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Abstract

The purpose of this paper is to study fixed point theorems for a mapping satisfying
the generalized Meir-Keeler-type ¢-ai-contractions in complete partial metric spaces.
Our results generalize or improve many recent fixed point theorems in the literature.
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1 Introduction and preliminaries
Throughout this paper, by R* we denote the set of all nonnegative real numbers, while N
is the set of all natural numbers. In 1994, Mattews [1] introduced the following notion of

partial metric spaces.

Definition 1 [1] A partial metric on a nonempty set X is a function p : X x X — R* such
that for all x,y,z € X,

(p1) x=yifand only if p(x,x) = p(x,y) = p(y,»);
(p2) p(x,x) <px,y);

(p3) pxy) = p(3:%);

(pa) px,y) < p(x,2) + p(z,9) - p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric
on X.

Remark 1 It is clear that if p(x,y) = 0, then from (p;) and (p,), x = y. But if x = y, p(x,y)
may not be 0.

Each partial metric p on X generates a 7y topology 7, on X which has as a base the family
of open p-balls {B,(x,y) : x € X,y > 0}, where B,(x,y) = {y € X : p(x,y) < p(x,%) + y} for all
x € X and y > 0. If p is a partial metric on X, then the function d, : X x X — R* given by

dy(x,9) = 2p(x,y) — p(x, %) — p(y,9)

is a metric on X.
We recall some definitions of a partial metric space as follows.
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Definition 2 [1] Let (X, p) be a partial metric space. Then

(1) asequence {x,} in a partial metric space (X, p) converges to x € X if and only if
plx,x) =1im,_, o p(x,x,);

(2) asequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if and
only if limy,; ;00 (%, x,,) exists (and is finite);

(3) apartial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X
converges, with respect to 7,, to a point x € X such that p(x,x) = 1im,,, — 0o P(Xm, X);

(4) asubset A of a partial metric space (X, p) is closed if whenever {x,} is a sequence in
A such that {x,} converges to some x € X, then x € A.

Remark 2 The limit in a partial metric space is not unique.

Lemmal [1, 2]
(1) {x,} is a Cauchy sequence in a partial metric space (X, p) if and only if it is a Cauchy
sequence in the metric space (X, d,);
(2) a partial metric space (X, p) is complete if and only if the metric space (X, d,) is
complete. Furthermore, lim,,_, o d,(x,, %) = 0 if and only if

px,x) = limy,_ o0 P, %) = My, 00 p(Xs, %)

In recent years, fixed point theory has developed rapidly on partial metric spaces, see
[2-10].

In this study, we also recall the Meir-Keeler-type contraction [11] and «-admissible one
[12]. In 1969, Meir and Keeler [11] introduced the following notion of Meir-Keeler-type
contraction in a metric space (X, d).

Definition 3 Let (X, d) be a metric space, f : X — X. Then f is called a Meir-Keeler-type
contraction whenever, for each 7 > 0, there exists y > 0 such that

n=dxy<n+y = d(fxfy)<n.
The following definition was introduced in [12].

Definition 4 Let f: X — X be a self-mapping of a set X and o : X x X — R*. Then f is
called o-admissible if

X,y € X’ Ol(x)y) = 1 - Ot(fx,fy) > 1.

The purpose of this paper is to study fixed point theorems for a mapping satisfying the
generalized Meir-Keeler-type ¢-o-contractions in complete partial metric spaces. Our re-
sults generalize or improve many recent fixed point theorems in the literature.

2 Main results
In the article, we denote by @ the class of functions ¢ : R** — R* satisfying the following
conditions:

(¢1) ¢ is an increasing and continuous function in each coordinate;
(¢2) for te R+\{0}, ¢(ty t: t; t) S t, ¢(t’ 0; 0: t) E t? ¢(0’ 0; t, %) S tr and ¢(t11 t2) tB) t4) = 0 lﬂ:
h=ty=t3=1t4=0.

Page 2 of 9


http://www.journalofinequalitiesandapplications.com/content/2013/1/341

Chen and Chen Journal of Inequalities and Applications 2013, 2013:341 Page 3 of 9
http://www.journalofinequalitiesandapplications.com/content/2013/1/341

We now state the new notions of generalized Meir-Keeler-type ¢-contractions and gen-
eralized Meir-Keeler-type ¢-«-contractions in partial metric spaces as follows.

Definition 5 Let (X, p) be a partial metric space, f : X — X and ¢ € ®. Then f is called
a generalized Meir-Keeler-type ¢-contraction whenever, for each 7 > 0, there exists § > 0
such that

1 0PG5 00, 5[50 + ] ) <+
= plfefy) <.

Definition 6 Let (X, p) be a partial metric space, f: X — X, ¢ € P and o : X x X — R*.
Then f is called a generalized Meir-Keeler-type ¢-o-contraction if the following condi-
tions hold:

(1) f is ¢-admissible;

(2) for each n > 0, there exists § > 0 such that

1
110D 50,000, 5 (0050 + 0] ) <+
= axx)al,y)pfx.fy) <n. 2.1

Remark 3 Note that if f is a generalized Meir-Keeler-type ¢-o-contraction, then we have
that for all x,y € X,

a(x,x)a(y, y)p(fx, fy)
1
<¢ <p(x, 9),p(x.fx), p(y. 1), 3 [p(x,fy) + p(%ﬁc)]) :

Further, if ¢(p(x,y), p(x, /%), p(v,fy), %[p(x,fy) + p(y,fx)]) = 0, then p(fx,fy) = 0. On the
other hand, if ¢(p(x, ), p(x, f2), (0. 19), 5 [P, 1) + p(3.f)]) > 0, then & (x, ) (3, ) (fx, ) <
P(p(x,9), px, fx), P, 13), 5 [P (%, 1Y) + P, f)]).

We now state our main result for the generalized Meir-Keeler-type ¢-o-contraction as
follows.

Theorem 1 Let (X,p) be a complete partial metric space, and ¢ € . Ifa: X x X — R*
satisfies the following conditions:

(o) there exists xg € X such that a(xg,x9) > 1;
(o2) ifa(xy,x,) > 1 forall n € N, then lim,_, oo 0t(x,,, x,) > 1;

(3) a: X x X — R* is a continuous function in each coordinate.

Suppose that f : X — X is a generalized Meir-Keeler-type ¢-a-contraction. Then [ has a
fixed point in X.

Proof Let x¢ and let x,,1 = fx, = f"xo for n = 0,1,2,.... Since f is «-admissible and

a(xg,%0) > 1, we have

alfxo, fxo) = a(x,x1) > 1.
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By continuing this process, we get
o(x,,x,) >1 forallme NU{0}. (2.2)

If there exists ny € N such that x,,,1 = %,,, then we finished the proof. Suppose
that x,,; # x, for any n = 0,1,2,.... By the definition of the function ¢, we have
P> %111)s DE f3n)s PEns1,f%ons1)s 5 [DGns fons1) + Pnan, fon)]) > O for all n € NU {0}

Step 1. We shall prove that
lim p(x,,%,,1) =0, thatis  lim d,(x,,%,.1) = 0.
n—00 n—0o0

By Remark 3 and (p4), using (2.2), we have

p(xn+1: xn+2)
= p(fxmfxn+1)

< a(xm xn)a(xnﬂy xn+l)p(fxnrfxn+l)

1
< ¢ (p(xm xn+1):p(xmfxn):p(xn+1:fxn+l): 5 [p(xmfan) + p(xnﬂ;fxn)])
1
=¢ (p(xm Xn1)s P Xy Xps1)s P(Ka1s Xns2)s 5 [P(xm Xns2) + P(Kne1s xn+1)]>
1
< ¢ <p(xmxn+l)xp(xm xn+1)’p(xn+1: xn+2)) 5 [p(xm xn+1) +p(xn+lr xn+2)])' (23)

pr(xmxrul) < p(xrub xn+2)1 then

Pns1s %n12) = P(fn, fxni1)
<¢ (p(xrwl; X142)s P X1 Xna2)s DX, Xni2)s PXni1s xn+2))

=< P(xn+1, Xns2)s

which implies a contradiction, and hence p(x,,%,41) < p(*4-1,%,). From the argument
above, we also have that for each n € N,

PXni1,Xn12) = P, fXni1)
<¢ (p(xm K1)y DK X141 DXy K1) P (X xn+1))

E p(xnr xn+1)' (24)
Since the sequence {p(x,,x,:1)} is decreasing, it must converge to some 7 > 0, that is,
lim p(xnrxnﬂ) =n. (25)
n—0o0
It follows from (2.4) and (2.5) that

lim ¢(p(xnyxn+1):p(xmxn+l)yp(xn:xn+l);p(xnrxn+l)) =n. (2.6)

n—00
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Notice that n = inf{p(x,, x,,41) : n € N}. We claim that n = 0. Suppose, to the contrary, that
n > 0. Since f is a generalized Meir-Keeler-type ¢-contraction, corresponding to 1 use,
and taking into account the above inequality (2.6), there exist § > 0 and a natural number
k such that

1 < G (Pt K1) PXrr K1) P Kier Fiea1)s P (ier Xis1)) <1 + 8
== Ol(Xk,Xk)Ol(Xk.,.l, xk+1)P(ka,ka+1) <n
which implies
P&, Xier2) = POk, fran) < o (e, )t (st Xpe41)P Xk k1) < 1.

So, we get a contradiction since 1 = inf{p(x,, x,,,1) : # € N}. Thus we have that

lim p(x,,x,,1) = 0. (2.7)

n—00

By (p2), we also have

lim p(x,,x,) = 0. (2.8)

n—00

Since d,(x,y) = 2p(x,y) — p(x,x) — p(y, y) for all x, y € X, using (2.7) and (2.8), we obtain that

lim d, (%, %41) = 0. (2.9)

n—00

Step 2. We show that {x,} is a Cauchy sequence in the partial metric space (X, p), that
is, it is sufficient to show that {x,} is a Cauchy sequence in the metric space (X, d,,).

Suppose that the above statement is false. Then there exists € > 0 such that forany k € N,
there are ny, my € N with ng > my > k satisfying

Ay Ky s %) > €. (2.10)

Further, corresponding to m; > k, we can choose n; in such a way that it is the smallest
integer with ny > m; > k and d (%2, , %2, ) > €. Therefore

Ay (K s Xny—2) < €. (2.11)
Now we have that for all k € N,

€ < dp(Xmy> %)
= dp(xmk:xnk—Z) + dp(xnk—Zx xnk—l) + dp(xnk—lr xnk)

<€+ dp(Xpp—2,%np—1) + dp(Knp -1, %, ). (2.12)
Letting k — oo in the above inequality and using (2.12), we get

lim d, (X, %0, ) = €. (2.13)

n—00
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On the other hand, we have

€= dp(xmk;xnk)
< dp S Xy y) + Ap Ky %m 1) + Ap Ky 15 X )
E dp(xmk;xmhl) + dp(xmkﬂrxmk) + dp(xmernk) + dp(xnernkﬂ) + dp(xnk+1)xnk)'
Letting # — 00, we obtain that
nll)ngo Ay Ky, 9 %ny,,) = €. (2.14)

Since d,(x,y) = 2p(x,y) — p(x,x) — p(y,y) and using (2.13) and (2.14), we have that

. €
Jim PG X)) = 5 (2.15)
and
. €
Jim PG %n) = 5 (2.16)

By Remark 3 and (p4), we have

p(xmk+l’x”k+l)
= p(fxmk ’fxnk)

< &g r X )X Fig » X )P oy [, )

1
< (p(xmernk)’ PG fom s Do fi s 5 (DG o) + (i, ,fxmk)]>

=¢ (p(xmk: xnk)rp(xmk) xmk+1)rp(xnk; Kngo )

%[p(xmk,xnku) +p(xnk:xmk+l)]>’ (2.17)
Since
PEgr X 41) < PEmgs Xy 41) + P X1 X 41) = Py 415 Xy 41) (2.18)
and
PEs X s1) < PEns X i1) + P15 X i1) — DKoy 415 Xy 1) (2.19)

Taking into account the above inequalities (2.8), (2.17), (2.18) and (2.19), letting k — oo,
we have

€ € € €
_<¢ _;0;0)_ S_;
2 2 2 2

which implies a contradiction. Thus, {x,} is a Cauchy sequence in the metric space (X, d,).
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Step 3. We show that f has a fixed point v in (), A;.
Since (X, p) is complete, then from Lemma 1, we have that (X,d,) is complete. Thus,
there exists v € X such that
lim d,(x,,v) = 0.
n—0o0
Moreover, it follows from Lemma 1 that

p(,v) = lim p(x,,v) = lim p(x,,x,,). (2.20)
n—00 1n,/m—> 00

On the other hand, since the sequence {x,} is a Cauchy sequence in the metric space
(X, dp), we also have

lim d, (%, %) = 0.
Since d,(x,y) = 2p(x,y) — p(x,x) — p(y,), we can deduce that
lim p(x,,x,,) = 0. (2.21)
n—00
Using (2.20) and (2.21), we have
p,v) = lim p(x,,v) = lim p(x,,,v)=0.
n—00 n—>00

Again, by Remark 3, (p4), and the conditions of the mapping o, we have

PXne1,fV) = p(fx, fV)

< a(wn, x)ot (v, V)P, fV)
<¢ (p(xm V), DX, f%), (0, f V), %[p(xmf v) + p(v,fxn)])

_ ¢>(p(xn, 0 ), D0, [P ) +p<v,xn+1>]). (2.22)

Letting n — o0 in (2.22), we get

1
pv,fr)<é (0, 0,p(v,fv), §p(v,fv)> <p.fv),
a contradiction. So, we have p(v,fv) = 0, that is, fv = v. O
We give the following example to illustrate Theorem 2.

Example 1 Let X = [0,1]. We define the partial metric p on X by

plx,y) = max{x, y}.
Let @ :[0,1] x [0,1] — R* be defined as

alxy)=1+x+y,
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let f : X — X be defined as
L,
S =2,
and, let ¢ : R** — R* denote

1 1
I)[f(tli tZ’ tBr t4) = 5 - max tl! t27 tS) §t4 .

Then f is «-admissible.
Without loss of generality, we assume that x > y and verify the inequality (2.1). For all
%,y € [0,1] with x > y, we have
1
a(x2)a(y,y)p(ffy) = 757
py) =% puf)=x  pp.fy)=y and
1
E[P(x,fy) +p(y,.fx)] = = [max{x,y*} + max{y,*}]

< > [maxix, ) + max(y, ]

o= NI

<X,

and hence ¢(p(x,y), p(x, %), p(v, f), % px,fy) + py,fx)]) = %x Therefore, all the conditions
of Theorem 1 are satisfied, and we obtained that 0 is a fixed point of f.

If we let
alx,y)=1 forx,yeX,
then it is easy to get the following theorem.

Theorem 2 Let (X, p) be a complete partial metric space and ¢ € . Suppose that f : X —
X is a generalized Meir-Keeler-type ¢-contraction. Then f has a fixed point in X.
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