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Abstract
The main purpose of this paper is to study some topological nature of circular metric
spaces and deduce some fixed point theorems for maps satisfying the KKM property.
We also investigate the solvability of a variant of a quasi-equilibrium problem as an
application.
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1 Introduction
The theory of modulars on linear spaces and the corresponding theory of modular linear
spaces were founded by Nakano [, ]. The attempt to generalize the notion of a modular
to avoid its restriction on a linear space or on a space with additional algebraic structure
resulted in defining and developing a new modular which works on an arbitrary set. This
new modular is called a metric modular and was introduced by Chistyakov in []. He
also pointed out the connection between a modular metric space, a metric space and a
modular space. He even studied one of its applications in superposition operator theory.
Recently, the concept of a metric modular has been involved in the development of fixed
point theory (see [–]).
Amongst the flourishing growth of fixed point theory, it is the KKM maps that attracts

the interests of most mathematicians. In [, ], the notion of an admissible hull is used to
overcome the invalidity of a convex hull, and the class of KKM maps, generalized KKM
maps and the KKM property were explored within metrizable spaces.
The purposes of this paper are to introduce and study the circular metric space, which

generalizes the modular metric space, together with some elementary properties. Then,
under the scope of circular metric space, we present a number of fixed point theorems for
maps satisfying the KKM property. Examples of the contents are also provided alongside.
In the final part of the paper, we employ the solvability of a variant of a quasi-equilibrium
problem as an application of our fixed point results.

2 Circular metric spaces
In this section, we adopt the concept of circular metric space, which extends the notion
of modular metric space. Some properties of the space are also deduced, emphasizing on
those related to the compactness.
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Definition . Let X be a nonempty set. A function δ :R+ ×X ×X → [,∞] is said to be
a circular metric if the following conditions are satisfied:
(C) δλ(x, y) =  for all λ >  if and only if x = y;
(C) δλ(x, y) = δλ(y,x) for all (λ,x, y) ∈R+ ×X ×X ;
(C) For any λ >  and x, y, z ∈ X , we can find μ ∈ (,λ) such that

δλ(x, y) ≤ δμ(x, z) + δλ–μ(z, y).

In this case, the pair (X, δ) is called a circular metric space.

Remark . If the inequality in (C) holds for all μ ∈ (,λ), we say that (X, δ) is a modular
metric space (see also []).

It is obvious that every modular metric space is in turn a circular metric space. It is
natural to ask the converse, which is not true as we shall illustrate in the next example.

Example . Let X =R and define a function γ :R+ ×X ×X → [,∞] by

γλ(x, y) :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

 if x = y,

∞ if x �= y and  < λ ≤ ,

 if x �= y,λ > , and x, y ∈Q,

 if x �= y,λ > , and at least one of x and y is not in Q,

for (λ,x, y) ∈R+ ×X ×X. It is easy to verify that (C)-(C) hold. However, we may notice
that

γ(, ) > γ(,
√
) + γ(

√
, ),

which makes (X,γ ) fail to be a modular metric space.

Now, let us turn to some topological aspects of circular metric spaces.

Definition . Let (X, δ) be a circular metric space. For x ∈ X and γ > , we define

Bδ(x,γ ) :=
{
x ∈ X : sup

λ∈R+
δλ(x,x) < γ

}

to be an open ball centered at x of radius γ . Analogously, we define

Bδ(x,γ ) :=
{
x ∈ X : sup

λ∈R+
δλ(x,x)≤ γ

}

to be a closed ball centered at x of radius γ .

LetB be the family of all open balls in a circularmetric space (X, δ). ThenB determines,
as a base, a unique topology τ on X. In what follows, a circular metric space will always
be equipped with this topology. One may observe that τ is T-separable. Note also that a
closed ball in X is closed.
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Next, we give some characterizations of a compact subset of a circular metric space,
where the concept of convergence is embodied.

Theorem. Anonempty subset D of a circularmetric space (X, δ) is sequentially compact
if and only if every infinite subset of D has an accumulated point.

Proof (⇒) Let D be an infinite subset of X which is sequentially compact, and let A be an
infinite subset of D. We may construct a sequence {an} of distinct points in A. Since {an}
is also in D, we can find a subsequence {ank } which converges to some a ∈D. Clearly, a is
an accumulated point of A.
(⇐) Let D be an infinite subset of X such that every infinite subset of D has an accu-

mulated point a. Let {an} be a sequence in D. Since {an} is an infinite subset of D, there
exists an accumulated point a of {an}. Clearly, there is a sequence {bn} which converges
to a. In fact, {bn} is a subsequence of {an}. Since {an} is arbitrarily defined, the conclusion
consequently holds. �

Theorem . A nonempty subset D of a circular metric space (X, δ) is compact if and only
if D is sequentially compact.

Proof (⇒) Equivalently, we may show that every infinite subset of a compact subset D of
X has an accumulated point. So, let A be an infinite subset of D. Assume that A has no
accumulated point. For each x ∈ D, we choose εx >  such that

⎧⎨
⎩
Bδ(x, εx)∩A = {x} if x ∈ A,

Bδ(x, εx)∩A = ∅ if x ∈D \A.

Observe that these open balls form an infinite open cover forD. SinceD is compact, there
exists a finite subcover. Since each of these open balls contains at most one point of A, A
is a finite set. This contradicts our hypothesis. Therefore, every infinite subset ofD has an
accumulated point. That is, D is sequentially compact.
(⇐) Let {Uα}α∈� be an infinite open cover of D. For each x ∈D, we define

γx := sup
{
γ >  : Bδ(x,γ )⊂Uα for some α ∈ �

}
.

We claim that infx∈D γx > . Assume the contrary, so there exists a sequence {xn} in D
such that limn→∞ γxn = . Since D is sequentially compact, {xn} has a convergent subse-
quence, namely {xnk }, which converges to some point x ∈D. Observe that x ∈Uα for some
α ∈ �, so there exists γ >  such thatBδ(x,γ )⊂Uα . For every k ∈N large enough, we have
xnk ∈ Bδ(x, γ

 ) so that γxnk ≥ γ

 > . This is a contradiction. So, we have proved our claim.
Let ε := infx∈D γx > . Choose z ∈D arbitrarily. Inductively, choose zn ∈D such that

zn+ /∈
n⋃
k=

Bδ

(
zk ,

ε



)
. (.)

Assume that there are infinitely many points satisfying (.). This will result in the lack
of existence of a convergent subsequence of {zn}, which contradicts the sequential com-
pactivity. So, the above process stops at someN ∈N. Clearly,

⋃N
k=Bδ(zk , ε

 ) ⊃D. Note that
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for each Bδ(zn, ε
 ), there exists αn ∈ � such that Bδ(zn, ε

 )⊂ Uαn . Therefore,
⋃N

k=Uαk ⊃D.
That is, the family {Uαn : n ∈N with n≤ N} is a finite subcover of {Uα}α∈�. In other words,
D is compact. �

Definition . Anonempty subsetD of a circularmetric space (X, δ) is said to be bounded
if

sup
x,y∈D

sup
λ>

δλ(x, y) < ∞.

Unlike in a metric space, a finite subset in a circular metric space needs not be bounded.
We will provide an easy example of such a situation in the following.

Example . Let X =R and δλ(x, y) := |x–y|
λ

be a circular metric on X. Then any nonempty
nonsingleton finite subset of X is not bounded.

Remark . Example . further implies that in a circular metric space, a compact set
needs not be bounded.

Definition . LetD be a nonempty subset of a circular metric space (X, δ), and let ε > 
be given. A nonempty subsetNε ofX is said to be an ε-net for D if for any y ∈ D there exists
x ∈Nε such that y ∈ Bδ(x, ε). If for any ε >  there is a bounded finite ε-net Nε for D, then
D is said to be totally bounded.

Proposition . In any circular metric space, a totally bounded set is bounded.

Proof Let (X, δ) be a circular metric space and D be a totally bounded subset of X. The
conclusion is obvious if D = ∅. For the case D �= ∅, let ε >  and let Nε be a bounded finite
ε-net for D. So, for any x, y ∈ D, there exists zx, zy ∈ Nε such that x ∈ Bδ(zx, ε) and y ∈
Bδ(zy, ε). That is, supλ> δλ(zx,x) < ε and supλ> δλ(zy, y) < ε. Now, observe that

sup
λ>

δλ(x, y) ≤ sup
λ>

[
δλ–μ(λ)(x, zx) + δμ(λ)–μ(μ(λ))(zx, zy) + δμ(μ(λ))x(zy, y)

]

≤ sup
λ>

δλ(x, zx) + sup
λ>

δλ(zx, zy) + sup
λ>

δλ(zy, y)

< sup
λ>

δλ(zx, zy) + ε.

This further implies that

sup
x,y∈D

sup
λ>

δλ(x, y)≤ sup
x,y∈D

sup
λ>

δλ(zx, zy) + ε ≤ sup
u,v∈Nε

sup
λ>

δλ(u, v) + ε <∞.

Therefore, we can conclude that D is bounded. �

Note that the converse of this proposition is not generally true. In fact, the uniform
boundedness is the necessary but not sufficient condition for the uniform total bounded-
ness.

Theorem. Let D be a nonempty subset of a circularmetric space (X, δ). If D is compact,
then for each ε >  we can find an ε-net in X for D.

http://www.journalofinequalitiesandapplications.com/content/2013/1/343
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Proof Let ε >  be arbitrary. Observe that the familyU := {Bδ(x, ε) : x ∈D} is an open cover
for D. Since D is compact, we can find a subcover V := {Bδ(xn, ε)} ⊂ U . Therefore, V is a
finite ε-net for D. �

Corollary . Let D be a nonempty subset of a circular metric space (X, δ). If D is rela-
tively compact, i.e., the closure D is compact, then for each ε >  we can find a finite ε-net
in X for D.

Proof According to the proof of the previous theorem and since D ⊂D ⊂ V , we have our
conclusion. �

The above two assertions lead us to the following consequences.

Corollary . A bounded compact subset in a circular metric space is totally bounded.

Corollary . A bounded relatively compact subset in a circular metric space is totally
bounded.

3 The KKM property
We shall discuss now some fixed point theorems formaps that obey the KKMproperty. To
begin with, we shall give some brief recollection of notions in multivalued analysis which
will be used sooner or later in this paper.

Definition . Suppose that D is a bounded subset of a circular metric space (X, δ). We
define

(i) ad(D) :=
⋂{B ⊂ X : B is a closed ball in X such that B ⊃D};

(ii) A (X) := {D⊂ X :D = ad(D)}. If D ∈ A (X), we say that D is admissible;
(iii) D is said to be subadmissible if A ∈ 〈D〉 ⇒ ad(A) ⊂D, where 〈D〉 denotes the family

of all nonempty finite subsets of D.

Definition . Let X and Y be two spaces which are T-separable, and let F : X � Y be
a multivalued map with nonempty values. F is said to be:

(i) upper semicontinuous if for each nonempty closed set B ⊂ Y ,
F–(B) := {x ∈ X : F(x)∩ B �= ∅} is closed in X ;

(ii) lower semicontinuous if for each nonempty open set B ⊂ Y ,
F–(B) := {x ∈ X : F(x)∩ B �= ∅} is open in X ;

(iii) continuous if it is both upper and lower semicontinuous;
(iv) closed if its graph 	F := {(x, y) ∈ X × Y : y ∈ F(x)} is closed;
(v) firmly compact if for each nonempty bounded set A⊂ X , F(A) :=

⋃
x∈A F(x) is

bounded and relatively compact.

Remark . It is well known that if the multivalued map F : X � Y is upper semicontin-
uous, then F is closed. The converse holds when the space Y is compact.

Now, let us introduce the class of maps satisfying the KKM property.

Definition . Let M be a circular metric space and X be a subadmissible subset of M.
A multivalued map G : X � M is said to be a KKM map if for each A ∈ 〈X〉 we have
ad(A) ⊂G(A).

http://www.journalofinequalitiesandapplications.com/content/2013/1/343
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Definition . LetM be a circular metric space, X be a subadmissible subset ofM and Y
be a topological space. Let F ,G : X � Y be two multivalued maps. If for each A ∈ 〈X〉 we
have F(ad(A))⊂ G(A), then G is said to be a generalized KKMmap with respect to F .

Definition . LetM be a circular metric space, X be a subadmissible subset ofM and Y
be a topological space. A multivalued map F : X � Y is said to satisfy the KKM property
if for any generalized KKMmapG : X � Y with respect to F , the family {G(x) : x ∈ X} has
the finite intersection property.

In general, we write

KKM(X,Y ) := {F : X � Y : F satisfy the KKM property}.

Definition . Let (M, δ) be a circular metric space and X be a nonempty subset of M.
A multivalued map F : X �M is said to have the approximate fixed point property if for
any ε > , there exists xε ∈ X such that F(xε) ∩ Bδ(xε , ε) �= ∅. In other words, there exists
y ∈ F(xε) such that supλ> δλ(xε , y) < ε.

Now, we are ready to give a fixed point theorem for such a class.

Theorem . Let (M, δ) be a circular metric space, X be a nonempty subadmissible subset
of M and F ∈ KKM(X,X). If F(X) is totally bounded, then F has the approximate fixed
point property.

Proof Let Y := F(X). By the uniform total boundedness of Y , for each ε > , there ex-
ists A ∈ 〈X〉 such that Y ⊂ ⋃

x∈ABδ(x, ε). Now, define a multivalued map G : X � X by
G(x) = Y \ Bδ(x, ε) for all x ∈ X. So, G(x) is closed for each x ∈ X and

⋂
x∈A G(x) = ∅.

Therefore, G is not a generalized KKM map with respect to F . This implies that there
exists a finite subset B = {x,x, . . . ,xm} of X such that F(ad(B)) �⊂ G(B) =

⋃m
i=G(xi). Thus,

there exists xε ∈ F(ad(B)) such that xε /∈ ⋃m
i=G(xi). By the definition of G, it follows that

xε ∈ ⋂m
i=Bδ(xi, ε). Therefore, xi ∈ Bδ(xε , ε) for each xi ∈ B. Hence,B ⊂ Bδ(xε , ε) ⊂ Bδ(xε , ε)

so that ad(B) ⊂ Bδ(xε , ε). Suppose that xε ∈ F(x′)ε for some x′
ε ∈ ad(B), then we have

x′
ε ∈ Bδ(xε , ε). This further implies that xε ∈ Bδ(x′

ε , ε). Therefore, xε ∈ F(x′)ε ∩ Bδ(x′
ε , ε).

That is, F(x′)ε ∩Bδ(x′
ε , ε) �= ∅. �

Theorem . Let (M, δ) be a circular metric space, X be a nonempty subadmissible subset
of M and F ∈KKM(X,X). If F is closed and firmly compact, then F has a fixed point.

Proof By the firm compactness of F , we can see that F(X) is bounded and compact. Ac-
cording to Theorem ., F has the approximate fixed point property. Therefore, for each
n ∈N, there exists xn,x′

n ∈ X such that x′
n ∈ F(xn)∩Bδ(xn, n ). Now, since Y := F(X) is com-

pact, we may assume that {x′
n} converges to some x ∈ Y . So, for any ε > , there exists

N ∈ N such that supλ> δλ(x,x′
n) <

ε
 whenever n ∈ N and n ≥ N . Observe that for n ∈ N

with n >max{N , 
ε
}, we have

sup
λ>

δλ(x,xn) ≤ sup
λ>

[
δλ–μ(λ)

(
x,x′

n
)
+ δμ(λ)

(
x′
n,xn

)]

≤ sup
λ>

δλ

(
x,x′

n
)
+ sup

λ>
δλ

(
x′
n,xn

)
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<
ε


+

n

< ε.

Since ε >  is arbitrary, we say that {xn} converges also to x. Since x′
n ∈ F(xn), we have

(xn,x′
n) ∈ 	F . Since {(xn,x′

n)} is a sequence in 	F which converges to (x,x) and 	F is
closed, we may conclude that (x,x) ∈ 	F . Therefore, x ∈ F(x). �

Before we stride on further results, we would like to give a simple example to visualize
and support Theorem ..

Example . Assume thatM :=R is equippedwith the circularmetric δ :R+×M×M →
[,∞] defined by

δλ(x, y) :=
|x – y|
 + λ

for (λ,x, y) ∈R+ ×M ×M. Let X = [, ] and define a map F : X � X by

F(x) :=

⎧⎨
⎩
[  , ] if x ∈ [,  ),

[,  ] if x ∈ [  , ].

Clearly, we have X being subadmissible and F being closed and firmly compact. Now, let
G : X � X be a given KKM map w.r.t. F . It is clear that G(x) ⊃ F(x) for all x ∈ X. Since
F has the finite intersection property, so does G. Therefore, we have F ∈ KKM(X,X). In
view of Theorem ., F has a fixed point. To be precise, every point in [  ,


 ] is a fixed point

of F .

Now, we give the following lemma which enables us to obtain the Shauder-type fixed
point.

Lemma . Let (M, δ) be a circular metric space, Y be a topological space and X be
a nonempty subadmissible subset of M. Suppose that f : Y → X is continuous. If F ∈
KKM(X,Y ), then fF ∈KKM(X,X).

Proof Let G : X � Y be a generalized KKM map with respect to fF , and let A =
{x,x, . . . ,xn} ∈ 〈X〉. So, fF(ad(A) ∩ X) ⊂ ⋃n

i=G(xi). Note also that F(ad(A) ∩ X) ⊂
f –fF(ad(A) ∩ X) ⊂ f –G(xi). Since A ⊂ 〈X〉 is arbitrary, we have that f –G is a general-
ized KKMmap with respect to F . Now, since F ∈ KKM(X,Y ), the family {f –G(x) : x ∈ X}
has the finite intersection property, so does the family {G(x) : x ∈ X}. This shows that
fF ∈KKM(X,X). �

Corollary . Let (M, δ) be a circular metric space, Y be a topological space and X be
a nonempty subadmissible subset of M. Suppose that f : X → X is continuous and f (A) is
bounded and compact for all nonempty bounded subset A of X. If I ∈ KKM(X,X), then f
has a fixed point.

Proof According to Lemma ., we have f ≡ fI ∈ KKM(X,X). Since f is continuous, f is
closed. So, we can apply Theorem . to obtain the desired result. �

http://www.journalofinequalitiesandapplications.com/content/2013/1/343
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We give some consequences of our results, some of which also appeared in [], as fol-
lows.

Theorem . Let Mω be a modular metric space, X be a nonempty subadmissible subset
of M and F ∈ KKM(X,X). If F(X) is totally bounded, then F has the approximate fixed
point property.

Theorem . Let Mω be a modular metric space, X be a nonempty subadmissible subset
of M and F ∈KKM(X,X). If F is closed and firmly compact, then F has a fixed point.

Corollary . [] Let (M,d) be a metric space, X be a nonempty subadmissible subset of
M and F ∈KKM(X,X). If F(X) is totally bounded, then F has the approximate fixed point
property.

Corollary . [] Let (M,d) be a metric space, X be a nonempty subadmissible subset of
M and F ∈ KKM(X,X). If F is closed and compact, then F has a fixed point.

4 Subadmissible quasi-equilibrium problems
As an application of our previous results, we present in this section a form of quasi-
equilibrium problem. Assume that X is a nonempty subadmissible subset of a circular
metric space (M, δ), and let ϕ : X × X → R and H : X � X be given. We consider the
following problem:

Find x̄ ∈ X such that x̄ ∈H(x̄) and ϕ(x̄, x̄) = min
y∈H(x̄)

ϕ(x̄, y). (QEP)

In fact, this problem (QEP) is set in the context where the linear structure is absent.
Hence, the convexity is as well not present. While most of the studies in optimization
require the linearity, our next result will eventually overcome the situation when such no-
tion is not valid.

Theorem. Suppose that ϕ is l.s.c. andH is firmly compact with compact values.Assume
further that the following hold:
(a) the function � : X →R defined by

�(x) := min
y∈H(x)

ϕ(x, y)

is u.s.c.,
(b) the map F : X � X defined by

F(x) :=
{
y ∈H(x) : ϕ(x, y) = �(x)

}

is in the class KKM(X,X).
Then problem (QEP) has a solution.

Proof Since ϕ is l.s.c. and H has compact values, the function � is defined and F(x) is
nonempty for all x ∈ X. We shall claim first that F is closed. Consider the sequence (xn, yn)

http://www.journalofinequalitiesandapplications.com/content/2013/1/343
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in 	F converging to a pair (x, y) ∈ X ×X. We have

ϕ(x, y) ≤ lim inf
n→∞ ϕ(xn, yn)

≤ lim sup
n→∞

ϕ(xn, yn)

= lim sup
n→∞

�(xn)

≤ �(x).

Thus, it must be the case that ϕ(x, y) = �(x). SinceH is closed and yn ∈H(xn) for all n ∈N,
we conclude that y ∈ H(x). Consequently, we have (x, y) ∈ 	F , and so F is closed. Further-
more, since H is firmly compact, F is also firmly compact (by definition). Finally, Theo-
rem . yields the existence of a fixed point x̄ ∈ X of F . In turn, the point x̄ is actually a
solution of problem (QEP). �

Next, we associate the above theorem with the following standard quasi-equilibrium
problem:

Find x̄ ∈ X such that x̄ ∈H(x̄) and ϕ(x̄, y) ≥  for all y ∈H(x̄). (QEP)

The following solvability of (QEP) resulted directly.

Corollary . According to Theorem., additionally assume thatϕ(x,x)≥  for all x ∈ X.
Then problem (QEP) has a solution.
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