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1 Introduction

Let X be a real Banach space whose dual space is denoted by X*. Let U = {x € X : || x| =1}
denote the unit sphere of X. The Banach space X is said to be uniformly convex if for each
€ € (0,2] there exists § > 0 such that for all x,y € U,

lx=ylze = lx+yll/2=<1-4.

It is known that a uniformly convex Banach space is reflexive and strictly convex. The
Banach space X is said to be smooth if the limit

. x+ty|| —||x
i 1+ D21 = D]

t—0 t
exists for all x,y € U; in this case, X is also said to have a Géiteaux differentiable norm.
X is said to have a uniformly Gateaux differentiable norm if for each y € U, the limit is
attained uniformly for x € U. Moreover, it is said to be uniformly smooth if this limit is
attained uniformly for x,y € U. The norm of X is said to be the Fréchet differential if for
each x € U, this limit is attained uniformly for y € U. In addition, we define a function
0 :[0,00) = [0, 00), called the modulus of smoothness of X, as follows:

1
p(r) = sup{i(llx +yl+lx—yll) - 1:xy € X, x| =1, 1ly] = T}-
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It is known that X is uniformly smooth if and only if lim,_.¢ p(tr)/t = 0. Let g be a fixed
real number with 1 < g < 2. Then the Banach space X is said to be g-uniformly smooth
if there exists a constant ¢ > 0 such that p(t) < ¢77 for all T > 0. As pointed out in [1], no
Banach space is g-uniformly smooth for g > 2.

Let X* be the dual of X. The normalized duality mapping J : X — 2% is defined by

J@) = {x* € X* s (mx®) = Ix)% = |«*[*), VxeX,

where (-,-) denotes the generalized duality pairing. It is an immediate consequence of
the Hahn-Banach theorem that J(x) is nonempty for each x € X. Moreover, it is known
that J is single-valued if and only if X is smooth, whereas if X is uniformly smooth, then
the mapping / is norm-to-norm uniformly continuous on bounded subsets of X. If X has
a uniformly Gateaux differentiable norm, then the duality mapping / is norm-to-weak*
uniformly continuous on bounded subsets of X.

Let C be a nonempty closed convex subset of a real Banach space X. A mapping 7': C —

C is called nonexpansive if
I1Tx- Tyl < llx=yll, Vx,yeC.

The set of fixed points of T is denoted by Fix(T'). We use the notation — to indicate the
weak convergence and the one — to indicate the strong convergence.

Definition 1.1 Let A: C — X be a mapping of C into X. Then A is said to be
(i) accretive if for each x,y € C there exists j(x — y) € J(x — y) such that

{Ax - Ay, j(x - ) = 0,

where J is the normalized duality mapping;
(ii) o-strongly accretive if for each x,y € C there exists j(x — y) € J(x — y) such that

(Ax = Ay, j(x - y)) = allx = yII?
for some « € (0,1);
(ili) B-inverse-strongly-accretive if for each x,y € C there exists j(x — y) € J(x — y) such
that
(Ax - Ay,j(x - y)) = BllAx - Ay|)%,
for some 8 > 0;
(iv) A-strictly pseudocontractive [2] (see also [3]) if for each x,y € C there exists
jx —y) € J(x — y) such that

(Ax - Ay,j(x - 3)) < llx = yII> = 1| x -y - (Ax - Ap)|*

for some A € (0,1).
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In the literature, much work has been done related to strong convergence for solving
variational inequalities and fixed point problems, see [1-48]. It is worth emphasizing that
the definition of the inverse strongly accretive mapping is based on that of the inverse
strongly monotone mapping, which was studied by so many authors; see, e.g, [15, 30, 31].

Very recently, Cai and Bu [35] considered the following general system of variational
inequalities (GSVI) in a real smooth Banach space X, which involves finding (x*,y*) €
C x C such that

(uBry* +x* —y*, J(x —x*)) >0, VxeC, @)
(aBox™ +y* —x*, J(x —¥*)) >0, VxeC, .

where C is a nonempty, closed and convex subset of X, B;, B, : C — X are two nonlinear
mappings and p; and p, are two positive constants. Here the set of solutions of GSVI (1.1)
is denoted by GSVI(C, By, By). In particular, if X = H, a real Hilbert space, then GSVI (1.1)
reduces to the following GSVI of finding (x*,y*) € C x C such that

(1 By* +x* —y* ,x—x*) >0, VxeC, 12)
(UaBox™ +y* —x*,x—y*) >0, VxeC, .

where p; and pu, are two positive constants. The set of solutions of problem (1.2) is still
denoted by GSVI(C, By, By). In particular, if B; = B, = A, then problem (1.2) reduces to
the new system of variational inequalities (NSVI), introduced and studied by Verma [5].
Further, if x* = y* additionally, then the NSVIreduces to the classical variational inequality
problem (VIP) of finding x* € C such that

(Ax*,x-x*)>0, VxeC. (1.3)

The solution set of VIP (1.3) is denoted by VI(C, A). Variational inequality theory has been
studied quite extensively and has emerged as an important tool in the study of a wide class
of obstacle, unilateral, free, moving, equilibrium problems. It is now well known that the
variational inequalities are equivalent to the fixed point problems, the origin of which can
be traced back to Lions and Stampacchia [13]. This alternative formulation has been used
to suggest and analyze the projection iterative method for solving variational inequalities
under the conditions that the involved operator must be strongly monotone and Lipschitz
continuous.

Recently, Ceng, Wang and Yao [4] transformed problem (1.2) into a fixed point problem
in the following way.

Lemma 1.1 (see [4]) For given %,y € C, (%,) is a solution of problem (1.1) if and only if x
is a fixed point of the mapping G : C — C defined by

G(x) = Pc[Pc(x — naBax) — mBiPc(x — naBox)], VxeC, (1.4)
where y = Pc(x — toBox).

In particular, if the mappings B; : C — H are B;-inverse strongly monotone for i = 1,2,
then the mapping G is nonexpansive provided j; € (0,25;) for i =1,2.
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In 1976, Korpelevich [6] proposed an iterative algorithm for solving VIP (1.3) in the
Euclidean space R":

Y = Pc(x, — TAX,),

Xns1 = Pe(xy — TAy,), n>0,

with t > 0 a given number, which is known as the extragradient method (see also [7, 8]).
The literature on the VIP is vast and Korpelevich’s extragradient method has received
great attention given by many authors, who improved it in various ways; see, e.g., [9-27,
35, 40] and references therein, to name but a few.

In particular, whenever X is still a real smooth Banach space, B; = B, = A and x* = y*,
then GSVI (1.1) reduces to the variational inequality problem (VIP) of finding x* € C such
that

(Ax*,](x—x*)) >0, VxeC 1.5)

which was considered by Aoyama, liduka and Takahashi [28]. Note that VIP (1.5) is con-
nected with the fixed point problem for a nonlinear mapping (see, e.g., [41]), the problem
of finding a zero point of a nonlinear operator (see, e.g., [36]) and so on. It is clear that VIP
(1.5) extends VIP (1.3) from Hilbert spaces to Banach spaces.

In order to find a solution of VIP (1.5), Aoyama, liduka and Takahashi [28] introduced
the following iterative scheme for an accretive operator A:

Xn+l = OpXy + (1 - an)HC(xn - )"nAxn)¢ Yn=>1,

where [ is a sunny nonexpansive retraction from X onto C. Then they proved a weak
convergence theorem. For related work, see [29] and the references therein.

Recently, Jung [43] introduced and analyzed a composite iterative algorithm by the vis-
cosity approximation method for solving a fixed point problem of a nonexpansive mapping
and VIP (1.3) for an inverse-strongly monotone mapping A in a real Hilbert space H.

Theorem 1.1 (see [43, Theorem 3.1]) Let C be a nonempty closed convex subset of a real
Hilbert space H. Let A : C — H be an a-inverse-strongly monotone mapping, let S : C —
C be a nonexpansive mapping such that Fix(S) N VI(C,A) # 9, and let f : C — C be a
contraction with coefficient p € (0,1). Let {x,} be the sequence generated by

x0=x€ C chosen arbitrarily,
In = uf (%) + (1 = 00,)SPc (%, — ApAxy),
Xn+l = (1 - ﬁn)yn + ﬂnSPC(y;q - )»nAyn), Vn >0,

where {A,} C [0,2a], {&,} C [0,1) and {B,} C [0,1]. If {a,,}, {1} and {B,,} satisfy the follow-
ing conditions:
(i) limyooay =0andy 2 a, =00,
(i) {Bn} C[0,a),Vn >0 for some a € (0,1),
(iti) {r,} C [, d] for some c,d € (0,2w),

)
(IV) ZZZO |an+1 - O[,,| <00, Z;O:() |13n+1 - ,Bn| <00 and ZEO:() |)\n+1 - )\n| <00,
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then {x,} converges strongly to q € Fix(S) N VI(C, A), which solves the VIP
(g-f@,q-p)<0, VpeFix(S)NVI(C,A).

Beyond doubt, it is an interesting and valuable problem of how to construct some algo-
rithms with strong convergence for solving GSVI (1.1) which contains VIP (1.5) as a special
case. Very recently, Cai and Bu [35] constructed an iterative algorithm for solving GSVI
(1.1) and a common fixed point problem of an infinite family of nonexpansive mappings
in a uniformly convex and 2-uniformly smooth Banach space. They proved strong con-
vergence of the proposed method by virtue of the following inequality in a 2-uniformly
smooth Banach space X.

Lemma 1.2 (see [32]) Let X be a 2-uniformly smooth Banach space. Then
b+ y1I> < l1201% + 2{y, () + 20yl Y,y € X, (16)

where « is the 2-uniformly smooth constant of X and ] is the normalized duality mapping
from X into X*.

Define the mapping G : C — C as follows:
G(x) = Hc(l - /LlBl)Hc(I - /Lsz)x, VxeC. (17)

The fixed point set of G is denoted by 2. Then their strong convergence theorem on the
proposed method is stated as follows.

Theorem 1.2 (see [35, Theorem 3.1]) Let C be a nonempty closed convex subset of a uni-
formly convex and 2-uniformly smooth Banach space X. Let I1c be a sunny nonexpan-
sive retraction from X onto C. Let the mapping B; : C — X be w;-inverse-strongly accre-
tive with 0 < p; < %% for i = 1,2. Let f be a contraction of C into itself with coefficient
8 €(0,1). Let {S,}32, be an infinite family of nonexpansive mappings of C into itself such
that F = (5 Fix(S;) N $2 # @, where $2 is the fixed point set of the mapping G defined by
(1.7). For arbitrarily given x, € C, let {x,} be the sequence generated by

%pi1 = Bpn + (L= B)Su¥ns

I = ttnf () + (L = )z,

2y = Hc(uy — pa1Biuy),

uy = (%, — naBaxy), Yn=>1.

Suppose that {a,} and {B,} are two sequences in (0,1) satisfying the following conditions:
(i) 0<liminf,_ o By <limsup,_ . Bn<1;
(ii) limy—oo0t, =0 and Y oo oy = 00.
Assume thaty -, sup,cp, |Su1x — Suxl| < 00 for any bounded subset D of C, and let S be a
mapping of C into X defined by Sx = lim,_, » Syx for all x € C and suppose that Fix(S) =
Mooy Fix(S,,). Then {x,} converges strongly to q € F, which solves the following VIP:

(a—f(@.](q-p))<0, VpeF. (1.8)
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We remark that in Theorem 1.2, the Banach space X is both uniformly convex and
2-uniformly smooth. According to Lemma 1.2, the 2-uniform smoothness of X guarantees
the nonexpansivity of the mapping I — u;B; for an «;-inverse-strongly accretive mapping
Bi:C— Xwith0 <pu; < :—5 for i = 1,2, and hence the composite mapping G: C — C
is nonexpansive where G = ITc(I — p1B1)I1c(I — ptaB3). In the meantime, for the conve-
nience of implementing the argument techniques in [4], the assumption of real smooth-
ness and uniform convexity on X guarantees that the following inequality holds (see [42]):
for any given r > 0, there exists a strictly increasing, continuous and convex function
g:[0,2r] — R, g(0) = 0 such that

gl =yll) < x> = 2(x,J ) + IyI?,  Vx,y€B,, (1.9)

where B, ={x € X : ||x|| <r}.

Naturally, we wonder whether the uniform convexity and 2-uniform smoothness of X
can be replaced by the weaker geometrical property of X or not. There is no doubt that it
is an interesting problem worth investigating.

In this paper, motivated by the above facts, we introduce and study two implicit iter-
ative algorithms and two explicit iterative algorithms by hybrid viscosity approximation
methods for finding a common element of the set of solutions of GSVI (1.1) and the set of
common fixed points of an infinite family of nonexpansive mappings in a real uniformly
convex Banach space which has a uniformly Gateaux differentiable norm. We prove some
strong convergence theorems under appropriate conditions. Our results improve, extend,
supplement and develop recent corresponding results in the literature, especially [35, The-
orem 3.1] in the following aspects. First, the assumption of the uniformly convex and
2-uniformly smooth Banach space X in [35, Theorem 3.1] is weakened to the one of the
uniformly convex Banach space X having a uniformly Gateaux differentiable norm in our
results. Second, the proof in [35, Theorem 3.1] depends on the argument techniques in
[4], inequality (1.6) in 2-uniformly smooth Banach spaces and inequality (1.9) in smooth
and uniform convex Banach spaces. It is worth emphasizing that the proof in our results
depends on no argument techniques in [4] but use the inequality in uniform convex Ba-
nach spaces; see Lemma 2.5 in Section 2 of this paper. Third, the four iterative algorithms
proposed in this paper are very different from the iterative algorithm in [35, Theorem 3.1]
because two iterative algorithms are implicit ones and the iterative step of computing x,,,1

in other two explicit iterative algorithms involves the sum of three terms.

2 Preliminaries
We list some lemmas that will be used in the sequel. Lemma 2.1 can be found in [34].
Lemma 2.2 is an immediate consequence of the subdifferential inequality of the function

1

3l 1%

Lemma 2.1 Let {s,} be a sequence of nonnegative real numbers satisfying
Susl < (L—ap)sy + @B+ v, Yn2>0,

where {a,}, {B,} and {y,} satisfy the conditions:
(i) {an} C[0,1] and Y2, 0y = 00;
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(ii) limsup,_, ., B. <0;
(i) ¥, >0,Vn>0,andy .o, yn < 00.

Then limsup,,_, s, = 0.

Lemma 2.2 In a smooth Banach space X, the following inequality holds:
I+ y1% < llll? + 2(n, (x + )}, Va,y € X.

Lemma 2.3 (see [39]) Let {x,} and {z,} be bounded sequences in a Banach space X, and
let {a,} be a sequence in [0,1] which satisfies the following condition

0 <liminfe, <limsupew, < 1.
n—>00 n—00

Suppose %1 = Ay + (1 — ;)2 ¥ > 0 and limsup,,_, . (1z41 — zall = %41 — %4ll) < 0.

Then lim,,_, o ||z, — x| = 0.

Let D be a subset of C and let IT be a mapping of C into D. Then [T is said to be sunny if
I'[[H(x) + t(x - H(x))] = I1(x),

whenever IT(x) + t(x— I1(x)) € C forx € C and ¢ > 0. A mapping I7 of C into itself is called
aretraction if T2 = IT.1fa mapping I7 of C into itself is a retraction, then I1(z) = z for every
z € R(IT), where R(IT) is the range of I1. A subset D of C is called a sunny nonexpansive
retract of C if there exists a sunny nonexpansive retraction from C onto D. The following

lemma concerns the sunny nonexpansive retraction.

Lemma 2.4 [33] Let C be a nonempty closed convex subset of a real smooth Banach
space X. Let D be a nonempty subset of C. Let IT be a retraction of C onto D. Then the
following are equivalent:
(i) I is sunny and nonexpansive;
(i) 117G = T2 < (x =3, J(T(@®) - TG))), ¥,y € C;
(iil) (x—M(x),J(y—I(x) <0,VxeC,yeD.

It is well known that if X = H, a Hilbert space, then a sunny nonexpansive retraction
I¢ is coincident with the metric projection from X onto C; that is, [1T¢ = Pc. If C is a
nonempty closed convex subset of a strictly convex and uniformly smooth Banach space
X and if T : C — C is a nonexpansive mapping with the fixed point set Fix(T) # ¢, then

the set Fix(T') is a sunny nonexpansive retract of C.

Lemma 2.5 (see [32]) Given a number r > 0, a real Banach space X is uniformly con-
vex if and only if there exists a continuous strictly increasing function g : [0,00) — [0, 00),
2(0) =0, such that
2
|22+ @ =2y < Allel® + (L= W)yl = 2= g (llx - y1)

forall » €[0,1] and x,y € X such that ||x|| <rand |y|| <r.


http://www.journalofinequalitiesandapplications.com/content/2013/1/334

Ceng et al. Journal of Inequalities and Applications 2013, 2013:334 Page 8 of 44
http://www.journalofinequalitiesandapplications.com/content/2013/1/334

Lemma 2.6 (see [37]) Let C be a nonempty closed convex subset of a Banach space X. Let
S0,S1,... be a sequence of mappings of C into itself. Suppose that y .-, sup{||S,x — Sy_1%| :
x € C} < 0o. Then, for each y € C, {S,y} converges strongly to some point of C. More-
over, let S be a mapping of C into itself defined by Sy = lim,,_, S,y for all y € C. Then
lim,,—, o sup{||Sx — S,x|| : x € C} = 0.

Let C be a nonempty closed convex subset of a Banach space X, andlet T:C — Cbe a
nonexpansive mapping with Fix(T) # (. As previously, let Z¢ be the set of all contractions
on C. For t € (0,1) and f € &, let x, € C be the unique fixed point of the contraction
x> tf(x) + (1 - t)Tx on C; that is,

xp = tf (x) + (1 = £) Txy.

Lemma 2.7 (see [41]) Let X be a reflexive and strictly convex Banach space with a uni-
formly Gateaux differentiable norm. Let C be a nonempty closed convex subset of X, let
T : C — C be a nonexpansive mapping with Fix(T) # 0, and f € Ec. Then the net {x,} de-
fined by x; = tf (x;) + (1 —t) Tx, converges strongly to a point in Fix(T). If we define a mapping
Q: Ec — Fix(T) by Q(f) := s — limy_, o %, Vf € E¢, then Q(f) solves the VIP

((1 _f)Q(f)’](Q(f) —P)> S 01 Vf € EC,P € FIX(T)

Lemma 2.8 (see [38]) Let C be a nonempty closed convex subset of a strictly convex Ba-
nach space X. Let {T,}52, be a sequence of nonexpansive mappings on C. Suppose that
Moo Fix(T,) is nonempty. Let {1} be a sequence of positive numbers with Y oo Ay, = 1.
Then a mapping S on C defined by Sx =Y - Ty for x € C is well defined, nonexpan-
sive and Fix(S) = (-, Fix(T,,) holds.

Lemma 2.9 Let C be a nonempty closed convex subset of a smooth Banach space X and
let the mapping B; : C — X be X;-strictly pseudocontractive and o;-strongly accretive with

a; + A; > 1fori=1,2. Then, for u; € (0,1], we have

1—0(,‘

1
(I = piBi)x — (I — wiBy)y| < { +(1- m)(l + ;) } lx—yl, VxyeC,

4

fori=1,2. In particular, if 1 — %(1 - ‘/11—‘;"') < w; <1, then I — y;B; is nonexpansive for
i=1,2.

Proof Taking into account the X;-strictly pseudocontractivity of B;, we derive for every
x,y€e€C

|| (= Bx = (I - By < ((I - B)x — (I - By, J(x - y))

< [~ Bx—~ - By| lx -,
which implies that

| Bax— - By = .

i
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Hence,
1
1Bix = Biyll < | (1 = B)x— (I = Biy| + s =yl = {1+ = )& =yl.
l
Utilizing the o;-strong accretivity and A;-strict pseudocontractivity of B;, we get
2
M| =Bx—(I-Byy|” < llx—ylI* = (Bix = Biy, J(x = 3)) < 1 — o)) llx =y

So, we have

[~ Box— =By = |55 X el

Therefore, for u; € (0,1] we have

1T = iBi)x — (I — wiBy)y| < | (- Bi)x — (I = By)y| + A - wa)|Bix — Byl

1-—q; 1
< x,»al e —yll + (1 —m)(l " A—j)nx—yn
1—q; 1
i D)o

Since 1 - %(1 - %) < u; <1, it follows immediately that
1- o; 1
+1-pu)l+—) =<1
— m)( Ai) <
This implies that / — u;B; is nonexpansive for i = 1,2. g

Lemma 2.10 Let C be a nonempty closed convex subset of a smooth Banach space X. Let
I¢ be a sunny nonexpansive retraction from X onto C, and let the mapping B; : C — X
be A;-strictly pseudocontractive and w;-strongly accretive with o; + A; > 1 for i =1,2. Let
G: C — C be a mapping defined by

G(x) = HC[HC(x — UaBox) — piBilTc(x — Mszx)], Vx e C.

If1- 1if\v(1 - /%) <u; <1, then G:C — C is nonexpansive.

Proof According to Lemma 2.9, we know that I — u;B; is nonexpansive for i = 1,2. Hence,

for all x,y € C, we have

1G&) = GW)|| = || c[Mcx - 12Bax) = 11 BT (x — paBax)]
= Hc[Mc(y - paBay) — B IIc(y - naBay)] |

= | Tc( = paB) T (I = j12Bo)x — eI = iuB) (I - paBa)y |
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< ||t = B I — paBy)x — (I — B (I — paBy)y |
< | Ac = n2Bo)x = Ml = 12By)y|
< || = u2Bo)x — (I - p2Ba)y|

< lx-yll.
This shows that G : C — C is nonexpansive. This completes the proof. g

Lemma 2.11 Let C be a nonempty closed convex subset of a smooth Banach space X. Let
I¢ be a sunny nonexpansive retraction from X onto C, and let the mapping B; : C — X
be A;-strictly pseudocontractive and o;-strongly accretive for i = 1,2. For given x*,y* € C,
(x*,y*) is a solution of GSVI (1.4) if and only if x* = [c(y* — u1Bry*), where y* = Ic(x* —
H2Byx®).

Proof We can rewrite GSVI (1.4) as

(" = (v — wBy*),J(x —x*)) =0, VxeC,
(y* = (x* — poBox™),J(x —y*)) =0, VxeC(C,

which is obviously equivalent to

x* = Hc(y* — uiBry*),
y* = Hc(x* — uaBox™®),

because of Lemma 2.4. This completes the proof. d
Remark 2.1 By Lemma 2.11, we observe that

" = Hc[Me(x" - paBax™) — iuBullc (x* = 12Bax™) ],
which implies that x* is a fixed point of the mapping G = I1c(I — w1 B1)[c(I — 12By).

3 Two-step implicit iterative algorithm
In this section, we introduce our two-step implicit iterative algorithm and show the strong
convergence of the purposed algorithm.

Theorem 3.1 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X which has a uniformly Gateaux differentiable norm. Let I1c be a sunny nonexpan-
sive retraction from X onto C. Let the mapping B; : C — X be A;-strictly pseudocontractive
and o;-strongly accretive with o; + A; > 1 for i =1,2. Let f : C — C be a contraction with
coefficient p € (0,1). Let {S,}32, be an infinite family of nonexpansive mappings of C into
itself such that F = (5 Fix(S;) N 2 # 0}, where 2 is the fixed point set of the mapping
G =TI1c(I — pB1)Ic(I — uyBy). For arbitrarily given xo € C, let {x,,} be the sequence gener-
ated by

Yn = ar(f(xn) + (1 - an)G(xn);

Xn+1 = BnXn + VnYn t 0nSn+1%Xn+1, Yn >0,

(3.1)
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Ai

T a- /1;—7") <u; <1fori=1,2.Suppose that {a,}, {Bu}, {yn} and {8,} are the
sequences in (0,1) satisfying the following conditions:

where 1 —

(i) limy—ooay =0andy . o, = 00;

(if) Bu+¥Yu+8,=1,Yn>0, and liminf,_, . 8, > 0;

(iii) 0 <liminf,— o B, <limsup,_, (Bx +8,) < 1;

(V) 300 152, — 2kl < o0 orlimy o ol 725 — 251 = 0;

V) Yooy lay = otye1| < 00 or limy, s o0 1 /0ty = 1;

(vi) Z:.il |B1 = Bu-1l < 00 or limy, 00 1By = Buil/ot, = 0.
Assume thaty_ .2, sup..p |S:x — Sy_1x|| < 00 for any bounded subset D of C, and let S be a
mapping of C into itself defined by Sx = lim,,_, o Syx for all x € C, and suppose that Fix(S) =

Moy Fix(Sy). Then {x,} converges strongly to q € F, which solves the following VIP:

{a—f(@.](q-p)) <0, VpeF. (3.2)

Proof Takeafixed p € F arbitrarily. Then by Lemma 2.11 we know that p = G(p). Moreover,
by Lemma 2.10 we have

19 =PIl = || (f () = p) + (0 = 00) (G(x) - p) |
<a,|[f@) —f@] + e |f @) - p| + (1 - )| Gxa) - p|
< @upllxn = pll + o [f @) - || + (1= @) %, - pll
= (1- 2,1 - p)) %, = pll + | (p) - || (33)

From (3.3) we obtain

l%ns1 = pll = ”ﬁn(xn =)+ Vu(u —p) + 8,(Spi1%n41 — p) ”

< Bullxn = pll + Yullyn — pll + dullns1 — o,

which together with (3.3) implies that

1
”xn+1 —P|| = ﬁ +y [lgn”xn —P|| + Vn”yn —P||]

1

< {Bulln =PIl + yu[ (1 = (1 = p)) 1% — pll + || (2) - || ]}
1

=5 {(Bi + ¥Yn = uyu = 0)) %0 = Il + uya|[f @) - P}

B aya(l-p) _ Un¥n _

_(1_ B+ Vi )”x" p”+/3n+yan(p) 7l

_ <1_ anyn(l—p))”x ol anyad-p) |If(p)-pll

- Bu + Vn n=b Bu + Vu 1-p

Ilf(P)—PII}
1-p ’

< maX{llxo -pl,

which implies that {x,} is bounded. By Lemma 2.10 we know from (3.3) that {G(x,)} and
{y.} both are bounded.
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Let us show that ||x,4,1 —x,|| = 0 and ||x,, — y,|| — 0 as n — co. As a matter of fact, from
(3.1) we have

Yn—Yn-1=0y (f(xn) —f(xn—l)) + (o — 1) (f(xn—l) - G(xn—l)) +(1—ay) (G(xn) - G(xn—l))~
It follows that

190 = Y|l < @ |[f ) = fGonn) | + It = @t |[f (®nr) = o) |
+(1- ) | Gxn) = Gxpa) |
< 0upll%n = Fnoa || + lotn — ety | |[f (n1) — Gxa) |
+ (1= o) ln — %1l

= (1 -(1- P)Oln) %0 — %p-1ll + |t — ety Hf(xn—l) - G(xy1) ” . (3.4)

Taking into consideration that 0 < liminf, 8, < limsup,_ (B, + 8,) < 1 and
liminf,, o ¥ =1 - limsup,,_, ..(B, + 6,) > 0, we may assume that {8,} C [¢,d] and y, C
[¢,1) for some ¢,d € (0,1). First, we write x, = B,_1%,_1 + (1 — Bu_1)Vu_1, Y > 1, where
V1 = x”‘f‘;}% It follows that for all # > 1,

Xn+l — ,ann Xy — ,Bn—lxn—l
Vi —Vp1= -
1- ﬁn 1- ﬂn—l
_ VnYn + 0nSni1%n41 _ Vn-1Yn-1 *+ 81-18n%n
1- :Bn 1- ,Bn—l
Vn (yn — Vn- 1 +6 (Sn+1xn+l Snxn)
1- :3;4

Vn Yn-1 671 8}1—1
D S Ve - Sy 35
(1 Ba 1—ﬂn_1>y” 1+<1—ﬁn 1—ﬁn_1> o (35)

This together with (3.4) implies that

”Vn - Vn—l”

”yn(yn —Yn- 1 +5 (Sn+1xn+1 nxn)” VYn Vn-1
+ - Y1l

1—,3,, l—ﬂn 1_:Bn—l

O 8-
’ [l S

+
l_ﬂn 1 ﬂnl

< yn”yn _yn—IH + 871(”Sn+lxn+1 - Sn+1xn” + ||Sn+1xn - Snxn”)

- 1- ﬂrz
.\ ’ B = W M Vn Vot |ig o
1- :Bn 1- ﬂn—l " ﬁ 1 - ﬂn—l o
= Va1l + 8ullXns1 — % Sn
< VullYn = Yn-1ll i ll%ne1 all + 1Spe1%n — St
1- /371 1- ,Bn

+ p—
l_ﬁn 1_,3;1—1
< Vn
Yn +0n

‘ n Vel ‘(||yn_1||+||snxn||)

[(]- -(1- p)an) %0 = %1l + lotn — ety Hf(xn—l) - G(x4-1) H]
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n Sn
+ Vi + O %41 = %ull + m”S}Hlxn = S|
Vn Vn-1
+ - 2l + I1Sex
l_ﬂn l_ﬂn—l (“yn 1” ” n n”)
v 1%
= . (1 - (1 - p)an) lloen — %1 Il + “ lot,, — | M
Vit 8n Yn + 6
" n Vn Vn-1
KXyl — Xl + Sni1%n — Spxull + - M, 3.6
Vu + (Sn ” n+l n” Voo + 8;«1 ” n+1tn n n” 1- ﬁn 1— ﬁn71 ( )

where sup,, o {Ilf (x,) — Gx) I} =M and sup,_; {[[ys-1ll + |Suxx ||} < M for some M > 0.
Now we observe that

Kpe1 = % = (Br = Br1) X — Vi) + Buo1 (6 — %521) + (1= Bu1) (Vi — Vi),

81'1 _ Yn t ﬁn—lan

1-(1-8,-
=Fs 1)yn+5n Vo + S
and
Vn
Bu1+ (1= Bu1) (1—(1—/0)Oln)
Y + On
Vn O Yn
=B 1-6,_ 1-(1- "
A 1(Vn+5n+7/n+8n)+( g l)yn+8n( ( p)a)
ﬂn—lsn Vn
i o1+ (1= Bu-1)(1—- (1 - p)ay,
Vn+5n+yn+8n[‘B 1+ (1= Bu)(1- 1= p)ay)]
ﬂn—lfsn VYn
= 1-(1-p8,-1)A -
)/n+8n+yn+8n[ (1= Bua)( P)Oln]
w + Bu-16n Onn
S0 (1B p)
Yn + 8 Vn + 8

Hence from (3.6) it follows that

%241 = Xl
< 1B = Bu-1llln = vull + Bu-1llown — X1l + (1- /Sn—l)”Vn — Vpa|l

=< |ﬂn - ,Bn—ll ”xn - Vn” + ﬁnflnxn - xn—l”

VY Y
+(1- ,Bn—l){ - (1 -(1- p)an) lcn = %1l + . oty — otpq | M
Vi + On Vi + 8n
n (Sn Vn Vn-1
+ Xpe1 — X || + ——— 1Snr1%n — Suxnll + - M
Vi +8n ” n+l n” Vi +8n ” n+1n n n” l—ﬁy, l—ﬁn_l
Vn
<|1Bu— Bua|Mi + |:ﬁn—1 + (1= Bu1) (1-a- P)Oln):| ll% — %l
Yn + 8
Sn
+ oy — | My + (1= By1) %01 = %l + | Sns1%n — Sn
Yn + 8
‘ Vn Vn-1
+ - 1
1- ﬁn 1- /371—1
Vn+ B8 any,
= ["7"1" -(1=pu)- p)&} 126 = %1
Ynt8u Yu + 6n
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1)
+(1-Bu1) - 141 — %l
Vo + Oy
Vi Vn-
+ M (|0ln = 1| + 1B — Bu-al + 1 —VjBn - 1 _nﬁi_l ) + 1Sn1%0 = Sl

where sup, . o{M + ||x,, — v,||} < M, for some M, > 0. Therefore, we get

%41 = Xl

Cy¥Vn

= [1 -(1-B)d- P)m

i| ”xn —Xn-1 ”

Vi +

+ Vn VYn-1
Yn + Bu-18n

1- B, 1-fu

)

|:M1<|0ln - an—1| + |/3n - ﬂn—1| + '
+ [|Sp1%0 — Snxn”]

oy
1-c-d)(1=-p)———— |[|1%y — %
5[ c( ) p)yn+ﬂn_15n]llx X1l

1
+ e —
Yn + Bu-18n

Vn Yn-1

1_/371 1_ﬁn—1

)

|:M1<|0ln - an—l| + |/3n - ﬂn—1| +
+ [|Sp1%0 — Snxn”]

oy
= |:1 —-c(1-d)1- p)m} llocn — %1l

1
Vn t+ ,Bn—lgn . C(l - d)

+c(1-d)1-)p) 1= [M1<|Oln—an—1| +Bn = Bu-1l

Vn _ Vn-1
1- ﬁn 1- ,Bn—l

) + [|Sps1%5 _Snxn||i|-

d
Utilizing Lemma 2.1, from conditions (i), (iv)-(vi) and the assumption on {S,}, we deduce
that
lim ||%,.1 — 4] = 0. (3.7)
n—00

Also, we note that for p € F,

(V7% —19||2 = Han (f(xn) —19) +(1- a,,)(G(x,,) - G(p)) ”2
< (1= @) (Gx) = G®) || + 20alf (x) = 2, T 5 — P))
< lltn = pII* + 20, | f () = |17 — Pl (3.8)

Since {x,} and {y,} both are bounded, by Lemma 2.5 there exists a continuous strictly

increasing function g : [0, 00) — [0, 00), g(0) = 0 such that

2
l%441 = Pl

2

n 8}’[
= H (Bn + 8;«1)('3”’3_'_ 5, (% _P) + B, +9, (Sna1%ne1 _P)> + Vn(yn —17)
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Bn 8 ? 2
=< n 571 Y o Wn T o o Sn n+l — nll/n —
< (B +3n) ﬁn+8n(x p)+/3n+8n( 1% = D)+ Vaullyn = pll

B 1)
<(Bn+ Sn)liﬂn—:&’l”xn —P||2 + B, :5;4 1Sr1%041 — Pl

Bnd
= G, 1 a7 = Swarmnal) | + ally = I

B
< Bullxn = pI* + 8ullx1 — pII* - ﬂT’;g(nxn = St ll) + Vallyn - pII?

Bnn

< Bullxn —P||2 + 8 ll%n41 —P||2 - B, +0 g(”xn - Sn+1xn+1||)
n n

+ V1% = PI? + 20, || () = P 11y — pII]

B8
= (Bu + )% — Pl + 8ullxns1 — pII* — 3 ”+ g g(l1%5 = Syl

+ 206, [ f ) = p |13 - 1,
which immediately yields

ﬁnsng(”xn - Sn+1xn+1 ”)

I’IS}’I
= ﬁlf+ ang(”xn _Sn+1xn+1||)
< B+ V) (160 = PI* = a1 = PI?) + 200 | f ) = p|| I — P

= (”xn =Pl + 1% _p”)”xn —xpi1l + 20, Hf(xn) —P” Iy - pll.

Since a, — 0, |%4y41 — %4|| = 0, liminf, . B, > 0 and liminf, .3, > 0, we get

hmn%oog(”xn - Sn+1xn+l||) =0 and hence

lim ”xn - Sn+1xn+1|| =0. (39)
n—0Q
In the meantime, according to condition (iii), we have
liminfy, =liminf(1 - 8, - §,) =1 - limsup(B, + §,) > 0.
n— 00 n—00 =00
Thus, from (3.7) and (3.9) it follows that
Vn”yn —Xn ” = ” (xn+1 - xn) - 8n(Sn+lxn+1 - xn) ”
< 1 = Xull + 8ullSns1%ne1 —xull — 0 as m — oo.
That is,
(3.10)

lim ||y, — x4 = 0.
n—00
This together with (3.1) leads to

(1- an)“ G(xu) — xu ” = ” n = %) — oty (f(xn) _xn) ”

= “yn_xn” +Oln“f(xn)_xn|| — 0 asn— oo.
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That is,
lim ||x, — G(x,)| = 0. (3.11)
n— o0

On the other hand, we observe that

Yn — G(xn) =0y (f(xn) - G(xn));
which together with «;, — 0 implies that

lim |y, - G(x,)| = 0. (3.12)

n—00

We note that

”SnG(xn) - G(xy) ”
= ||SnG(xn) = Sur1%na1 ” + 1Sus1%n1 — Xnll + Hxn - G(xn)H
= ”SnG(xn) = SnXns1 ” + 1Su%ns1 = Spar®naa | + 1Su1%ni — x|l + ”xn - G(xn)“
= || G(xn) —Xn+l || + ”Snxnﬂ - Sn+1xn+1|| + ||Sn+1xr1+1 - xn” + Hxn - G(xn)”
= || G(xn) —Xn || + ”xn _xn+1|| + ||Snxn+l - Sn+1xn+1” + ||Sn+1xn+1 _xn”
+ [Jon = G|
= 2” G(xn) — %y ” + 1 = Xl + (1Suxns1 = Surr®nan | + 1 Sps1%e1 — X l-
From (3.7), (3.9), (3.11) and the assumption on {S,}, we obtain that
lim || S,G(x,) — G(x,) | = 0. (3.13)

By (3.13) and Lemma 2.6, we have

”SG(X,,) - G(xn)H = ”SG(X,,) - SnG(xn)” + ”SnG(xn) - G(xn)”

—0 asun— oo. (3.14)
In terms of (3.11) and (3.14), we have

[l — S|l < ”xn - G(xn)H + ”G(xn) - SG(xn)H + ”SG(xn) — Sx, H
<2|n — Gxn) | + | G(xn) — SG (o) |
—0 asun— oo. (3.15)
Define a mapping Wx = (1-6)Sx+0 G(x), where G is defined by (1.7), 0 € (0,1) is a constant.
Then by Lemma 2.8 we have that Fix(W) = Fix(S) N Fix(G) = F. We observe that
[l — Wyl = ” (1 - 0)(xn — Sx) + e(xn - G(xn)) “

< (1= 0)ll%y = Sxull +6 |0 — Glx) .-
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From (3.11) and (3.15), we obtain
lim ||x, — Wx,| =0.
n— o0
Now, we claim that

lim sup(f(q) —q,](x, — q)> <0,

n—0o0

where g = s — lim;_, ¢ x; with x; being the fixed point of the contraction
x> tf(x) + (1 —£) Wa.

Then x; solves the fixed point equation x; = #f(x;) + (1 — £) Wx;. Thus we have
ll: — %1l = ” (1 - )(Wa, — x) + t(f(xt) _xn) ”

By Lemma 2.2 we conclude that

Nl — 1
= [ = (Wi, —x,) + £(f (%) - x) |
< (1= ) Waxe — 1 + 28{f (1) = %, ] (3 — %))
< (1= 0 (1l Wat, — Waty |+ [| Wit — ll)” + 26f (x2) — 0, ] (e — %,))
< (U= £ (e = |+ 1 Wat = 2 1)” + 26F (x2) — 2 T (5 — )
= (1= &)l = 21 + 216 = 6| | Wity = 5| + | Wt — 2,]1%]
+ 20{f (%) — %0, ] (% — %)) + 2630 — 0, (% — %))

= (1=26+ ) 1o — ull® + £u(8) + 26 () — 200, (3¢ — %)) + 28 |0 — 017,
where
Ja(®) = (1~ t)2(2”xt =%l + 1%, — Wxn”)”xn - Wx,ll >0 asn— oo.

It follows from (3.18) that

oee = f () Jor — 260)) < = lloey — 201 + lfn(t).
21

Y

Letting n — oo in (3.20) and noticing (3.19), we derive

limsup(w; — f (%), ] (v — %)) < = Mo,

n—00

N |~

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

where M, > 0 is a constant such that |x; — x,||* < M, for all £ € (0,1) and # > 0. Taking

t — 0in (3.21), we have

lim sup lim sup(xt — f ), J (s — x,,)> <0.

t—0 n—00

(3.22)
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On the other hand, we have

(f(@-a)xn—q)
=(f(q)—q,](xn—q))—(f(q)— (0 —x0)) +f (@) — q,] (% — %1))
—{f(q) = %0, (en — x0)) + (f (q) — %0, (260 — ) — (f (1) = %0, (% — %2))
() = 20, — 2)
={f(@) — 4T @n — @) = T (0 — %)) + (e — @, (60 — )
+{f(q) = f () T (oen — x2)) + (f (%) — %2, T (% — ).

It follows that

lim sup(f (¢) — ¢,J (x — q))

n—00

< lim sup{f(q) —q, ] (xn—q) = J (%, — xt))

+ [l — gl limsup [lx, — x| + pllg — x; || lim sup [|lx, — x|
n— 00 n—o0

+lim sup(f(xt) — %, J (%, — x:))-

n—00

Taking into account that x, — g as ¢ — 0, we have from (3.22)

lim sup(f (@) —q,](xy q)) = hm sup lim sup(f q,](x, — q))

n—0oQ n—0o0

<limsuplimsup(f(q) — q,] (xn — @) = J (%n — x¢)).

t—0 n—00

Since X has a uniformly Géteaux differentiable norm, the duality mapping J is norm-to-
weak* uniformly continuous on bounded subsets of X. Consequently, the two limits are
interchangeable and hence (3.17) holds. From (3.10) we get (y, —¢) — (¥, —¢q) — 0. Noticing
that / is norm-to-weak* uniformly continuous on bounded subsets of X, we deduce from

(3.17) that

limsup(f(q) - 4,] y» — q)) = limsup(f (q) - 4,] (. — q))

n—00 n—00

<O0.
Finally, let us show that x, — g as n — 00. We observe that

llyn —ql®
= an(f(xn) - 6]:]()@1 - q)) + (1 - an)<G(xn) - q,/(Yn - 61))

= aulf (en) = [ (@] 00 — D)) + aulf (@) — 4Ty — @) + A = 0)(G(xn) — 4, ] Y — @)
<aupln —qllllyn —qll + A= )| Gn) = | lyn — qll + ctulf (@) — q.T (yu -

< @upllxn = qllllyn = gl + A = )l = qlllly — qll + 2lf (q) — 4, ] (v
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[1-0u( = p)]I1%n = qll Iy — qll + @ulf (@) — @] (v — @)

1 oy, 1- 0 J —

< #(”xn q”Z ||yn — q”2) aﬂ(f(q) q, (.)/n q))
l-a,1-p 1 —-q,](y, —

< a—)”x" —q||2 + —2 llyn = q||2 + an(f(q) q, (yn q)>’

which implies that

1y = qll* < [1 = (1= p)] 12 — g1 + @u (1= p) T—»

Also, by the convexity of || - ||> and (3.1), we get
%001 = q11* < Balln = g% + Vullyn = Il + 8ullxs — q11%,

which together with (3.24) leads to

2 ,Bn _ 2 Vn _ 2
In1 — qll” < B+ 7 e — g™ + B+ 7n ly. —qll
B 2 Vn _ _ )
< e %, —qll” + Brt |:(1 a,(1-p))llx. -4l
2 -q,](y, —
vyl p) {f(q) lq U q))]
- P
_ an)’n(l_p) 2
= [1 T B ]llxn qll
L en¥l=p) 2((9) ~4,)(n = 9)
Bu+ Vn 1-p ’

2(f(q)—q,/(yn—q)>'

(3.24)

(3.25)

Applying Lemma 2.1 to (3.25), we obtain that x, — g as n — oo. This completes the

proof.

O

Corollary 3.1 Let C be a nonempty closed convex subset of a uniformly convex Banach

space X which has a uniformly Gdteaux differentiable norm. Let I1¢ be a sunny nonexpan-

sive retraction from X onto C. Let the mapping B; : C — X be A;-strictly pseudocontrac-

tive and a;-strongly accretive with a; + A; > 1 for i =1,2. Let f : C — C be a contraction

with coefficient p € (0,1). Let S be a nonexpansive mapping of C into itself such that F =
Fix(S)N 2 # B, where S2 is the fixed point set of the mapping G = I1c(I — u1By) [Tc(I - 12 By).

For arbitrarily given xo € C, let {x,} be the sequence generated by

I = ttnf () + (1 = ) G(x),
K41 = By + YnYn + 0nSxps1, VYm=>0,

Ai
1+A;

sequences in (0,1) satisfying the following conditions:

where 1 —

(i) limy—ooay =0andy .. o, =00;
(i) By+yYn+68,=1,Vn>0,andliminf,_ ., > 0;
(iii) 0 <liminf,— s By <limsup,_, (Bx +34) < 1;

a-./ 1;—‘:") < u; <1 fori=1,2. Suppose that {a,}, {B.}, {vn} and {8,} are the
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. ) _ . 1 _
(iv) >0, |1fgn - 11/;5,11,1 | < 00 or lim,_ o thﬁ - li’;’j—nm =0;
) Z:i1 oty — oty_1| < 00 or limy,, 00 001 /0ty = 15

(vi) Z:il [Byn — Bu-1l < 00 or limy,_, o | By — Bu-1l/0t, = 0.
Then {x,} converges strongly to q € F, which solves the following VIP:

{a-f(@,)(g-p)) <0, VpeF.

4 Three-step implicit iterative algorithm
In this section, we introduce our three-step implicit iterative algorithm and show strong
convergence of the purposed algorithm.

Theorem 4.1 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X which has a uniformly Gdteaux differentiable norm. Let I1¢ be a sunny nonexpan-
sive retraction from X onto C. Let the mapping B; : C — X be A;-strictly pseudocontractive
and a;-strongly accretive with o; + A; > 1 for i =1,2. Let f : C — C be a contraction with
coefficient p € (0,1). Let {S,}52, be an infinite family of nonexpansive mappings of C into
itself such that F = (\;5; Fix(S;) N §2 # ¥, where $2 is the fixed point set of the mapping
G =TIc(I — pB1)c(I — uyBy). For arbitrarily given xo € C, let {x,,} be the sequence gener-
ated by

Zn = JnG(xn) + (1 - Un)SnG(xn):
In = aJ(xn) + (1 - o)z, (4.1)
Xn+l = ﬁnxn t Yuyn t (SnSn+1G(xn+1)’ Vn >0,

where 1 — 1&, a- \/g‘:") < u; <1fori=1,2. Suppose that {o,}, {o,}, {Bu}, {vu} and {5,}
are the sequences in (0,1) satisfying the following conditions:
(i) 0<liminf,_, 0, <limsup,_, 0, <1;
(i) lim,— ooty =0 and Y - o, = 00;
(iii) By + Yn + 6, =1,Vn >0, and liminf,_, &, > 0;
(iv) 0 <liminf,_, o By <limsup,_, (B +&x) <1;
W) X |, - 2kl < o0 orlimy oo ool 25 — 251 = 0;
Vi) Y02 |ty — 1| < 00 or limy,s oo 1 /0ty = 15
(Vil) 350 1B = ot < 00 08 limy o By = Bl tn = 0
(viil) Y021 |0y — 01| < 00 or limy,—s 6 |0 — 01 |/cty = 0.
Assume thaty_ .o, sup,.p |Syx — Sy_1x|| < 00 for any bounded subset D of C, and let S be a
mapping of C into itself defined by Sx = lim,,_, o S, for all x € C and suppose that Fix(S) =

Moy Fix(Sy). Then {x,} converges strongly to q € F, which solves the following VIP:

(a-f(@).J(g-p)) <0, VpeF. 4.2)

Proof Take a fixed p € F arbitrarily. Then by Lemma 2.11 we know that p = G(p) and p =
Sup for all n > 1. Moreover, by Lemma 2.10 we have

llzw —pll = ||Gn (G(xn) —P) +(1- Un)(SnG(xn) —P) ”
=0n ” G(xn) _pH +(1- O',,,)HS,,G(JC,,) _p”
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=0y ” G(xn) —P” +(1- O'n)“ G(x,) _p”
= Gxn) - p|

<l - pll (4.3)

and

Iy = ol = |l (f (%) = p) + (1 = ) (20 — D)
< au|f ) =) + e |[f 0) - P + (1= @) |zu - Pl
< aupllay = pll + o [f(0) = p|| + (1= @)1, - pll
= (1-au(1 - p)) 1%, — pll + e[ (p) - p |- (4.4)

From (4.1) we obtain

1041 = pll = ”,Bn(xn =D)+Vuu—p) + 8 (Sn+1G(xn+1) —p) ”

=< Bullxn = pll + Yullyn = pll + 8ullxns1 = pll,

which together with (4.4) implies that

1
11 — pll < Bty [Ballxn =PIl + Vullyn — pll]

1

< {Bulln =PIl + yu[ (1= @u(1 = p)) lxn = pIl + 2 | f(0) - P||]}
1

= 5 LB v v —cuya=p)) Iz = pll + o ) — [}

_ Ot,,,)/,,,(l—p) _ Au¥n _

B (1_ B + Vi )”x" L w, @ -l

_ (1_ anyn(l—p))”x ol anyu(l—p) |If(p) - pl

- ﬁn"’)’n nmp ,Bn"'yn 1-p

Ilf(P)—PII}
1-p ’

< maX{llxo -pl,

which implies that {x,} is bounded. By Lemma 2.10 we know from (4.3) and (4.4) that {y,},
{z,}, {G(x,)} and {G(y,)} are bounded.
Let us show that ||x,,1 —x,|| — 0 and ||x, — y,|| — 0 as n — oco. As a matter of fact, from
(4.1) we have
Zyp —Zp-1 = Un(G(xn) - G(xn—l)) + (Gn - Un—l)(G(xn—l) - Sn—lG(xn—l))
+ (1 - an)(Sn G(xn) - Sn—l G(xn—l));

and

Y= Y1 = (f (%) = f (01)) + (@ — 1) (f (1) — 201)

+ (1 - o) 2y — 24-1)-
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It follows that

20 = Zn-1ll < 00| Gxn) = Glotn-1) || + 10w — 0ut || Gn-1) = Sp1Gld) |
+ (1= 0,) ] SnG(%n) = Su-1G(xa1) |
< 04| Glxn) = Gxn-1) | + 10w — 01| Gn-1) = Suo1 Glna) |
+ (1= 00)(]|SuG ) = S Gxn1)|| + || SuGn-1) — Su-1G 1) )
< 04| G&) = G(&net) | + |0 = Gt ||| Glnmt) = Spo1 Glotnn) |
+(L-00)(| Gxn) = Gtn-1) || + ||S4G(Xn-1) = Su-1Gn-1) |)
<||Gxn) = Gn-1) | + 10% = 0wt | GXn1) = Su-1 Glna) |
+ [[84G (1) = $u-1 Glan) |
< 6w = %t |l + 103 — 0 || G&nt) = Sp1 G(a) |

+ H Sn G(xn—l) - Sn—l G(xn—l) ” )
and

Iy = Yn-1 |l < ot |[f @) = Gon1) || + et — | |[f Bnt) = 2o |

+ (1= an)llzn = zpl

< upll%n = Fno1 || + letn = ot || (K1) = Zua |
+ (1= an)llzn — zpl

< 120 = %l + Lty = | [ f(@n1) = 2|
+ (L= an)[ 160 = Fn-1 ]l + 160 = 0t | GHn1) = Sue1 Glona) |
+ |2 G(&n1) = Su1Glxn) | ]

< (1=t = )1 = 2t | + 100 = 0| | Glatn1) = S5 Gl |

+ |oty — oty Hf(xn—l) —Zp1 ” + ”SnG(xn—l) — 811G (x4-1) ” . (4.5)

Taking into consideration that 0 < liminf, . B, < limsup,_ . (B, + 8,) < 1 and
liminf,_, o ¥, = 1 = limsup,_, .. (Bx + 8») > 0, we may assume that {8,} C [¢,d] and {y,} C
[¢,1) for some ¢,d € (0,1). Now, we write x, = B,_1x,.1 + (1 — Bu_1)Vu_1, Yn > 1, where
Vy1 = x”"fi;’s% It follows that for all n > 1,

Xn+l — :ann Xy — ,Bn—lxn—l
Vn—Vp-1= -
1- IBn 1- ﬂn—l
_ VYnYn + 81Sni1G(%ps1) _ VYn-1Yn-1 8,-18,G(x,,)
1- IBn 1- lsn—l
_ Vn(yn _yn—l) + 3n(Sn+1G(xn+l) - SnG(xn))
1- ﬁn

Vn Vn-1 Su 8yt
' (1 ~Bn 1-Pu >y”‘1 ' (1 —B, 1- ,3n1>S”G(x”)' (4.6)
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This together with (4.5) implies that

”Vn - Vn—l”
”yn(yn Yn- 1 n( n+1G(xn+1) _SnG(xn))” Vn Vn-1
+ - Y1l
l_ﬂn 1_,314 l_ﬂn—l
Sn
S$,G(x,

' ‘1—/8 - /3 ‘H (e
< yn”yn _yn—IH + 8n(||Sn+1G(xn+l) - SVH—IG(xn)” + ||Sn+lG(xn) - SnG(xn)”)
N 1- :371

‘ Yo _ Yl a1l + |3 Yol ‘HSHG(xn)H

+
1- :Bn 1- ,Bn—l :3 1 - ,Bn—l
Vn”yn _yn—IH + 8n||xn+1 _xn” + 8

IA

|Sn1G ) = SuG ) |

1- ﬂn 1- :3;4
Vn VYn-1
¥ ’1_,3” Topo ‘(Hyn_ln +[5.Gn))
EWT%KLWNfMMM—%ﬂHWWWMMQMJ—&AQMJH

+ |an - an—1| |Lf(xn—1) —Zp-1 || + ”SnG(xn—l) - Sn—lG(xn—l) “]

n 8}’1
+ %41 = Xull + ——— ||Sn+1G(xn) - SnG(xn)”
Yt 8n Yut8n
Vn Vn
+ 15, W‘(H%HHHS G(x)|)
< WV: 5[ = U= )y =l + [ = 0l
3n
+lay — ey M + ”SnG(xn—l) - Sn—lG(xn—l)”] + (15641 — %l
Yn + On
VYn-1
+ —rs 841G (%) = SuGlx) || + - ﬂn “Topo M, (4.7)

where Supnzo{"f(xn) =zl + 1G(x,) = S»G(x,) ||} < M and SUPn31{||yn—1|| +1Suxull} < M for
some M > 0.
Now we observe that

Xne1 —%n = (Br = Buo1) X — Vi) + Buo1 (% — %) + 1 = Br1) (W — V1),

) _10
1_(1_'3;1_1) n :Vn+/3n1n
Vn +8n Yn + 8

and

Bt + (L= Bu) ynyj 5 (1= p)e)
_ y}’l 6}1 y}’l
-ﬁn_l(yn+5n . VM”) =B (-0 pl)

_ ﬂrz—lfS
Y + 8y y,, + 5

[,Bn 1+ (1= B 1)( -(1- ,O)Oln)]
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ﬂn—lan VYn
=+ —1-1-8,1)1 -
Yo+ 5, + Yt Sn[ (1= Bua)( P)Oln]
Vn + Bu-18n ®nYn
= P (1= B (1= p) :
yn + 871 yn + 87[

Hence from (4.7) it follows that

141 — %
<|Bu = Buall%n = vl + Bu1ll®n — Kot | + (L = B IV — Viea |l

< 1B = Bu-1lllxn = vall + Bu-1llxn — %1l

Vn
+(1- ,Bnl){ [(1 —oy(1- /0)) 1o = %1l + |0 — 01 | M
Yn + 8
3n
+ oty — o |M + “SnG(xn—l) - Sn_lG(xn_l)”] + N (19541 — % |
5" n —
S0 G ) = S, Glon) || + | o — P21
yn+8n l_ﬂn l_lgn—l
Vn
< I1Bu— Bu-1lM1 + |:ﬁn—1 +(1 - By-1) n s (1 -(1- p)o{n):| %, = % |

+ oy — oyl Mi + |y — oty | M + “SnG(xn—l) = 8n1G(x4-1) ”

871 Vn VYn-1
1- n-1) " & IIMWn+l —%n Sn+Gn_SnGn -
+(1-8 1)yn+5n||x 1= %ull + || Sus1 G ) (@) || + Tog " Togo M
Vn + Bn-10n Cy¥Vn
= | - (- B - p) 6 = 51
yn+8n y}’l+3n
O
+ (1= Buct) = %1 — %l
Yn + 8n
Vn Vn-1

+M1<|(7n _Un—1| + |05n _an—1| + |/3n _,Bn—1| + ‘

)

1-8, 1-Bu
+ “Sn G(xn—l) - Sn—lG(xn—l) || + ||Sn+1G(xn) - SnG(xn)

’

where sup,.o{M + ||x,, — v,||} < M; for some M, > 0. Therefore, we get

141 — %

oY, Vn+6
=< [1 - (1 - ﬁn—l)(l - IO)L} ”xn _xn—IH + — |:M1 (|an —Op-1
Yn + Bu-16n Vn + Bu-18n

Vn VYn-1 )

1-B, 1-Bus
+ “Sn G(xn—l) - Sn—lG(xn—l) || + ||Sn+1G(xn) - SnG(xn) ||i|

+ oy = o] + | By = Bl +

=< [l_c(l_d)(l_p) ]”xn_xn—ln

ay
Yn + Bu-18n
1

+ Vn VYn-1
Vnt ,3;4—18;1

l_ﬂn_l_ﬁnfl

|:M1<|Oln = 1| + 1By — Bual + ’

)
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+ 1S40 — S ||]

oy
=|: —c(l-d)1- P)W}”xn—xnl”

1 1
+ C(l - d)(l - :O) Vn + /3,,,_18,, ) C(l _ d)(l — p) I:M1<|Un - Un—ll + |an —Qp
+ 1By = Bual + 1 ,3 li/ni};,l > + ”SnG(xn—l) _Sn—lG(xn—l)”

+ ||Sn+1G(xn) - $,G (%) ||i|

a,
<|1-cQ-d)1-p)—————|ll%n — %
<[1-c-a-p) i

1

+ Vn _ VYn-1
Vn + Bu-18n

1_,Bn l_ﬂn—l

)

|:M1<|an = 1| + 1By — Byl +

+ ||Sn+1xn - Snxn ||:| .

Utilizing Lemma 2.1, from conditions (ii), (v)-(viii) and the assumption on {S,}, we deduce
that

lim %41 — %4 = 0. (4.8)
n—00

Also, taking into account the boundedness of {G(x,)} and {S,G(x,)}, by Lemma 2.5 there

exists a continuous strictly increasing function g : [0, 00) — [0, 00), g1(0) = 0 such that for

pPEF,
llzn = pI>
= |0(Gx) = p) + (1 = 3,)(SuG(x) - ) |*
<oy “ G(x,) —p||2 +(1- Gn)“SnG(xn) —[9“ -o,(1- a,,)gl(” Glx,) - SnG(xn)”)
< ol —pI* + A=) s = pI* = 041~ 0)a (| GLw) ~ 5, G ) |)
= % = pII* = 0u(1 = o)1 (|| Gxn) = SuG(x4)]),
and hence
17 -plP?

= Jan(F () = p) + A - @)z - p)|
= ” (1 —ay)(z, —P)” + 2an<f(xn) -0, JOn —17)>
<llzn = pI* + 20, ||[f %) = p|| Iy - P

< [l%n _P||2 —o,(1- Gn)g1(|| G(x,) — $,G(x) ”) +2a, “f(xn) _P” lyx —pll. (4.9)
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Since {x,} and {S, G(x,)} both are bounded, by Lemma 2.5 there exists a continuous strictly

increasing function g, : [0, 00) — [0, 00), g(0) = 0 such that

”xn+l —P||2
B 8 ?

= H (ﬂn + 8;’1)(’3" ‘:5;1 (xn —P) + ,Bn—‘:l(sn (Sn+1G(xn+l) —P)> + Vn(yn —P)

B 8 ’
< (Bu+dn) B, :5;1 (% —p) + IBn—_:Sn(SnHG(xVHI) —P) + Vullyn —P||2
< (Bu+8n) L B —P||2 + O ”SWHG(an) _P“
a B + 8y Bu +8u

ﬁnan
- ng(”xn - Sn+1G(xn+1) ||):| + yn”yn —P”Z
2 2 ,Bnan 2
5 ,Bn”xn —P” + 6n||xn+1 —P|| - ,B T 8 gZ(”xn _Sn+1G(xn+l)||) + )/n”yn —P”
Bndn

< Bull%w =PI + 8ulluss — plI* = 5 & ([[%n = Sn11G i) )
n

Bn +
+ V1% =PI = 04 (1 = 0,)g1 (| Gn) = S G (xn)||) + 20 | f () — p| 170 — PII]

= (Bu + Y% =PI + 8ullnsr — pII* = vuou(1 - 0.)g1 (|| Gx4) — S, G(x) )

Budn
Bn + 6

g2(||xn — Si1%n41 ”) + 200,y ”f(xn) _P” ly. —pl,
which immediately yields

YnOu(l = Gn)gl(” G(xn) = SuG(xn) ||) + ,ansngZ(”xn = Sus1G(xu41) ||)

Budn
B + 8,

= (ﬁn + Vn)(”xn —P||2 - ”xn+l —P||2) + 20‘71 Hf(xn) —PH ”yn —P||

< Ynou(l- Gn)g1(|| G(x,) — Sy G(x) ”) + g(”xn = Sni1%ni1 ”)

< (%0 =PIl + %001 =PI 196 = X l] + 20 | £ (6) = | 1y = I
According to condition (iv), we have

liminfy, = liminf(1 - 8, — §,) = 1 — limsup(B, + 8,) > 0.

n—00 n— 00 H—> 00

Since o, — 0, ||[%,41 — %] = 0, liminf,_, » B, > 0 and liminf,_,, 8, > 0, we obtain from
condition (i) that

lim g ([ Gxa) = $,Gxn)[) =0 and  lim gy ([Jsn = Spe1Glxuar)|) = 0.
Utilizing the properties of g; and g,, we have

lim | G(x,) - S,Gx,)| =0 and  lim |x, — Su1Glxna) | = 0. (4.10)
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Thus, from (4.8) and (4.10) it follows that

yn”yn —Xn ” = || (xn+1 - xn) - (Sn (Sn+1G(xn+1) - xn) ||

< %1 = Xull + 85 ||Sn+1G(xn+l) —Xn ” — 0 asn— oo.
That is,
lim ||y, — %, = 0. (4.11)
n—00
Since it follows from (4.1) that
Y — G(x,) = (f(xn) - G(xn)) +(1-a,)1- Un)(SnG(xn) - G(xn)):
we conclude from (4.10) and «,, — O that

||yn - G(xn)” = ”an (f(xn) - G(xn)) + (1 - an)(l - Un)(SnG(xn) - G(xn)) ||
=ay Hf(xn) - G(xn)” +(1-a,)1~-0y,) ”SnG(xn) - G(x,) ”
=ay “f(xn) - G(xn)” + ”SnG(xn) - G(xn)”

—0 asun— oo.
That is,
lim ||y, — G(x,)| = 0. (4.12)
n— o0
This together with (4.11) leads to
lim | %, — G(x,)| = 0. (4.13)
By (4.10) and Lemma 2.6, we have

”SG(?C,,) - G(xn)H = ”SG(xn) - SnG(xn)” + ”SnG(xn) - G(xn)”

— 0 asun— oo. (4.14)
In terms of (4.13) and (4.14), we have

[l — Sx || < ”xn - G(xn)” + ”G(xn) - SG(xn)” + ”SG(xn) - Sxy, ”
= 2”xn - G(x,) ” + H G(x,) - SG(xn)”
—0 asun— o0. (4.15)
Define a mapping Wx = (1-6)Sx+0G(x), where G is defined by (1.7), 0 € (0,1) is a constant.
Then by Lemma 2.8 we have that Fix(W) = Fix(S) N Fix(G) = F. We observe that
%, — Wy || = H (1= 0)(xn — Sxp) + G(xn - G(xn)) ”

< (1= 0)llxy — Sxull +6 |20 — Glx) .
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From (4.13) and (4.15), we obtain
lim |x, — Wx,|| = 0. (4.16)
n—oQ

Utilizing the arguments similar to those of (3.17) in the proof of Theorem 3.1, we can

obtain

limsup(f(q) ~ .) (xx —9)) < 0, (4.17)

n—00

where g = s—lim,_, ¢ x; with x; being the fixed point of the contraction x — #f(x) + (1 —£) Wx;
that is, x; solves the fixed point equation x; = ¢f (x;) + (1 —t) Wx;. Noticing that J is norm-to-
weak* uniformly continuous on bounded subsets of X, we deduce from (4.11) and (4.17)
that

limsuplf(q) - ¢,J(ya — q)) < 0. (4.18)

n—o0

Finally, let us show that x, — g as n — co. We observe that

2erik
= aulf (n) = 4T On — @) + (1 = )04 (G ) — q) + (1= 0) (S G (%) = 7),] ¥ — 9))
= an(f(xn) —f@),JOn — @) + anlf (@) — 4. T n — 9))
+ (L= a0 (Gxn) — q) + (1 = 0,)(SnG(xn) — 7),] n — q))
<anplan—qllllyn —qll + A = an)||0n(Glxn) — g) + (1 = 0,)(S4G (%) — q) || 17 — 4l
+aulf (@) — 4, — q))
< @upl%n = qlllyn =gl + (1= @) (0u | Gxa) — g + (1= 02) | S, G(x) — ) 1y — 4l
+aulf(q) - 4.7 0n — 9))
< aupllxn = qllllyn — qll + A= o) (oullxn — gll + 1 = o) 1%, — ql) I1yn — 4l
+anlf (@) — 4, — )
= aupl%n = gl lyn — qll + (L= )0 — qllllyn — qll + el (@) — 4.]n — q))
(1= au(@ = ) 1% — glllyn — qll + ctulf (@) — 4.y — 9))

1- n 1-
< y(llxn —ql* +19a = ql*) + olf (@) - 4.] O - 9))
1- n 1- 1
E#”M_q,”u§||yn—c1||2+oz,q(f(61)—qr,](yn—q)),

which implies that

2(f(@) - 4,Jn — 9))

s (4.19)

Iy = gl < (1= etu(L = p)) 15 = qII> + et (1 = p)
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Also, by (4.1) and the convexity of | - ||2, we get

%41 — 61||2 = “,Bn(xn - @)+ Vuyn—q) + (Sn(sn+1G(xn+1) - q) ”2

< Bullxn - 61||2 + Yullyn = 6]||2 + 8l %1 — q||2,

which together with (4.19) implies that

Pr %, — gl + =2
ﬁn"'yn 13”+yn
Bn 2 Yn )
<Pl (- )l
20(q) — g, (9 —
0) {f(q) lq](y q))]
-p

Oan/n(l—p)
= (1 - 7) % — ql?
Bu + Vn

+ an)’n(l - p) 2(f(¢1) - 6],]0’;« - 4)) )

Bn + Vu 1-p

%001 = qlI* < Iy —ql®

+oa,(1 -

(4.20)

Applying Lemma 2.1 to (4.20), we conclude that x, — g as # — oco. This completes the

proof.

O

Corollary 4.1 Let C be a nonempty closed convex subset of a uniformly convex Banach

space X which has a uniformly Gateaux differentiable norm. Let I1c be a sunny nonexpan-

sive retraction from X onto C. Let the mapping B; : C — X be A;-strictly pseudocontrac-

tive and o;-strongly accretive with o; + A; > 1 for i =1,2. Let f : C — C be a contraction

with coefficient p € (0,1). Let S be a nonexpansive mapping of C into itself such that F =
Fix(S)N§2 # 0, where $2 is the fixed point set of the mapping G = I1c(I — u1B1) e (I — j12By).

For arbitrarily given xo € C, let {x,} be the sequence generated by

Zn = JnG(xn) + (1 - Jn)SG(xn):
In = o (x0) + (1 = n) 2
Xn+l = ﬁnxn + Vnyn + (SnSG(er—l)r Vn = 0:

where 1 — 131_ a- /1;—7") < u; <1 fori=1,2. Suppose that {c,}, {o,}, {Bu}, {vu} and {5,}

are the sequences in (0,1) satisfying the following conditions:
(i) 0<liminf,_ 0, <limsup,_, 0o, <1;
(ii) limy—oo 0ty =0and Y oo, = 00;
(ii) By + Yn+6,=1,Vn >0, and liminf,_, &, > 0;
(iv) 0 <liminf,_ o0 By <limsup,_, (B +8x) <1;
() Cooa 1% - 2| < 00 orlim, oo 1725 - 2] = 0
(vi) D02 loty — aya| < 00 or limy, o0 a1 /0ty = 1;

(vi)) 30 184 = Bual < 00 or limy, o6 | By = Bt llaty = 0;

(viil) Y o2y loy — 01| < 00 or limy,— o |0 — 0411 /0ty = 0.

Then {x,} converges strongly to q € F, which solves the following VIP:

{@a-f@.J(q-p)) <0, VpeF.
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5 Two-step explicit iterative algorithm
In this section, we introduce our two-step explicit iterative algorithm and show strong

convergence of the purposed algorithm.

Theorem 5.1 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X which has a uniformly Gateaux differentiable norm. Let I1c be a sunny nonexpan-
sive retraction from X onto C. Let the mapping B; : C — X be A;-strictly pseudocontractive
and o;-strongly accretive with o; + A; > 1 for i =1,2. Let f : C — C be a contraction with
coefficient p € (0,1). Let {S,,}2, be an infinite family of nonexpansive mappings of C into
itself such that F = (;5, Fix(S;) N §2 # B, where $2 is the fixed point set of the mapping
G =TIIc(I — pBi)IIc(I — o By). For arbitrarily given xo € C, let {x,} be the sequence gener-
ated by

Yn = arzf(xn) + (1 - an)G(xn)’
X4l = BuXn + VnYn + 85Suyn, Y =0,

(5.1)

where 1 — 1if\,- a-,/ 1;—7") < u; <1 fori=1,2. Suppose that {a,}, {B.}, {vn} and {8,} are the
sequences in (0, 1) satisfying the following conditions:

(i) limy ooy =0andy oy o, = 00;

(ii) B+ Vu+8,=1,Yn=>0,andliminf,_, 8, > 0;

(iii) 0 <liminf,_. B, <limsup,_, (Bx +8,) < 1;

(IV) hmn%oo |1ZZH - 11/;:1171 | =0.

Assume that Y oo, sup,p |Sux — Sy-1x|| < 00 _for any bounded subset D of C and let S be
a mapping of C into itself defined by Sx = lim,_, o S,x for all x € C and suppose that
Fix(S) = (N5 Fix(S;). Then {x,} converges strongly to q € F, which solves the following
VIP:

{a-f(@.](q-p)) <0, VpeF. (5.2)

Proof Takeafixed p € F arbitrarily. Then by Lemma 2.11 we know that p = G(p). Moreover,
by Lemma 2.10 we have

Iy =Pl = e (f@n) = p) + (1 = ) (Glxa) = p) |
< a,|f@®) - f @) + e |[f ) - p|| + 1 - ) | Gl) - p|
< aupllay = pll + o [f(p) - p|| + (1 = @)1, - pll
= (1-a,1- )% — pll +au|f () - p|.- (5.3)

From (5.3) we obtain

%01 = 2l = | Bn@n = 2) + YO = ) + 84(Suyn — P) |
< Bullxn = pll + Yullyu = 2l + 8ullyn — P
= Bulln = pll + A= B)llyw —
< Bulln = pll + A= B)[(1 - a0 = p)) % = pll + [ (B) - ]
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=[1-(1-B)A - p)an]llxs —pll + A= B)A - p)aty - If @) pp||
snmtho—pm'vfﬂ pn}

which implies that {x,} is bounded. By Lemma 2.10 we know from (5.3) that {G(x,)} and

{y4} both are bounded.
Let us show that ||%,,1 —%,]| = 0 and [|x, — y,|| = 0 as # — oco. As a matter of fact, from

(5.1) we have
Yn—Yn-1 =0y (f(xn) _f(xn—l)) + (an - an—l) (f(xn—l) - G(xn—l)) + (1 - 0[,,) (G(xn) - G(xn—l))-
It follows that

Iy = Yn-1ll < ot |[f ) = Gen1) | + letn — nea ||[f (1) — Glna) |
+ (1= )| Glxn) — G(xpa) |
< upll%n = Xno1 || + len = ot [ (1) — Gaa) |
+ (L= o)l = Xy

= (1 - (l - ,O)C(,,,) ”xn —Xn-1 ” + |an - an—1| “f(xn—l) - G(xn—l) H . (54)

Now, we write x,, = B,_1%,-1 + (1 = B-1)Vu_1, Vi1 > 1, where v,,_; = % It follows that
foralln>1,
Xl — BnXn  Xn — Bu1Xn

Vn—=Vp-1= -

1- B 1-8u1
_ VnYnt 8nSuYn Vn1Yn1 + 8nm1Sum1¥na
S 1B 1- B
_ Yun = Y1) + 8,(Sn¥n — Su-1Yn-1)
1- By

Yn yn—l Sn (Sn—l
- n— - Sn— n—1- 55
+(1—ﬂn 1—ﬂm4>y r+<1—ﬁn 1—ﬂm4> et >5)

This together with (5.4) implies that

”Vn - Vn—l”

”yn(yn ynl +8 (Snyn n—lyn—l)” ‘ Yn _ Yn-1
1_,3n l_ﬁn 1_,371—1

lyn-1l

”Sn 1Yn- 1”

‘ O Ou-
+

1-B, 1- ﬂn 1
< Vn”yn _yn—IH + (Sn(”Snyn - Snyn—ln + ||Snyn—1 - Sn—lyn—ln)

1-B,
2 o o 1Sl
— 1 —1)n-1
1—,3;1 l_ﬁn—l " '3 1_'3"_1 nn
Vallyn = Yucall + 8l I,
< Va9 = Yol + 0nlYn = Yt ||S,,y,, 1= Sp-1Yn-1ll

Vn + n W+
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Vn =
+ ’1 T ﬁi,l ‘(nynln +1Sp1ynall)
< I =l S0 = Sucama 1+ 725 = 175 ‘(nynln +1Su-1ynal)
= (1 -(1- ,O)Ol,,) % = %1l + letn — ety Hf(xn—l) - G(xn—l)”
Vn Vn-1
Sn n— _Sn— n— - 45 n— Sn— n—
+ 1SuYn-1 W1l + 8 1, (1=t ll + 1Sn-1Yn-11)

< (1= @ = p)otu) 10 = Fn-t | + letn = ctua | ([ fGenn) | + | Gar)]])

Vn _ Vn-1
1- :Bn 1- ﬂn—l

‘(“yn—ln + 1S5-17n111)

+ 1Suyn-1 = Su-1ynall +

Vn Vn-1

1_13;1 1_/3r1—1

) + ”Snyn—l _Sn—lyn—lnr (56)

= “xn _xn—lll +M(|an _an—1| +

where sup, .o {If (x| + IGE)I + 1yull + 1Suyxll} < M for some M > 0. Since o, — 0,

|li’gn - 11’/';—;171| — 0 and the assumption on {S,}, we have
limsup(|[v,, = Vi |l = %4 — %41 [l) < 0.
n—00

Utilizing Lemma 2.3, from condition (iii) we obtain that

lim ||v, —x,| = 0.
n—00

So, we get
lim ||%,1 =%,/ = lim (1 - B,)[[v, — x4l = 0. (5.7)
n—00 n—00

Also, we note that for p € F,

19 = PI? = [l (f () = p) + (1 - 0,) (G (%) - G(P)) ||
< (1= @) (Gx) = G@)) || + 20alf (x) = P, T 3 — P))

< |l%n = pII* + 20t | f (%) = p|| 31 = PII. (5.8)

Since {x,} and {y,} both are bounded, by Lemma 2.5 there exists a continuous strictly
increasing function g : [0, 00) — [0, 00), g(0) = 0 such that

2
l%4n41 = Pl
2

n 8}’1
= H (Bn + Sn)( P (%0 —p) + (Snyn —p)) + Yu(Yn —p)

Bn + 0, Bn + 8,
5 2
< (Bu+8y) ﬁn—:&q(xn—pﬂﬁn:(sn(&yn—p) + Vullyn - pII?
Bn 2 s Bubnu
=< n (Sn - o n Sn n— N Y n_Snn
<(Bu+ )[5n+8nllx pl s 1S,y =PIl (ﬂn+8n)2g(llx yall)

+ Vullyn - pII?
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Bun
< Bullxn _P||2 + 8, Suyn _17”2 - —g(”xn _Snyn”) + YullYn _P||2
Bu + 8n
< 2 2 Pndn 2
= ,3n||xn —P|| + 5n||yn —17|| - g(Hxn _Snyn”) + Vn”yn —19||
B+ 6,
= Bl _P||2 + (1= Bu)llyn —l9||2 - Mg(”xn _Snyn”)
Bu+ 6
< Bullxn =PI + A= B)[llxn — P11 + 20 | () = ] 1y = pII]
Bibn
- n - Sn n
5, +(gylg(llx Vull)
2 ﬂn‘sn
< %0 = pI* + 20 | f () = p| 170 = Pl - g1 = Suyll),
B+ 3y
which immediately yields
Bing (%0 = Suynll) < Pt (1% = Suyull)
Bu + 6n

< 1n = pI* = a1 =PI + 20| f (x) = p| 11y - Pl

=< (”xn =Pl + 1% —P||) locn = X1l + 2, Hf(xn) —P” Iy = plI-

Since o, — 0, [|x441 — x4 — O, liminf, . B, > 0 and liminf,, 5, > 0, we get

lim,,—, o0 g([l% — Suyxll) = 0 and hence
fim (1%, — Sl = 0.
n— o0
In the meantime, according to condition (iii), we have

liminfy, =liminf(1 - 8, - §,) =1 - limsup(B, + §,) > 0.

n—00 n— 1> 00

Thus, from (5.7) and (5.9) it follows that

yn”yn - xn” = ||(xn+1 - xn) - 8n(Snyn _xn)”

< a1 =l + an”SVlyn — %yl >0 asn— oo.
That is,
lim ”yn _xn” =0.
n—0o0
This together with (5.1) leads to

(1 - an) || G(xn) —Xn || = || (yn - xn) —Qy (f(xn) - xn) “

<y = %ull + ot | f(x0) =0 > 0 asn— o0.
That is,

lim ”x,, - G(x,) ” =0.

(5.9)

(5.10)

(5.11)

Page 33 of 44


http://www.journalofinequalitiesandapplications.com/content/2013/1/334

Ceng et al. Journal of Inequalities and Applications 2013, 2013:334
http://www.journalofinequalitiesandapplications.com/content/2013/1/334

On the other hand, we observe that
In— Gx,) =y (f(xn) - G(xn)):
which together with «;, — 0 implies that
lim ||y, — G(x,)| = 0. (5.12)
n— 00
We note that

”SnG(xn) - G(xn)” = HSnG(xn) = Su¥n ” + 11Suyn — xall + ”xn - G(xn)”

= H G(x1) = yn ” + 1Suyn — xull + ||xn - G(xn)H
From (5.9), (5.11) and (5.12), we obtain
lim ||S,G(x,) — G(x,)| = 0. (5.13)
n—0Q
By (5.13) and Lemma 2.6, we have

”SG(xn) - G(xn)” = ”SG(xn) - SnG(xn)” + ”SnG(xn) - G(xp) ”

—0 asun—> oo. (5.14)
In terms of (5.11) and (5.14), we have

%0 = Sxull < [0 = Gn) | + | Gx) = SG() | + | SG ) = S|
< 2] = G| + | Glwn) - G|

—0 asn— 0. (5.15)

Define a mapping Wx = (1-0)Sx+6 G(x), where G is defined by (1.7), 6 € (0,1) is a constant.
Then by Lemma 2.8 we have that Fix(W) = Fix(S) N Fix(G) = F. We observe that

[l — Wa, || = ” (1-0)(x, — Sx,,) + e(xn - G(xn)) “

= (1 - 9)||xn - an” +0 ”xn - G(xn)H
From (5.11) and (5.15), we obtain
lim ||x, — Wax,| = 0. (5.16)

Utilizing the arguments similar to those of (3.17) in the proof of Theorem 3.1, we can

obtain

limsup(f(q) - 4,] (¥, — 9)) < 0, (517)

n—0o0
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where g = s—lim,_, ¢ x; with x; being the fixed point of the contraction x — #f(x) + (1 —£) Wx;
that is, x; solves the fixed point equation x; = ¢f (x;) + (1 —t) Wx;. Noticing that J is norm-to-
weak* uniformly continuous on bounded subsets of X, we deduce from (5.10) and (5.17)
that

limsup(f(q) - 4,J(y» — q)) < 0. (5.18)

n— 00

Finally, let us show that x,, — g as n — co. We observe that

2k
= anf %) = @] On — @) + (1 = 2n)(G(%n) — 4, (v — 7))
= af %) = f (@), J O = @) + ulf (@) = @ T n — @) + (1 = ) (G (%) = 4, T — )
<aupln —qllllyn —qll + A=) || Gn) = | 1yn — qll + culf (@) — 7.7 (v — @)
< @upll%n — gllllyn — gl + (1= a) 1% — glllyn — gll + culf (@) — 4.]3n — )

= [1- a1 = p)]II%x = qllllyn — qll + ulf (@) — 4,] (v — 9))
- 1-a,(1-p)

< f(nxn —qll* + llyn — qlI*) + aulf @) — 4. s — @)
1- Oln(l - p) 1
=0l -ql*+ L al* + eulf(@) - 4. (yn - q)),
which implies that

2(f(q)—q,/(yn—q)>'

1—p (5.19)

lyn = qll” < [1- an(l = p)]ll%n — qlI* + a1 - p)
Also, by the convexity of || - ||? and (5.1), we get

%1 = ql1* < Bullxn = gl + Vaullyn — qll* + 841130 — 11
= ﬂn”xn - q”2 + (1 - ﬁn)”yn - 6Z||2

It follows from (5.19) that

%01 = ql1* < [1 - au(1 = B (1= p)] 1%, —qlI?

)2(f(q) - q4,JOn —q)>‘

+ay(l- )1~ p o

(5.20)

Applying Lemma 2.1 to (5.20), we obtain that x, — g as n — oo. This completes the
proof. O

Corollary 5.1 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X which has a uniformly Gateaux differentiable norm. Let I1c be a sunny nonexpan-
sive retraction from X onto C. Let the mapping B; : C — X be A;-strictly pseudocontrac-
tive and a;-strongly accretive with a; + A; > 1 for i =1,2. Let f : C — C be a contraction
with coefficient p € (0,1). Let S be a nonexpansive mapping of C into itself such that F =
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Fix(S)N§2 # O, where $2 is the fixed point set of the mapping G = I1c(I — u1B1) (I — j12By).
For arbitrarily given xo € C, let {x,} be the sequence generated by

In = artf(xn) + (1 - a,)G(x,),
X4l = BuXn + VnYn + 0,8yu, Y1 >0,

where 1 — li‘f\i a-./ 1;‘;") <u; <1fori=1,2. Suppose that {a,}, {B.}, {vn} and {8,} are the
sequences in (0,1) satisfying the following conditions:

(i) limy—ooay =0andy .. a, =00;

(i) By +¥Yn+8,=1,Vn>0,andliminf,_, 5, > 0;

(iii) 0 <liminf,_ o B, <limsup,_, (Bx +8,) < 1;

(1V) llmnaoo |11/;l3n - 11/;;—:,171 =0.

Then {x,} converges strongly to q € F, which solves the following VIP:

{@a-f(@.J(q-p)) <0, VpeF.

6 Three-step explicit iterative algorithm
In this section, we introduce our three-step explicit iterative algorithm and show strong
convergence of the proposed algorithm.

Theorem 6.1 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X which has a uniformly Gdteaux differentiable norm. Let I1¢ be a sunny nonexpan-
sive retraction from X onto C. Let the mapping B; : C — X be A;-strictly pseudocontractive
and o;-strongly accretive with o; + A; > 1 for i =1,2. Let f : C — C be a contraction with
coefficient p € (0,1). Let {S,}3°, be an infinite family of nonexpansive mappings of C into
itself such that F = (\;5, Fix(S;) N 2 # B, where $2 is the fixed point set of the mapping
G =c( - pB)IIc(I — naBy). For arbitrarily given xo € C, let {x,} be the sequence gener-
ated by

zn = 0,G(x,) + 1 - 0,)S,G(x,,)
Yn = arzf(xn) + (1 - an)zn; (61)
Xn+l = ,ann + VuYn + (SnSnG(y,,), Vn >0,

A

r (L= /55 < wi < 1 for i = 1,2. Suppose that {o,}, (e}, (B}, (va) and {5,)
are the sequences in (0,1) satisfying the following conditions:

where 1 —

(i) 0<liminf,_~ 0, <limsup,_, 0, < 1;

(i) lim,—oo0t, =0 and Y oo, = 00;
(iil) By + Y +8,=1,Vn >0, and liminf,_, ., §, > 0;
(iv) 0 <liminf,_, o B, <limsup,_, . (Bu +8x) < 1;

(v) lim,— o0 |0y — 01| = 0 and lim,,_, oo |11% - 11/2;,1,1 =0.
Assume thaty -, sup,cp, |Sux — Sy_1x|| < 00 for any bounded subset D of C, and let S be a
mapping of C into itself defined by Sx = lim,,_, oo Syx for all x € C and suppose that Fix(S) =

Mico Fix(S:). Then {x,} converges strongly to q € F, which solves the following VIP:

(a-f(@.](q-p))<0, VpeF. (6.2)
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Proof Take a fixed p € F arbitrarily. Then by Lemma 2.11 we know that p = G(p) and S,;p =
p for all n > 0. Moreover, by Lemma 2.10 we have

llzn = pll < o ” G(x,) _P” +(1- O'n)HSnG(xn) —P”
< I - ol (6:3)

and
Iy = 2l < [ @) =F @) + e |[f(0) = p| + @ = )20 — P

< aupllxn = pll +au|[f(p) - p| + @ = &) ll%s = pll
= (1= au(l - )% = pll + au||f (®) - p||. (6.4)

From (6.1) and (6.4) we obtain
%51 =PIl < Bullxn =PIl + Vallyn — Il + 8, SuG ) - p||

f ,3n||xn —19|| + (1 - ,Bn)”yn —19||
< Bullxn —pll + 1= B)[(1 = u(1 = p)) %4 — pll + t|[f (@) - p|]

= [1- =B = ple]lla = pll + (1= B)1L = p)a - "f(lpi;pll
= max{ lxo = pll, Ilf(lp)i—ml },
—-pP

which implies that {x,} is bounded. By Lemma 2.10 we know from (6.3) and (6.4) that {y,},
{z,}, {G(x,)} and {G(y,)} are bounded.

Let us show that ||x,,; —x,|| — 0 and ||x, — y,|| — 0 as n — oco. As a matter of fact, from
(6.1), we have

Zp —Zp-1 = an(G(xn) - G(xn—l)) + (Un - an—l)(G(xn—l) - Sn—lG(xn—l))
+(1- Un)(SnG(xn) - Sn—lG(xn—l)):

and

Yn—Yn-1+= an(f(xn) _f(xn—l)) + (an - an—l)(f(xn—l) - Zn—l) + (1 - an)(zn - Zn—l)-
It follows that

121 = Zu-all < 00| Gn) = Guo) | + 10 = Oucal | Gnot) = Spa Gl |
+ (1= 0)([|S1 G @) = SuG) | + | SnGnr) = Su1 Glmn)|)
< | Gxn) = Gnr) | + 10w = 0ua || Glua) = Sua G(xan) |
+]|$2G@no1) = Su1 Glatn) |
< [t = % || + 03 = 0| | Glotay) — Sua G|

+ || Sn G(xn—l) - Sn—l G(xn—l){

’
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and

170 = Ynall < ol = %1 | + Lot = et ||[f 1) = 2ua |
+ (L= an)[ 160 = Fn-1 ]l + 160 = 0ut] | GXno1) = Sue1 Glna) |
+ 184G @n-1) = Su1Glxa) | ]
< (L= an(1= p)) Il = %1 | + 10w = 0] | G®nc1) = Sa Gl |

+ oty — oty Hf(xn—l) — Zn-1 ” + ”SnG(xn—l) = S811G(x4-1) ” . (6.5)

Now, we write x,, = B,_1%,-1 + (1 = Bu_1)Vn_1, Y1 > 1, where v,_; = % It follows that

foralln>1,

Xns1 = BnXn  Xn — Bu1%n-1

Vn—Vp-1= -

1By 1-Bua
_ YuIn+8uS0GOn)  VurYr + 8181 GBn1)
1- ﬁn 1- ,Bn—l
_ YaOn = Yn1) + 84(S2G ) = Sp-1G 1))
1- :Bn
Vn Vn-1 Su 8p1
— n— - Sn— G 1) 6.6
+<1—ﬂn 1—ﬂn_1>y 1+(1—ﬁn 1—;3”_1) 1G0n-1) (6.6)
This together with (6.5) implies that
Vi = Vi1l
||7/n()/n yn l +8 (S G(y” ” 1G(yn—l))” +' Vn _ VYn-1 ”y 1”
l—ﬂn l_an 1_/3”71 n—
+ 8" HSn lG(yn 1)”
1-8, 1 ,3
_ Yl =l + 84182 GB) = SuG )l + 152G Gin1) = Su1 GO )
- 1- IBn
Vn Vn-1 Vi )/n 1
_ o B S, 1 Gly,.
+‘1_ﬂn Ly 1||+‘1_ﬁn ‘U GO

nll)n = Jn— 8}1 n— JYn— 8,,
< Yullyn = Yucall - Oullyn = Yl 5 15,G0nt) = Ssr G|

Vi + 6y Vn +
2 = T (el + 5116000 )
n n—
= ”yn _yn—IH + ”SnG(yn—l) - Sn—lG(yn—l) ||

2 = T el + 516000 )

= (1 —a,(l- )0)) l%n = %1l + |00 — Oy “ G(xy-1) = Su1G(x4-1) ”

+ |an - an—1| ”f(xn—l) —Zp-1 ” + HSWG(xn—l) - Sn—lG(xn—l) H

’ Vn Vn-1

Vn-

#1600 =516 + | 25 75

’(nyn 1+ [SaGo) )
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Vn _ Vn-1
1- ﬁn 1- ﬁn—l

+ ”Sn G(xn—l) - Sn—lG(xn—l) || + ”SnG(yn—l) - Sn—lG(yn—l)

)

) (6.7)

< % = xp1l +M(|Un = 0oyl + oty — | +

where sup,_ o { |Gl + 1S, G + IIf ()l + 1zl + [yull + [1Suynll} < M for some M > 0.

Since |0, — 01| = 0, a0, — O, |li’gn - 11/2—_11| — 0 and the assumption on {S,}, we have
n_
thUP(”Vn =Vl = [1%n _xn—lll) <0.
n—0oQ

Utilizing Lemma 2.3, from condition (iv) we obtain that

lim ||v, —x,| = 0.
H—0Q

So, we get
lim ||%,1 — %,/ = lim (1 - B,)[[v, — x4l = 0. (6.8)
n—00 n—00

Also, taking into account the boundedness of {G(x,)} and {S,G(x,)}, by Lemma 2.5 there
exists a continuous strictly increasing function g; : [0, 00) — [0, 00), g1(0) = 0 such that for

pEeF,
Iz, - plI*
<0, Glxn) = p||* + (1= 6,) [ S,G () = p||* = 041 - 0)& (| G@n) = S, Glx) )
< lxn =PI = 04(1 = 0)@ (| Glxn) = S4G (%)),
and hence
Iy — plI*

< 1@ - @)@ =P + 20lf %) = 2T 3 — P))
< |lxn =PI = 0,(1 = o)1 (| Glxn) = $uGxn)||) + 200 [ f () — || Iy =PIl (6.9)

Since {x,} and {S,,G(y,)} both are bounded, by Lemma 2.5 there exists a continuous strictly

increasing function g, : [0, 00) — [0, 00), g(0) = 0 such that

[EE
B 8 2
= H (Bu + 5n)<m(xn -p)+ M(SHG()/") —P)> + Vu(n = P)
, 8 2
< (Bu+3n) m(xn -p)+ B, +9, (SnG(yn) —}9) + Vullyn —P||2
<(ﬁn+sn)[inxn—pn2+ " 15,6 -
- B+ 8 Bu+ 80

}18}’1
- 5,600) |+

Page 39 of 44


http://www.journalofinequalitiesandapplications.com/content/2013/1/334

Ceng et al. Journal of Inequalities and Applications 2013, 2013:334
http://www.journalofinequalitiesandapplications.com/content/2013/1/334

nan
< Bullxn _P||2 + 6 ”SnG(YH) _17”2 - ﬂﬁ+ s gZ(”xn —SnG()’n)”) + Yullyn _P||2
10
< Bullxn - PP + 8ullyn — pII* - ﬁﬁ+ ([ = $,GOm) + vally = I
Bndn
= Bulln = pI* + A = B lyn — pII* - mgz(nxn - $,Gm)|)
= ﬁn”xn —P||2 + (1 - /Sn)[”xn —P||2 - Gn(l - Gn)g1(|| G(xn) - SnG(xn)”)
Bnn
+ 20, ”f(xn) —PH 151 —P||] - B+ SngZ(Hxn _SnG(yn)”)
< |l%n —P||2 + 20, “f(xn) —19” Iy, —pll = (1= Bu)ou(1 - Un)gl(H G(xu) = SnG(xn) ||)
ﬁnsn
- /3" N 6ng2(||xn _SnG(yn)H);

which immediately yields

(1= Bu)on(1 - Un)gl(” G(xn) — S, G(xn) H) + ﬂnang2(||xn = 8:G(yn) ”)

Bnn
B +6n &

<(1-Byo.(1- Un)gl(” G(x,) — $,G(x) ”) + (”xn ~85,G(yn) ”)

< % = I = a1 = pI* + 20, ||f (x0) = P 30 = Pl

= (”xn =Pl + 1% _p”)”xn —xpa1l + 20, Hf(xn) —P” ly. - pll.

Since a,, — 0, ||%,41 — %x]| = 0 and liminf,_, ., 8, > 0, we deduce from conditions (i) and
(iv) that

lim g (|| G(xa) = S,Gxn)[) =0 and  lim gy (||, = S, G(yn)[) = 0.
Utilizing the properties of g; and g,, we have
lim |G(x,) - S,G(x,)| =0 and lim |x, - S,G(,)| = 0. (6.10)
n— o0 n—oo
In the meantime, according to condition (iv), we have
liminfy, = liminf(1 - 8, — §,) = 1 — limsup(B, + §,) > 0.
n— 00 n—oo n— o0

Thus, from (6.8) and (6.10) it follows that

YullYn = %l = ||(xn+1 — %) = O (SnG(yn) _xn) ”

< 1 = Xull + 84 ”SnG(yn) —%n H —0 asn— oo.
That is,

lim ||y, —x,|| =0. (6.11)
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Since it follows from (6.1) that

”yn - G(x,) ” = Han (f(xn) - G(xn)) +(1—a,)(1- Gn)(SnG(xn) - G(xn)) ”
=ay “f(xn) - G(xn)” +(1=a,) (1~ Gn)||SnG(xn) - G(x,) ”
=ay Hf(xn) - G(xn)” + ”SnG(xn) - G(xn)

’

we obtain from (6.10) and «,, — 0 that
lim ||y,, - G(x,,)” =0, (6.12)
n—0oQ
which together with (6.11) leads to
lim | %, — G(x,)| = 0. (6.13)
By (6.10) and Lemma 2.6, we have

”SG(xn) - G(xn)H = ”SG(?C,,) - SnG(xn)” + ”SnG(xn) - G(x,) ”

—0 asn— 0. (6.14)
In terms of (6.13) and (6.14)), we have

1%, = Sxull < [0 — Glxn) | + | G(xn) = SGx) || + [ SG(ax,) — S|
<2||% - Gxn) | + || G(xn) - SG(x2) ||
—0 asn— 0. (6.15)
Define a mapping Wx = (1 — 6)Sx + 0G(x), where G is defined by (1.7) and 6 € (0,1) is a
constant. Then by Lemma 2.8 we have that Fix(W) = Fix(S) N Fix(G) = F. We observe that
1%, = Wat || = [[ (1= 0)(x — Sx) + 6 (0 — G(x)) |

= (1 - 9)”96,, - an” +0 ”xn - G(xn)H
From (6.13) and (6.15), we obtain
lim [|%, — Wi, | = 0. (6.16)
H—0Q

Utilizing the arguments similar to those of (3.17) in the proof of Theorem 3.1, we can

obtain

limsuplf (q) — ¢,/ (x» — q)) <0, (6.17)

n—0o0

where g = s—lim,_, ¢ x; with x; being the fixed point of the contraction x — #f(x) + (1—¢) Wx;
that is, x; solves the fixed point equation x; = #f (x;) + (1 — ) Wx;. Noticing that J is norm-to-
weak* uniformly continuous on bounded subsets of X, we deduce from (6.11) and (6.17)
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that

limsup(f(q) — 4,J(y» — q)) < 0. (6.18)

n—0oQ

Finally, let us show that x,, — g as n — 0o0. We observe that

Iy, —ql?
= aulf (xn) = [ (@) On — @) + 2ulf (@) — 4.T (o — 9))
+ (1= a)(04(G(xn) — q) + A = 6,)(SuG(%) = 4), ] ¥ — 9))
< @nplln = qllllyn — gll + 1 = a) 1% = gllllyn — gll + 2ulf (@) — 4. T 3n — )
= (1= @ = 0))1%x = qllllyn — qll + ulf (@) — 4, (v — q))

1—0(,,(1—[))
< #(”xn —qlI*> + lyn — qllI*) + eulf (@) = 4.y — 9))
l_an(l_p) 1
s lx —ql*+ L —ql* + anlf (@) — 4.7 0n — D)
which implies that

2(f(q) —a,Jyn — ) '

s (6.19)

lyn = qll”> < (1= a,(1 - p) 1%, — qlI* + au(1 - p)
Also, by (6.1) and the convexity of | - ||2, we get

ne1 = 1% < Bulln = ql* + vallyn = q1I* + Sullyn - ql®
= Bullxn = ql* + (1= Bu) 1y - ql*.

It follows from (6.19) that

%01 = qI* < (1= (1= B)(A = p)) I — qII>

)ZO‘(q) = q,Jn —q)>.

+a(1-B)1 - p o

(6.20)

Applying Lemma 2.1 to (6.20), we conclude that x, — g as n — oco. This completes the
proof. O

Corollary 6.1 Let C be a nonempty closed convex subset of a uniformly convex Banach
space X which has a uniformly Gateaux differentiable norm. Let I1c be a sunny nonexpan-
sive retraction from X onto C. Let the mapping B; : C — X be A;-strictly pseudocontrac-
tive and o;-strongly accretive with o; + A; > 1 for i =1,2. Let f : C — C be a contraction
with coefficient p € (0,1). Let S be a nonexpansive mapping of C into itself such that F =
Fix(S)N§2 # 0, where $2 is the fixed point set of the mapping G = I1c(I — u1B1) (I — j12By).
For arbitrarily given xo € C, let {x,} be the sequence generated by

zy = 0,G(x,) + (1 — 0,)SG(x,),
In = Olnf(xn) + (1 - an)zn:
KXn+l = ,ann + VuYn + 5n5G()/n); Vn >0,
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where 1 — liii a- /1;—‘;") < u; <1fori=1,2. Suppose that {c,}, {o,}, {Bu}, {vu} and {5,}

are the sequences in (0,1) satisfying the following conditions:

(i) 0<liminf, ., 0, <limsup,_, . 0, <1;
(i) lim, o0 0t, =0 and oo, = 00;
(iii) By + Yn +6,=1,Vn >0, and liminf,_, » &, > 0;
(iv) 0 <liminf,_, o B, <limsup,_, (B +3,) <1;
(v) lim,_ o0 |0y — 04i]| = 0 and lim,,_, o |11% - lfg;l_l | =0.
Then {x,} converges strongly to q € F, which solves the following VIP:

{@a-f(@.J(q-p)) <0, VpeF.
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