® + 10y 1% + Wi + sl + Nty 12 + oy 1) (V@I + 1V11%).

Then, substituting all the above estimates into (11), we finally deduce that

d , 1 , ,
5(”%”2 +IVjl?) + E(nwoxn2 + IV I* + I Vjl* + 1 V), 1%)

N =

2 2 12 2 2 212 2 L2
< Clleoxll® + lleoll® + 1% + HleoyI* + 1D l1* + Wil + N2y 11* + 1y

+ el + ety 12 + oy IP) (IVe0l® + 1 V11?).

Then we complete the proof of Lemma 2.3 by Gronwall’s lemma. g
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3 Proof of Theorem 1.1
In this section, we prove Theorem 1.1 by using the method of vanishing viscosity. To this
end, we consider the following regularized problem:

uy +u - Vu' = =Vp v ug +up, +eu, +b° - VI, (12)
by +u - Vb =b,, + b, + bl +b° -V, (13)
divu® =0,  divb® =0, (14)

with smooth initial data
u®(0,%) = Ve * uy, b*(0,x) = Y, * by, (15)

where V. (x,7) = e (x/e, y/¢) is the standard mollifier satisfying

Y >0, ¥ € CP(R?) and fwdle.

Now, an application of the classical result shows that for any 7" > 0, there exists a unique
global smooth solution (uf,5°) of (12)-(15) on R3 x (0, T) satisfying the global bounds
stated in Lemma 2.2 and 2.3, which are uniform in ¢. So, by standard compactness argu-
ments, we can extract a subsequence (1%, 5%) and pass to the limit as j — oo to get that the
limit function (u, b) is indeed a global smooth solution of the problem (1)-(4). The proof
of Theorem 1.1 is therefore completed.
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