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Abstract

In this paper, the boundedness for some Toeplitz-type operator related to some
general integral operator on [P spaces with variable exponent is obtained by using a
sharp estimate of the operator. The operator includes Littlewood-Paley operator,
Marcinkiewicz operator and Bochner-Riesz operator.
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1 Introduction

As the development of singular integral operators (see [1, 2]), their commutators have been
well studied. In [3-5], the authors proved that the commutators generated by the singular
integral operators and BMO functions are bounded on L?(R") for 1 < p < co. In [6-8],
some Toeplitz-type operators associated to the singular integral operators and strongly
singular integral operators were introduced, and the boundedness for the operators was
obtained. In the last years, the theory of L? spaces with variable exponent was developed
because of its connections with some questions in fluid dynamics, calculus of variations,
differential equations and elasticity (see [9-13] and their references). Karlovich and Lerner
studied the boundedness of the commutators of singular integral operators on L? spaces
with variable exponent (see [12]). Motivated by these papers, in this paper, we have the
purpose to introduce some Toeplitz-type operator related to some integral operator and
BMO functions, and prove the boundedness for the operator on L? spaces with variable
exponent by using a sharp estimate of the operator. The operators include Littlewood-

Paley operator, Marcinkiewicz operator and Bochner-Riesz operator.

2 Preliminaries and results

First, let us introduce some notations. Throughout this paper, Q will denote a cube of R”
with sides parallel to the axes. For any locally integrable function f and § > 0, the sharp
function of f is defined by

£ = sup(i f ) —fo* dy)m,
s 0sx \ QI Jo
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where, and in what follows, fg = |Q|™ f 0 f(x) dx. It is well known that (see [1, 2])

1 x)~sup1nf<|Q|/[f(y)—c| dy)

We write that f# = £} if § = 1. We say that f belongs to BMO(R") if f* belongs to L>*(R")
and define ||f|zao = ||[f¥|lzec. Let M be the Hardy-Littlewood maximal operator defined
by

M) = sup Q™ / 1769 dy.
Qax Q

For k € N, we denote by M* the operator M iterated k times, i.e., M'(f)(x) = M(f)(x) and
M) (x) = M(M(F))(x)  when k > 2.

Let ® be a Young function and let ® be the complementary associated to ®. For a func-
tion f, we denote the ®-average by

|[f||q>,Q=inf{A>0 al (lfiy)')d <1}

and the maximal function associated to ¢ by

Mo (f)(x) = sQup Iflloq-

The Young functions to be used in this paper are ®(¢) = £(1 + log#)” and () = exp(£''7),
the corresponding average and maximal functions are denoted by || - [|gogy",@» ML(logLy
and || - llexp1/r,g» Mexp - Following [4, 5], we know the generalized Holder inequality

ﬁ /Q Fg)|dy < IIf locllglla,q

and the following inequality, for r,7; > 1, j = 1,...,/ with 1/r = 1/r; + --- + 1/r;, and any
X € Rn, b S BMO(R”),

”fHL(logL)l/rQ < ML(logL)l/’(f) < CML(]ogL)l(f) < CM“I(f),
If = follesprr.o = Clif llsamos
[farn1q —faql = CKIIf llzmo-

The non-increasing rearrangement of a measurable function f on R” is defined by
JHG) :inf{k >0: |{xeR” : [f(x)| >A}| < t} (0<t<o0).

For X € (0,1) and the measurable function f on R”, the local sharp maximal function of f
is defined by

M) = sup inf ((f - )xa) (QU)-
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Let p: R" — [1,00) be a measurable function. Denote by L*)(R") the sets of all Lebesgue
measurable functions f on R” such that m(Af, p) < oo for some A = A(f) > 0, where

mir.o)= [ Jreo as

Rn

The sets become Banach spaces with respect to the following norm:
1l o0 = inf{A >0:m(f/r,p) < 1}.

Denote by M(R") the sets of all measurable functions p : R* — [1, 00) such that the Hardy-
Littlewood maximal operator M is bounded on L”")(R") and the following hold:

l<p_=ess il}ef px), ess sup p(x) = p, < 0. (1)
xeR"

xeR"

In this paper, we study some integral operators as follows (see [14, 15]).

Definition Let F;(x,y) be defined on R” x R" x [0, +00), set

FOW = [ Faro)dy

for every bounded and compactly supported function f. F; satisfies: for fixed § > 0,
|Fi(x = 9)| < Cle—y1™"

and
|Fily =) - Filz = 2)|| < Cly -2’ lx =2

if 2|y — z| < |x — z|. We define that T(f)(x) = ||F:(f)(x)]|.

Let H be the Banach space H = {/: ||h|| < 0o}. For each fixed x € R", we view F;(f)(x) and
F,b(f)(x) as the mappings from [0, +00) to H. Set

T(f)x) = |F(NE)].

Moreover, let b be a locally integrable function on R”. The Toeplitz-type operator related
to T is defined by

() = |E(f)

’

where

m
F{(f)= ) FF'MES(f),

k=1

FXY(f) are F,(f) or I (the identity operator), T*2(f) = ||FX*(f)| are the operators for k =
1,...,mand M,(f) = bf.
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Note that the commutator is a particular operator of the Toeplitz-type operator T°.
The Toeplitz-type operators T? are the non-trivial generalizations of the commutator. It
is well known that commutators are of great interest in harmonic analysis, and they have
been widely studied by many authors (see [4, 5]). In recent years, the boundedness of
classical operators on spaces L”)(R") have attracted great attention (see [9-13] and their
references). The main purpose of this paper is twofold. First, we establish a sharp estimate
for the operator T?; and second, we prove the boundedness for the operator on L? spaces
with variable exponent by using the sharp estimate. In Section 4, we give some applications
of the theorems in this paper.

We shall prove the following theorems.

Theorem 1 Let T be the integral operator as defined in Definition, 0 < § <1 and b €
BMO(R™). If FX(g) = 0 for any g € L“(R") (1 < u < 00), then there exists a constant C > 0
such that for any f € L°(R") and % € R",

(T*()); ) < Clibllsmo Y M* (T (1) ().

k=1

Theorem 2 Let T be the integral operator as defined in Definition, p(-) € M(R") and b
BMO(R"). If F}(g) = 0 for any g € L*(R") (1 < u < 00) and Tk are the bounded operators
on LPO(R") for k =1,...,m, then T? is bounded on L’ (R"), that is,

7)) < ClBlMOlI Nl 500

Corollary Let [b, T1(f) = bT(f) — T(bf) be the commutator generated by the integral oper-
ator T and b. Then Theorems 1 and 2 hold for [b, T1.

3 Proofs of theorems
To prove the theorems, we need the following lemmas.

Lemma 1 [5, p.485] Let 0 < p < g < 0o. We define that for any function f > 0 and 1/r =
1/p-1/g,

" 1/
Ifllwza = sup A|{x € R : f(x) > A} |7, Np,q(f)=sgpufxE||Lp/||xE||Lr,
A>0

where the sup is taken for all measurable sets E with 0 < |E| < co. Then

/
Ifllwas < Npa) < (/@ = )" If lwas-
Lemma 2 [4] Letr;>1forj=1,...,1, we denote that 1/r =1/ry + - - - + 1/r;. Then
1
@ Qlfl(x) o -ﬁ(x)g(x)’ dx < |[f llexpzrq - - ”f”exerl,Q”g"L(logL)l/r,Q'

Lemma 3 [14] Let T be the integral operator as defined in Definition. Then T is bounded
from LY(R") to WL}(R").
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Lemma 4 [12] Letp: R" — [1,00) be a measurable function satisfying (1). Then LY (R") is
dense in LPO(R").

Lemma 5 [12] Letf € L. (R") and g be a measurable function satisfying

loc
erR” : ’g(x)! >a}‘ <00 foralla>0.

Then
/R gl dx < C, /R M3 (NEM)(x) dx.

Lemma 6 [12,16] Let§>0,0<A<landf € LfOC(R”). Then

ME(F) () < UR)Vf (v).

Lemma 7 [17] Let p: R" — [1,00) be a measurable function satisfying (1). If f € LPV)(R")
and g e LY OR™Y with p'(x) = p(x)/ (p(x) - 1), then fg is integrable on R" and

/R Jf )] dx = Clf o gl

Lemma 8 [12] Let p: R" — [1,00) be a measurable function satisfying (1). Set
|[f||/Lp(,) = sup{/ [f(x)g(x)| dx:f € L"(‘)(R"),g IS L”/(')(R")}.
Rn

Then f o < W1,y < CIfll0t0-

Proof of Theorem 1 1t suffices to prove, for f € Ci°(R") and some constant Cj, that the
following inequality holds:

1/8 m
(ﬁ /Q | T"(F) () - Colsdx> < Clibllamo Y M*(T**()) (%)

k=1

Without loss of generality, we may assume that 7%! are T (k = 1,...,m). Fix a cube Q =
Q(xo,d) and x € Q. We write, by F}(g) = 0,

FP () (@) = F () ) = E 200 ) + F 22709 (1) ) = fi(x) + o).

Then

(3 - o)

== [ IEO@] - Ae] dx) = (= [ [E)@ -Axo)] dx
Iél Q . |(12| Q .

5c<|la/QHﬁ(x)H5dx)w+c<ﬁ/Q|[f2(x) —ﬁ(x0)||‘5dx)1/5:11+12.
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For I, by the weak (L', L') boundedness of T (see Lemma 3) and Kolmogorov’s inequality
(see Lemma 1), we obtain

<|Q|/”F "Mo-bagaoEF (@)’ dx)lhS

1 RN
(@ /(; | T My T () )] dx)

|QIM31 (I T M-y a0 TF* (P x5
- |Q|”‘S I xoll sra-s)

” M Mp-by0)x20 T*? ) ” wil

=a
<& / Mooy T¥)@)| dx
|Q| Jgn
= C|Q|_l ”M(b—bZQ)XZQ Tk’z(f) ”Ll
<o / [bt) ol | T ax
2
< ClIb = ballexpr2a | T* | Jog )20

< ClbllsaoM*(T**(f)) (%)

Thus

mo 1/
h= CZ(@ / ”Ff’lM(b—bze)XzoFf'z(f)(X) ||5dx>
k=1 Q

< Clibllsso Y M (T () ).
k=1

For I, we get, for x € Q,
k1 k2 k1 k2
| EE Mip-bag)xaoe Fr > (1)) = FE M-y xpne Fr () (0) |

< [ 1b0)-baol i) - Eon || 7500
(2Q)¢

e}
=X 900 - ol E=20 20 )
j=1

X . )
Yd<ly-xo|<2*ld y

%) y 1 (
- C;Zﬂ.:z "q wa"’m = bag| | T(0) | dy

o0
= CZ 27 b - bagllexpr21q “ Tk,z(f) ”L(logL),Q/’*lQ
j=1

< CY 2P bl smoM?(T4()) (%)
j=1

< ClIbllgmoM*(T**()) ().
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Thus

L < @/ Z”F M-y FE 1)) = F M-y e () (%0) | dox

< Clibllamo Y M* (T () ®).

k=1

These complete the proof of Theorem 1. g

Proof of Theorem 2 By Lemmas 4-7, we get, for f € L°(R") and g € L7ORM,

/1;”|Tb(f)(x)g(x)| dx < C/Rn Mﬁn(Tb(f))(x)M(g)(x) dx
-c f ()M ) dx

<cnb||BMoZ [ a2 @ ds

=< Cllblimo Z | M (T ()] oo [M@ ]

k=1

< Clblisso Y [T o [ M@ s

k=1
=< Cliblimollf Il 0 gl e -

Thus, by Lemma 8,

|70 | s < IF -
This completes the proof of Theorem 2. O

4 Applications
In this section we shall apply Theorems 1 and 2 of the paper to some particular operators
such as Littlewood-Paley operator, Marcinkiewicz operator and Bochner-Riesz operator.

Application 1 Littlewood-Paley operator.
Fixed € > 0. Let ¢ be a fixed function which satisfies:
1) fp ¥ @ dx=0,
2) 1Y) < CA+ [x))~ D,
(3) 1Y (x+y) — ¥ @) < Clyl* (1 + |x))~"1**) when 2|y| < |x].

Let Y (x) = t 7"y (x/t) for t > 0 and F,(f)(x) = f i f W) Y:(x — y) dy. The Littlewood-Paley
operator is defined by (see [18])

d
() = ( / IE() ) t)
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Set H to be the space

oo 1/2
H-= {h: k]| = (fo yh(t)|2dt/t> <oo}.

Let b be a locally integrable function on R”. The Toeplitz-type operator related to the
Littlewood-Paley operator is defined by

o0 d 1/2
ng(f)(x)=( /0 |Ff(f>(x>|2{) ,

where
m
b k,1 k,2
F} =Y FF'M,F?,
k=1

Ftk’l are F; or £I (the identity operator), T5? = ||Ftk’2 || are the bounded linear operators on
IP(R") for1<p<ooand k =1,...,m, My(f) = bf. Then, for each fixed x € R", F*(f)(x) may
be viewed as the mapping from [0, +00) to H, and it is clear that

& = [F (@)

, &P = RO

It is easy to see that gf/’, satisfies the conditions of Theorems 1 and 2 (see [14, 15, 19]), thus
Theorems 1 and 2 hold for ggj.

Application 2 Marcinkiewicz operator.

Fixed 0 < y < 1. Let 2 be homogeneous of degree zero on R" with fS"’l Q@ )do(x') = 0.
Assume that Q € Lipy(S”’l). Set F(f)(x) = flx—ylfl ‘f_(;‘:ﬂf (y) dy. The Marcinkiewicz oper-
ator is defined by (see [20])

[e%) d 1/2
ug(f)(x)=(/0 B0 t) .

©

Set H to be the space

o) 1/2
H={h:||h||=(/0 yh(t)yzdt/t3> <oo}.

Let b be a locally integrable function on R”. The Toeplitz-type operator related to the
Marcinkiewicz operator is defined by

00 1/2
S () = ( / ny(fxx)th) ,
0

B
where

m

b _ k,1 k,2

F? =" FUMFR?,
k=1
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F*!are F, or #1 (the identity operator), T%* = | Ff?| are the bounded linear operators on
LP(R") forl<p<ooand k =1,...,m, My(f) = bf. Then it is clear that

15 () @) = |EL () ()

L @ = |EA&).

It is easy to see that ué’z satisfies the conditions of Theorems 1 and 2 (see [14, 15, 20]), thus
Theorems 1 and 2 hold for 44,.

Application 3 Bochner-Riesz operator.
Let§ > (n—1)/2, F3(f)(§) = (1- £2|£|%)?f(£) and B (2) = t "B’ (/t) for ¢ > 0. The maximal
Bochner-Riesz operator is defined by (see [17])

Bs,«(f)(x) = Stug|Ff(f)(x)}-

Set H to be the space H = {1 : ||| = sup,. |(£)| < 00}. Let b be a locally integrable func-
tion on R". The Toeplitz-type operator related to the maximal Bochner-Riesz operator is
defined by

B} (Nx) = su(;))’st’,t(f )(%)],
>
where

m
b k,1 k,2
BY, =Y FF'MyF,
k=1

Ftk’1 are F; or &I (the identity operator), T2 = ||Ftk’2 || are the bounded linear operators on
LP(R") forl<p<ooand k=1,...,m, My(f) = bf. Then

BY.(F)x) = | BS,(H )

. BN =B

It is easy to see that Bsb,* satisfies the conditions of Theorems 1 and 2 (see [14, 15]), thus
Theorems 1 and 2 hold for Bg,*.

Competing interests
The authors declare that they have no competing interests.

Authors’ information
All authors read and approved the final manuscript.

Acknowledgements

The present investigation was supported by the National Natural Science Foundation under Grants 11226088, 11301008
and 11101053, the Open Fund Project of Key Research Institute of Philosophies and Social Sciences in Hunan Universities under
Grants 11FEFM02 and 12FEFMO02, and the Key Project of Natural Science Foundation of Educational Committee of Henan
Province under Grant 12A110002 of the People’s Republic of China.

Received: 11 January 2013 Accepted: 10 July 2013 Published: 26 July 2013


http://www.journalofinequalitiesandapplications.com/content/2013/1/344

Yuan and Wang Journal of Inequalities and Applications 2013, 2013:344
http://www.journalofinequalitiesandapplications.com/content/2013/1/344

References

1.

2.

Garcia-Cuerva, J, Rubio de Francia, JL: Weighted Norm Inequalities and Related Topics. North-Holland Math., vol. 116.
Elsevier, Amsterdam (1985)

Stein, EM: Harmonic Analysis: Real Variable Methods, Orthogonality and Oscillatory Integrals. Princeton University
Press, Princeton (1993)

. Coifman, RR, Rochberg, R, Weiss, G: Factorization theorems for Hardy spaces in several variables. Ann. Math. 103,

611-635 (1976)

4. Pérez, C: Endpoint estimate for commutators of singular integral operators. J. Funct. Anal. 128, 163-185 (1995)

13.
14.
15.

16.

17.
18.

20.

. Pérez, C, Trujillo-Gonzalez, R: Sharp weighted estimates for multilinear commutators. J. Lond. Math. Soc. 65, 672-692

(2002)

. Krantz, S, Li, S: Boundedness and compactness of integral operators on spaces of homogeneous type and

applications. J. Math. Anal. Appl. 258, 629-641 (2001)

. Lin, Y, Lu, SZ: Toeplitz type operators associated to strongly singular integral operator. Sci. China Ser. A 36, 615-630

(2006)

. Lu, SZ, Mo, HX: Toeplitz type operators on Lebesgue spaces. Acta Math. Sci. Ser. B 29(1), 140-150 (2009)
. Cruz-Uribe, D, Fiorenza, A, Neugebauer, CJ: The maximal function on variable [P spaces. Ann. Acad. Sci. Fenn. Math.

28, 223-238 (2003)

. Diening, L: Maximal function on generalized Lebesgue spaces [P, Math. Inequal. Appl. 7, 245-253 (2004)
. Diening, L, Ruzicka, M: Calderén-Zygmund operators on generalized Lebesgue spaces P and problems related to

fluid dynamics. J. Reine Angew. Math. 563, 197-220 (2003)

. Karlovich, AY, Lerner, AK: Commutators of singular integral on generalized L? spaces with variable exponent. Publ.

Mat. 49, 111-125 (2005)

Nekvinda, A: Hardy-Littlewood maximal operator on [P%(R"). Math. Inequal. Appl. 7, 255-265 (2004)

Liu, LZ: The continuity of commutators on Triebel-Lizorkin spaces. Integral Equ. Oper. Theory 49, 65-76 (2004)

Liu, LZ: Triebel-Lizorkin space estimates for multilinear operators of sublinear operators. Proc. Indian Acad. Sci. Math.
Sci. 113, 379-393 (2003)

Lerner, AK: Weighted norm inequalities for the local sharp maximal function. J. Fourier Anal. Appl. 10, 465-474 (2004)
Lu, SZ: Four Lectures on Real H? Spaces. World Scientific, River Edge (1995)

Torchinsky, A: Real Variable Methods in Harmonic Analysis. Pure and Applied Math., vol. 123. Academic Press, New
York (1986)

Liu, LZ: Boundedness for multilinear Littlewood-Paley operators on Triebel-Lizorkin spaces. Methods Appl. Anal. 10(4),
603-614 (2004)

Torchinsky, A, Wang, S: A note on the Marcinkiewicz integral. Collog. Math. 60/61, 235-243 (1990)

doi:10.1186/1029-242X-2013-344
Cite this article as: Yuan and Wang: Boundedness of Toeplitz-type operator associated to general integral operator
on [” spaces with variable exponent. Journal of Inequalities and Applications 2013 2013:344.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 10 of 10


http://www.journalofinequalitiesandapplications.com/content/2013/1/344

	Boundedness of Toeplitz-type operator associated to general integral operator on Lp spaces with variable exponent
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries and results
	Proofs of theorems
	Applications
	Competing interests
	Authors' information
	Acknowledgements
	References


