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Abstract
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1 Introduction and main results

The boundedness of fractional integral operators on the classical Morrey spaces was stud-
ied by Adams [1], Chiarenza and Frasca et al. [2]. In [2], by establishing a pointwise es-
timate of fractional integrals in terms of the Hardy-Littlewood maximal function, they
showed the boundedness of fractional integral operators on the Morrey spaces. In 2005,
Sawano and Tanaka [3] gave a natural definition of Morrey spaces for Radon measures
which might be non-doubling but satisfied the growth condition, and they investigated
the boundedness in these spaces of some classical operators in harmonic analysis. Later
on, Sawano [4] defined the generalized Morrey spaces on R” for non-doubling measure
and showed the properties of maximal operators, fractional integral operators and singu-
lar operators in this space.

Simultaneously, in 1999, Kenig and Stein [5] gave the boundedness for multilinear frac-
tional integrals on Lebesgue spaces. In 2002, Grafakos and Torres [6] obtained the bound-
edness for multilinear Calderén-Zygmund operators on Lebesgue spaces. From then on,
the theory on multilinear integral operators has attracted much attention as a rapidly de-
veloping field in harmonic analysis. Recently, the authors have studied the boundedness of
multilinear fractional integrals on Herz-Morrey spaces in [7-10] and the boundedness of
multilinear Calderén-Zygmund operators on the Morrey-type spaces in [11-14]. Particu-
larly, the authors [7, 11, 13, 15] established the boundedness for the multilinear operators
on Morrey spaces over R” with non-doubling measures. In this paper, we focus on the
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multilinear operators on generalized Morrey spaces over quasi-metric space (X, p, u) of
non-homogeneous type and extend the works in [3-7, 11, 16].

Let (X, p) be a quasi-metric space with the quasi-metric function p : X — [0, 00) satis-
fying the conditions:

(1) p(x,9) >0 forallx#y,and p(x,x) =0 for all x € X.

(2) There exists a constant 4y > 1 such that p(x,y) < agp(y,x) for all x,y € X.

(3) There exists a constant ¢; > 1 such that

pxy) < a(px,2) + p(z,)) (11)

forall x,y,z € X.
Here we point out that there is no notion of dyadic cubes on the quasi-metric space
and so the method for R” used in [15] does not work on (X, p). Recently, Hyténen [17]
introduced the notion of geometrically doubling space.

Definition 1.1 The quasi-metric space (X, p) is called geometrically doubling if there ex-
ists some Ny € N such that any ball B(x,r) C X, where B(x,r) := {y € X : p(x,y) < r} with

the center x and the radius r, can be covered by at most Ny balls B(x;, r/2) with x; € B(x, 7).

Remark 1.2 Similarly as Hytonen showed in Lemma 2.3 in [17], one can deduce that if
the quasi-metric space (X, p) is geometrically doubling, then, for any § € (0,1), any ball
B(x,r) C X can be covered by at most Nyd~" balls B(x;,dr) with x; € B(x,r), where n =
log, Np.

Given a Borel measure p on the quasi-metric space (X, p) such that u is finite on
bounded sets, and let (X, p) be geometrically doubling, then continuous, boundedly sup-
ported functions are dense in L? (X, ) for p € [1, 00). See Proposition 3.4 in [17] for details.

The above triple (X, p, 1) will be called a quasi-metric space of non-homogeneous type
if the measure u satisfies the following growth condition,

,u(B(x, r)) < Cor (1.2)

with the constant Cy independent of the ball B(x,r) C X. The set of all balls B C X satisfy-
ing u(B) > 0 is denoted by Z(u). We know that the analysis on non-homogeneous spaces
plays important roles in solving the Painlevé problem as well as the Vitushkin conjecture
[18, 19]. For motives of developing analysis on non-homogeneous spaces and more exam-
ples, one could see [20].

Now we give the definition of the generalized Morrey space over (X, p, ), which is a
generalization of the classical Morrey space. Here we remark that Morrey spaces play im-
portant roles in the study of partial differential equations.

1
Definition 1.3 Let 1 < p < 0o and a function ¢ : (0,00) — (0, 00) be such that r? ¢(r) is
non-decreasing. The generalized Morrey space LP?(X, k, 1) over X, where k > ay, is de-

fined as

POk, ) = {f € L (1) : If Nl oy < 00}
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with the norm [|f| ;p.6 (x x.,,) given by

1 1 ) ’
s = sp ——— ([ dutw),
Wisssn = 90 o e [V )

where kB is the ball with the same center and k times radius of the ball B.

1
In case ¢(r) =r 4,1 < p < q < 0o, the space L7 (X, k, 1) becomes the classical Morrey
space L”1(X, k, u) over X. Particularly, L?? (X, k, 1) = L (X, ).

Remark 1.4 It is worth to point out that if k;, ky > ay, then L?? (X, ki, 1) and L% (X, ko, 1)
coincide as a set and their norms are mutually equivalent. This can be observed by the
same arguments used in [4]. For the sake of convenience, we provide the detail. Let a; <
ki < ky. Then the inclusion LP? (X, ky, 1) € LP? (X, ky, 1) is obvious by that fact that rr o(r)
is non-decreasing. To see the reverse inclusion, let f € LP?(X, ky, ) and B(x, r) € %(u) be
fixed. It is sufficient to estimate

1 1 ;
I= ?d )
¢<M(B<x,k1r)))(u(B(x,/qr» AU (x))

The geometrically doubling condition shows that the ball B(x, r) can be covered by at most
N = Ny§7" balls B(x;, 8r) with x; € B(x, r) for any § € (0,1). Moreover, by the quasi-triangle
inequality (1.1), we can see that B(x;, k,8r) € B(x, kir) if we choose 0 < § < (ki — a1)/(a1kz).
Thus,

N
1
)4 Pd
= D B kB ) s

! p
d
o P(Blxi k28r))P 11(B(xi, ka87) _/B(xt,Sr) fe]” duu)

]

i:B(x;,6r)e B(

< N(If lppo )’

which implies that L7? (X, ky, 1) = LP?(X, ky, i) for any ki, ko > a;. With this fact in mind,
we sometimes omit parameter k in L7?(X, k, i1), i.e., write it by LP? (X, 11).

In this article, we consider the multilinear fractional integral operator, the multilinear
Calder6n-Zygmund operator and the multi-sublinear maximal operator. The multilinear
fractional integral is defined by

Lam(fis- - frn) (%) = f Si6) - Jur0m) du(n) - du(,),

xm (P 91) + -+ + (X, Ym) )

where 0 < o < m. When m =1, we denote 7, ,, by Z,,.

Let 7 be a multilinear operator initially defined on the m-fold product of Schwartz
spaces and taking values into the space of tempered distributions. Following [6], we say
that 7 is an m-linear Calderén-Zygmund operator if it extends to a bounded multilinear
operator from L7 (X, ) x LP2(X, u) X - - x LP(X, u) to LP (X, ) for some 1 < py,...,py <
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oo and }7 = 1%1 + 1%2 oot ﬁ, and if there exists a kernel function /C, the so-called multilin-
ear Calderén-Zygmund kernel, defined away from the diagonal x = y; = - - - = y,,, in X""*1,

satisfying
TG i) = [ K030l o) A1) dis

for all x ¢ ()", suppf;, where f;’s are smooth functions with compact support; and the ker-

nel function K satisfies the size condition

K y1,02 -5 ym)| < C(Z p(x,yi)) (1.3)

i=1

and some smoothness conditions; see [6, 16] for details. In fact, as for the m-linear
Calderén-Zygmund operator T, we assume that, by a similar argument as that in [6, 16]
for the case X = R”, 1f Lol Ly i’ then the m-linear Calderén-Zygmund operator

m t o
T satisfies
T IPY(X, ) x IP2(X, ) x -+ x IP"(X, u) — LP(X, 1)

forany 1 < p1,pa,..., pm < 00.
We will also consider the multi-sublinear maximal operator M,, for « > a%, defined by

1
M (fise. fm)®) = sup ]_[ (KB)/Blfi(yi)’dﬂ(yi)~

x€BeAB(1

In case m =1, we denote it by M,.

The main result of this paper can be stated as follows.

Theorem 1.5 Let0<a<mand1<p,»<oo,undlet%I=pi1+-~~+$—a>0.Foreach

i=1,...,m,let ¢;:(0,00) = (0,00) satisfy

1 i ,

a_izgfcl lf1§;§2, (1.4)
and

/ N A (8) dt < Cor®" pi(r) 1.5)

with positive constants C, and C, independent of r > 0. Then there exists a constant C

independent of any admissible f; such that

| Zem i fo) |y = CHufan

where ¥ (t) = t1(£) o () - - - Pu(2).
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If wetake ¢;(¢t) =t % and 0 < I; < 2, then ¢; satisfies conditions (1.4) and (1.5). We remark
that if condition (1.4) is replaced by

¢i(u) < C3¢(v) foru>v (1.6)

with the constant C; > 0, then the theorem is also valid. This can be seen from the proof
of the theorem in the next section. Theorem 1.5 yields the following corollary.

Corollary16 Let0<a<mand1<p,<oo andlet——p—1+ +$—a>0.Let0<li<%

and 3 L 111 oot E — . Then there exists a constant C independent of f; such that

m
|Zam oSl i < € T T Will gty
i=1

Theorem 1.7 Let1 < p; < 00 and L 17_1 4ot zﬁ < 1. If the functions ¢; : (0,00) — (0, 00)

satisfy condition (1.4) or (1.6), and satzsfy
o pidt bi
f ¢i(t)? 5= Cagi(r) » (1.7)

with the constant C4 independent of r > 0, then there exists a constant C independent of
any admissible f; such that

m
| TG sfod) e < C T TN it (1.8)
i=1

where ¢(t) = $1(£)Pa(t) - - - P (2).

Here we point out that if each f; € L7/ (X, 1) N LPi% (X, 1), then the multilinear Calderén-
Zygmund operator T (fi,...,f,,) is well defined, and we will prove estimate (1.8) with the
absolute constant C independent of these admissible functions. More remarks on the ad-
missibility for f; € LP7%(X, 1) will be given in Remark 3.1 in Section 3.

Observe that ¢;(¢) = t_’li , for any 0 < [; < 00, satisfies the conditions in the theorem, thus
the corollary follows.

Corollary 1.8 Let1<pl<ooand1=p—+ +p <1Lez,‘0<l<ooa;mf1 ll+ e

Then there exists a constant C independent of f; such that
m
”T(fl’ ceerfm) Hlp,l(x,ﬂ) = Cl_[ ”ﬁ”LPivli(X,M)'
i=1

Theorem 1.9 Assume that M, is a multi-sublinear maximal operator. Let 1 < p; < 00, 117 =

pil ot lt <1, and ¢; satisfy condition (1.6). Then there exists a constant C independent

of any admissible f; such that

m
||MK (fl: “e ;fm) ||Lp,¢(X,#) = Cl_[ ”fi“LI’iv(P,'(X,M)y
i=1

where ¢(t) = $1(£) - - - pu(£).
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We notice that the results above are new even for the case of Euclidean spaces. Through-
out this paper, the letter C always denotes a positive constant that may vary at each occur-
rence but is independent of the essential variable.

2 Proof of Theorem 1.5

Let us first give some requisite theorems and lemmas.

Theorem 2.1 [21] LetO0<a<1,1<p< é and % = }7 — «, then the operator 1, is bounded

from LP(X, n) into L1(X, ) if and only if w(B(x,r)) < Cr, where the constant C is indepen-
dent of x and r.
Lemma 2.2 [13] Suppose that | is a Borel measure on X with the growth condition (1.2).

Let%:pll+~~~+Ii—ot>0with0<ot<mand1§pj§oo.Then
(@) ifeach p; > 1,

m
| ZemFisofo | oy = CT TN 23
j=1
(b) ifpj =1 for some j,
m
[ ZemtFir-sfid ooy = CT TNz
j=1

Proof This lemma can follow the same argument that, for the classical setting, was given
by Kenig and Stein [5]. We may assume that all 1 < p; < co. One can find 0 < ¢;; < 1/p; such
thata =) 7" ;. Set 1/q; = 1/p; — oy, since 1/g = > 111 1/q;, 0 < ; < 1,1 < g; < 00, and

P Y1) " p(,52) 72 - p (7)< (Pt y1) + -0+ P Ym)

It follows that

T lfir- e fir) ) < [ [ Zes ) ).

i=1

Then, by the Holder inequality and Theorem 2.1, we obtain the lemma. In fact, one could
also get the lemma from [13] (or Remark 1.3, p.290 in [13]). O

Now we give the proof of Theorem 1.5.
Proofof Theorem 1.5 Let B = B(xg, r) be the ballin B € %(u), with center xy € X and radius

r>0,and let B* = B(xo, 2a;7). For f; € LFi?i (X, ju), we splititas f; = £ +£°°, where f° = f; xp+
for i=1,...,m. Using this decomposition, we get

L ive oo S| < |Tam (s f D)@+ 3 | T (7 £ ),

where each term in Y contains at least one 7; = co.
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Then it suffices to show

1 m
1 Y

o, , " d <C ill piti 2.1
¥ (u(kB*)) < (kB*) / e S} e ) - 1_1[ Vil D

for some k > a; and for each t; € {0, o0}.
Let us first estimate for the case 7; = - - - = 1, = 0. From the definition of L?%i (X, ) we

have
. pi 1
(/ Ifix)[” du(x)> < CWfill posts (x oy i (1 (kB*) ) (kB*) 71 (2.2)
B*

From this and by the LP1(X, ) x --- x LP"(X,u) — L4(X, ) boundedness of Z,,,
Lemma 2.2, we have

: ;
(W /B|Ia,m(f1°, : ~~ffn3)(x)|qdu(x)>

||Ll’t (X,10) (kB*) “(kB*)) 1_[ |Lfl'llLI’z""’t' o)

i=1

< Cw kB#< H”f”LI’z‘bl (X,u)?

i=1

which implies that in the case all t; = 0, inequality (2.1) holds.

To estimate (2.1) for the case 1y = - - - = 7,,, = 00, let x € B, then
i) d i d
|Iam(fi .. x)| / lﬁ@l) fm(y )| /VL(yl) mlfsym).
(X\B*) (p@e,p1) + -+ + p(%, Ym))

Note, for x € B and y; € X \ B*, we get by (1.1) that
2a17 < p(x0,y:) < ar(p(x0,%) + p(%,%:)) < ar(r + p(x,31)),

hence p(x,y;) > r. This and condition (1.2) of the measure p imply that
p(x,y:) = r = (2a,Cok) " (kB*) := r*

and so
m m
(x\B*)" l_[ iy =1} C {(yl'yZ'“-»ym):Zp(x’yi) >r
i=1 i=1
Hence we can derive that

| Zaon (25 f30) )|

S gz (PG6Y1) 1+ p (6 ym)) "

<
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Y f 00 fum)l i) -+ dpsy,)
j=0 Yre <Y play) <l (,O(x,y1) +--0 4+ ,o(x,ym))m o

< ; d :
Z (2/r*)m a wal V00| dn).

Using the Holder inequality and the inequality similar to (2.2), we can see that the inequal-

ity above can be controlled by

m

00 1 | pii | B
C;; @ 1_1[(/3(2,) fioot” dW”) (1 (B, 27r))) 7
CZ (2/’"*)'" « qul x’ /(2’*1 *)))M(B(x, /(2/+1V*))”fi“Lpim(X,u)
= CZ W H¢i(2lﬂ(kB*))2]M(/(B*) ”fl'”Lpi'd’i()(,M)
j=0 i=1

H[Z (2 (kB*)) " (2 1 (kB*))}M“Lﬂ'mxm’

j=0

1
where, in the second inequality, we have utilized the non-decreasing of function r?: ¢;(r)
and the fact u(B(x, k2*1r*)) < Cok2*1r* < 2 u(kB*). Recall conditions (1.4) (or (1.6)) and

(1.5) for the function ¢;, one sees that

00 ) Y+ (kB¥)
> (@ u(kB*)) " ¢i(2 w(kBY)) < CZ / £ (8) dit
=0 2 u(kB*)

<c / T g 0 de < Cu(kB*) " gy (kB)).
w(B*)

Hence we obtain the pointwise estimate

e (12225 )| < C¥r (w(kBY)) 1"[|V||Lpl¢,x,0
i=1

for x € B, which follows from inequality (2.1) for the case all 7; = oco.
It is left to consider the case 7;; = --- = 7;, = 0 for some {iy,...,i} C {1,...,m} and 1 <

| < m. For this case, we can write for x € B that

. 00 fon ) i)~ i)
Iam 1)"'? i —

[Tamlf )| = | N s ey

Hi 1]} lf‘(yi|dM(J’i

.....

/(B . H I}V(yl)}du(y,)

= Ar(x) - Az (w).
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To estimate A;(x), we use the Holder inequality to give that, for any x € B,

am= ] / )| dia(y)

ie{iy,e.if}

<c ] (/ [f|mdu(y,> (B

i€{il,is}

<CukB) TT (@((kB)Wfill o)

ieliyymif}

Estimating A, (x), by the same idea used for the case all 7; = co above, we get for any

x € B that
> 1
w0 =Y s T1 [, o, f00lau00
j=0 i¢{i1,..ip}

00 1 ) )
<CY Gy L1 0@mlkB) 2 (B Wil

i¢{i1,ir}

3 1 j i alm
<C) o (210 (kB*)) (2 11 (KB* T
T kBl 'éul:[m(b( B R (KE")) il

Noting ! — la/m > 0 and using condition (1.5), we have

Ar@) < C((kB)) "™ T i (kB*)) e (kB*) "™ 1fill i

< Cu®B) ™ T ou(ukB)) fllpitxy

Therefore, for x € B, we have

’ o,m 1 : ffm) |<A1(x)A2(x)

= C“(kB*)a H i (1 (kB")) Ifill i o)

i=1

< Cy(n(kB")) 1‘[|Lf||m¢,xm

i=1

Hence we obtain the desired inequality (2.1) for any cases. The proof of the theorem is
complete. O

3 Proof of Theorems 1.7 and 1.9
In this section we first investigate the boundedness of the m-linear Calderén-Zygmund
operator 7 on the product of spaces L (X, ) fori =1,2,...,m

Proof of Theorem 1.7 We also let B = B(xy, ) be the ball in %(u), with center xy € X and
radius r > 0, and let B* = B(xo, 2a;r). For the admissible f; € L% (X, i), without loss of
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generality, we may initially assume that f; are all smooth boundedly supported functions,
which are dense in L7/(X, i), and let f; € LPi(X, u) N LP#%1 (X, ), then T (fy, ..., f) is a well-
defined function belonging to L7(X, w). If we split each f; as f; = f° + £, where f = f; xp
fori=1,...,m, and utilize the multi-linearity of 7, we have the following decomposition,

(TG fad@)] = [T o) @] + D T E o fi)

where each term in ) contains at least one 7; = co.
Noting that 7 is bounded from L”' (X, u) x - -+ x LP"(X, u) — LP(X, u), we have

1
1 /' r
T f2 (x)pdu(x))
<M(kB*) AR
H W zpi 0
(kB*)I’ i=1
< Cp(u(kBY)) ]_[ VA it .- 3.1)
i=1

For the case 1y = - -+ = 1, = 00, we note that for x € B and y; € X \ B¥, one can deduce

from the properties of the quasi-metric p that

1 a
— p(xo,y:) < p(x, i) < (—0 + m)p(xo,yi).
2611 2

Thus we can observe that

1 1 /‘ e dl
o~ =m —
Qo ey (2 plxo,yi))” P01 40 pm) I
This, together with the Fubini theorem, we have, for x € B,

i~ [T Vi)l d(y:)
TGS @] < ./(X\B*)m ey

oo
e e
Yo plo.yi)=2a1r \Y p(x0.y1)++0(x0.,Ym) [ HV(y | b2
"l [T
cf alf 9] dialy)
2a1r [ Y o<l ;o

(i)

Noting w(kB*) < Co2ka;r and applying the Holder inequality, we see that the inequality

IA

A

| /\

above is bounded by

C /00 (/ fitya)[” du(w) 1 (Blxo, )7 dl

(kB*)ICok l’””

e / h ]‘[ Vill s (1 (KB, ) (KB, )l

T Juwsrycok l"”l
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which, by using the non-decreasing of function r¢;(r), is controlled by

m

“ dl
/ o (H ¢>L(1)) H IVl o1
mopoo vi dl -
< c(ﬂ / pil) 7 —) T TVl s
i1 Y HkBY) i-1

< Co(n(kB")) Hufnm)m

i=1

Therefore, we get for x € B that

[T, o) @)| < Cop(n(kBY)) 1"[uf||Lp,¢LXM (3.2)

i=1

It is left to consider the case that there is 1 <[ < m and {i,...,i;} C {1,...,m} such that

=0ifie{i,...,i},and 1, = o0 if i ¢ {i1,...,i;}. For x € B, we can write that

TS ) )|
/ l_[ lf(yl)’d,u«()/l/ nlé{ll ,,,,, ir} lf()/t)|dﬂ()/l

(x\B*ym-1 (Zzé{ll Ll}p(x:yz))

ze{zl ..... 171 a0 T

= El(x) . Ez(x).
With the same argument as A; (x) we have

Ei) < CulkB?) [T ouln(kB) Il oo

Using a similar argument as that for the estimate of 7(f°,...,f,.°)(x), we can deduce
that

o d
Ex(x) < C/( )( l_[ ¢z(t)) tl’ftl : 1_[ Wil it o)
" }

i€ {i,...if i {i1,...0if}

)2
o0 pi dt\ vi
¢i(f)7—) } il s
H‘](/;m(kB*) t , l_[ Vill oo x 1)

i {i1,.i]

SCM(kB*)l[ [1 ¢f(u(kB*))] [T Willpioice,-

i{i1,i1} i¢{i1,ig}

< CM(kB*)l[

Hence we obtain that

[T fim) )| < Ev(w) - Ex(x) < Cop(ue(kB¥)) ]_[|[f||L,,,¢,(XM). (3.3)

i=1
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Therefore, combining inequalities (3.1), (3.2) and (3.3), we have

(@ /B|T(ﬁ,...,fm)(x) i du(x)>p = C(u(kB)) [ T Whillrosucr,y

i=1
which completes the proof of Theorem 1.7. O

Remark 3.1 We have actually proved Theorem 1.7 in the case f; € L7 (X, u) N IP% (X, ).
Here we need give some remarks about the definition and boundedness of T (fi,...,fn)
with f; € LPo?i(X, ) fori=1,2,...,m. Fix any xo € X and R > 0, and use the same notations
£ = fixBo2ayr) if Ti = 0, and £, = f; — f2 if 7; = 00. Using a similar argument as (3.2) and
(3.3), we have, if some t; = 00,

[ V51300 ) ) i

< Co(i(B(x0,3aiR))) [ T Il o x

i=1

with the constant C independent of R, for all f; € LP*%(X, ), i = 1,...,m, and x € B(xy,
R)C X.

In view of this fact, and if limg_, oo ¢(14(B(xo, 3a7R))) = 0, then we can extend the defini-
tion of T for f; € LPi%i(X, 1) by

T fo) (%)
= lim (T(flo,...,frg)(x)

R—o00

X[ 00 A ] dio)-+ ).

some T;=00

By the definition, it is easy to see that the following properties hold.

(1) If p(x0,x) < Ry, then the terms in the brackets on the right-hand side of the
equation above do not depend on R as long as R > Ry.

(2) Suppose that1< py,...,p, <00, and if f; € LPi(X, ) N LP#%(X, u), then the
definitions of T(f1,...,fn) for f; € LPi(X, u) and for f; € LP#%i(X, 1) coincide.

(3) Theorem 1.7 holds for any admissible f; € LPi%i (X, u), i = 1,...,m.

Finally, we consider the multi-sublinear maximal function M, (fi,...,f)(x), which is
strictly smaller than the m-fold produce of the maximal function M, (f;)(x). Hence we have
the following lemma.

Lemma 3.2 Ifk > a% and p,p; > 1, and 11; = p% +ooee [ﬁ, then there exists a constant C
independent of f; such that

m
”MK (fl: e )fm) HLP(X,;L) = Cl_[ ”fi”Lpi(X,p,)‘
i=1
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Proof of Theorem 1.9 With the same notions, we decompose each f; € L (X, ) accord-
ing to the ball B* := B(xg, a1 (1 + A)r) as f; = f° + £°, where A is a large positive constant that

will be determined later. We have

Moo fi)®)| < | M (R £2) +Z]M (K ) ()

where each term in ) contains at least one 7; #0.

It follows from Lemma 3.2 that for any k > a; and « > a?,

1

1 r
(s [ Mo duto)

< Co(n(kB")) Hufnm)m

i=1

It is left to study the case 7, =--- =1, =0and 75, =--- = T;, = 00 for some 1 </ < m.

Hence for x € B(xy, r) we have

M, (fn,,,,,f};m)(x) = sup l_[ M(KD /[ffz(yl ’dﬂ(yl

xeDeB(n

< sup
xeDeB(u) ;

[ o0l antn

M(KD)

Let rp be the radius of the ball D and ¢p be the center of D. We note that on the right-hand
side of the inequality above, the balls D in the integrals must satisfy that x € D N B(xy, r)
and some y;, € DN (X \ B*), which implies

a1p(%,¥i,,) = p(%0,Yi,,) — a1p(x0, %) > arAr,

P (%, ¥i,,) < araop(cp,x) + a1p(cp, yi,,) < ai1(l + ao)rp.

Further, a simple calculus yields

2
K +aj

B:=B(xo,r) C (a1 +a}(1 +a0)*»™")D C D

ai

as long as we take A big enough, because of « > a?. Thus,

MK (frl, . ,fy:lm)(x) < sup 1_[ Zalx ) / lffz (yt | dM(}’;

G
BCDeAB(u K+611
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Iflet k = 2a16/(k + af), then k > a;, and we can get from the Holder inequality and condi-
tion (1.6) on ¢, that

m

M f )0 = s ] /D 50 ()

BCDeB() ;]

<C sup [ Iill s i (0 (kD))

BCDeB(1) 4y

< Cp(u(kB)) 1_[ Wfill Lo x 10y

i=1

The theorem is proved. d
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