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Abstract

In this paper, we consider the density estimation problem from independent and
identically distributed (i.i.d.) biased observations. We develop an adaptive wavelet
hard thresholding rule and evaluate its performance by considering L, risk over
Sobolev balls. We prove that our estimation attains a sharp rate of convergence and
show the optimality.
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1 Introduction

In practice, it usually happens that drawing a direct sample from a random variable X
is impossible. In this paper, we consider the problem of estimating the density functions
fX(x) without observing directly the i.i.d. sample X;, Xy, ...,X,. We observe the samples
Y1,Ys,...,Y, from biased data with the following density function:

fr) = 1.1)

P
where g(x) is the so-called weight or bias function, u = E(g(X)). The purpose of this paper
is to estimate the density function fX(x) from the samples Y7, Ys,..., Y,.

Several examples of this biased data can be found in the literature. For instance, in paper
[1], it is shown that the distribution of the concentration of alcohol in the blood of intoxi-
cated drivers is of interest, since the drunken driver has a larger chance of being arrested,
the collected data are size-biased.

The density estimation problem for biased data (1.1) has been discussed in several pa-
pers. In 1982, Vardi [2] considered the nonparametric maximum likelihood estimation for

fX(x). In 1991, Jones [3] discussed the mean squared error properties of the kernel density

estimation. In 2004, Efromovich [4] developed the Efromovich-Pinsker adaptive Fourier
estimator. It was based on a blockwise shrinkage algorithm and achieved the minimax rate
of convergence under the L, risk over a Besov class B3 ,.

In 2010, Ramirez and Vidakovic [5] proposed a linear wavelet estimator and discussed
the consistency of a function in L,[0, 1] under the mean integrated squared error (MISE)
sense. But the wavelet estimator in paper [5] contained the unknown parameter p. In the
same year, Christophe [6] constructed a nonlinear wavelet estimator and evaluated the L,
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risk in the Besov space B; ;. However, Sobolev spaces WN (N € N*) except r = 2 is not a
special case in the Besov space B; .

In this paper, we consider the nonlinear hard thresholding wavelet density estimation for
biased data in Sobolev spaces W (N € N*). We mainly give the upper bound of minimax
rate of convergence under the L, risk without particular restriction on the parameters r
and p, and the convergence rate is optimal.

2 Preliminaries

In this section, we shall recall some well-known concepts and lemmas.

2.1 Wavelets
In this paper, we always assume that the scaling wavelet ¢ is orthonormal, compactly sup-
ported and N + 1 regular.

Definition 2.1 The scaling function ¢(x) is called m regular if ¢ (x) has continuous deriva-
tives of order m and its corresponding wavelet 1 (x) has vanishing moments of order m,
ie, [y (x)dx=0,k=0,1,...,m~—1.

The following conditions about the scaling function ¢ and the kernel function K(x, y)
will be very useful in the third section.

Condition (6) The function 6,(x) = D", l@(x — k)| is such that esssup, _p 6, (%) < 0o.

Condition H(N) There exists an integrable function F(x) such that for any «x,y € R,
|K(x,y)| < F(x—y), where [ |x|NF(x) dx < c0.

Condition M(N) Condition H(N) is satisfied and [ K(x,)(y - x)kdy = 8ox, k=0,...,N,
xeR.

For any x € R, j, k € Z, denoted by ¢;(x) := 2%g0(2fx - k), Yi(x) = 2% ¥(2x — k), then
for any f(x) € L,(R) := {f(x)| [ [f(%)|" dx < oo}, where 1 < r < 0o, we have the following
equation [7]:

f@ =@+ Y Bk,  ae, (2.1)

keZ j>] keZ

where
o - [R @@ ds,  Pu- /R FO) d.

2.2 Sobolev space

The Sobolev space WN(R) (N e N*) is defined by WN(R) := {f : f € L,(R),f™ e L.(R)},
which is equipped with the norm ||f|ly~ := [[f ]l + If™]|,.. The Sobolev balls W (A, L) are
defined as follows:

WN(A,L) := {f € WN(R) :f is a probability density function, suppf < A,

lFl, =2}
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Between a Sobolev space and a Besov space, the following embedding conclusions are
established.

Lemma 2.1 [8] Lets>0,1<p,q,r < oo, then
(i) WN e BN < BN-Ur YN > 1/r;
(ii) BS > B;q, Vr<p,s'=s-1/r+1/p,
where A <> B denotes that the Banach space A is continuously embedding in the Banach

space B, i.e., there exists a constant ¢ > 0 such that for any u € A, we have ||ul|g < c||u||a.

2.3 Auxiliary lemmas
The following lemmas given by [9] will be used in the next section.

Lemma 2.2 If the scaling function go satisfies Condition (), then for any sequence
(edeez satzsfymg 2, #= (Ci[Aak)7 < 00, we have C1||?»||zp2(77) <| Zkkkso,kup <

Call1 15,2277, where C1 = (ll%lloollwlll) = (116, ||oo||¢||1) Ll<p<ooi+l=l
P p q

Lemma 2.3 Forsome integer N > 0, if the kernel function K(x, y) satisfies Conditions M(N)
and HIN +1),f € B;q(R), wherel < p,q < 00,0 <s < N +1, then we have |K;f —f||, = 27;,
where gj € l,.

Lemma 2.4 (Rosenthal inequality) Let Xi,...,X, be independent random variables such
that E(X;) = 0 and E(|X;|?) < 0o, then there exists a constant C(p) > 0 such that

o

i=1 i=1
n P n pl2

E( ; )5(2}5(}(3)) , O<p=2
i=1 i=1

Lemma 2.5 (Bernstein inequality) Let Xi,Xa,...,X, be independent random variables
such that E(X;) = 0, E(X?) < 02, |X;| <M < co. Then

1 n
p(_
n —

ip> <Cp) (anE(mV’) + (gE(X?)Y&), p>2

>

i=1

)\'2
>A ) <2exp I , VA>0.
2(c2 + MA/3)

Remark In this paper, we often use the notation A < B to indicate that A < ¢B with a
positive constant ¢, which is independent of A and B. If A < Band B < A, we write A ~ B.

3 Main results
In this paper, our hard thresholding wavelet density estimator is defined as follows:

]?anon Z QjokPjok (% Z Z ﬂ;k Yk (x) (3.1)

J=jo

where

A n A n
. A ~— Giok(Y3) s Y (Y3) R n
a‘kzz—g , ﬁ'kzz—z , = =
" o g(Y) ' o g(Yy) Zil g&’i)
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The hard thresholding wavelet coefficients are ﬁ}.* = ﬁ?,-kl {l 3jk| > A}, where

L 1Bkl =2,

H1Bil = 1} = o <
) jk .

Suppose that the parameters jo, j1, A of the wavelet thresholding estimator (3.1) satisfy

the assumptions:

, ((Inn) n )m r> £,
20~ 2 (3.2)
nZ(N—I/r)H , r S ﬁ’
Ao p
o A (3.3)
G,y ot
=c % (3.4)

where c¢ is a suitably chosen positive constant.

Lemma 3.1 Suppose that there exist two constants g and g, such that 0 < g < g(x) <gy <
oo for x € R. Let ok, Bk be the coefficients in the expansion (2.1) and let d, ,3]1( be defined
by estimator in (3.1). If Y < n, then for any 1 < p < oo, we have

(1) Elaj —apl? S ns
(i) E|B - Bul? St

Proof (i) From the definition of @y and the triangular inequality, we have

. Pix(Ys)
ok — aji] = ik
e Z gy %
A n
1~ @Y . (1 1>
=== — Ok | + U\ — — =
M(n; gy AN
A n
Al 0¥y . 1 1‘
<|=ll= = k| + |l | = = —|.
" n; gy "l
Since g1 < g(y) < g, we have
R n
== <&, w=Eg(X) > g1,

1
Yia &)

and

|%us/vﬁwmwun@s(fv&m%ﬁf(fwwmfwjzsmﬁmm

Furthermore, a Sobolev space and a Besov space have the following embedding the-

orem, WN < BN < BN-Ur for any integer N > 1/r, then we have ||f]lo < Il pyyr <

Page 4 of 15
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If Il = c. Therefore, by the convexity inequality, we get

1)’”

7

E|éx — ajl?

@ |1 9x(Y) 1/2
<El=|— — k| + A |~ -
= (gl w gy |

i=1

» "o (Y 7o
<orl max{g’ngl/zc} gl [* Z @ik (Ys) w 1.1
& h3 g(Yy) u
n 2 p
< gzwj,k(lc)_ak 11
T i=1 g(Y) ! 1
= T1 + Tz,
9k (Y)
where Ty := E|4 370 %6 — o, To = El ;= 1P
The term T; is estimated as follows. Firstly, let &; := ng‘g) — a4, we can see that they

are i.i.d.,, and E(§;) = 0. Moreover, for any m > 2,

@k (Y)) "
E|g|" = E‘M - Qi
gy
_ e ol
<2 1<E‘M o + |05‘,k|m),
[400) !
where
0 (YD) ™ oY) | eR(Y)
’M ok \ L _ Mm—l ok ! ‘M ik
gy g(y;)m1 gy
2
1 - I _ ‘p‘k(Yi)
< g 1 m+12£(m 2)||(p||m 2E i Jr ,
and
2 2 2
@i (Y2) P ) @) X
E‘M jik ':/M ]',(ny(y)dy:/M J:k(y g0)f (y)dy
g(Y?) W) gy u
< flloo < If I =c.
So, we have
§0],k(Yz)|m m-1_—m+1 L(m—Z) m-2
2 < 22 llells “c.
Since 2 < n, we obtain
E|§i|m < C2j(m—2)/2 < n(m—Z)/Z.
By Rosenthal’s inequality, we have
1< [
Ti=E|- > &| Sn?(nElgl + n?? (Elal)") S n . (3.5)
n
i=1
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To estimate the term T, let n; = ﬁ - i We can compute E(1;) = 0 easily, and for any
m>2, Eln;|" <C.

Ifp>2,ie,1-p<—p/2, using Rosenthal’s inequality, we have

p
1 n
Ty=E|= Y | SnP(nElml? + n" (Elni2)"?) S n#*l o n?2 . (3.6)
n
i=1
If1 <p<2,weget
T2 — <n np/Z(E“,’ | )p/Z) < n—p/2 (37)

By (3.5), (3.6) and (3.7), we obtain
Elqjx —ajplf ST+ Ty Sn?l2,
(ii) It is similar to (i), we omit it. O

Lemma 3.2 IfjY < n, then for any o > 0, there exists a constant c > 0 such that

P<|Bjk—ﬂjk| >)\=C\/g> <27 (3.8)

Proof We can easily get

R 1 B
A<@  wu=g, ;5&3

12 12
1Bikl <A f lloo = A Nl

Therefore,
Bix— Bial = %(— > e m) i - i)‘
N T 3
el 3,
where §; = ¢"k =Bk Mi = l_) - i So, we get

Zs,
Za

+ @A [y

>

n
T
i=1

P(1Bi - Bl > 1) < P(

<P
g1

n
M
i=1

> m) +p( AV

> k/2>
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n

1 Agi 1 A
(=Ygl e[ |- 0> —
(nzl l Zgz) (nzl ‘ 2g2A”2|le||WrN>
:Ipl +P2,
where P; := P(I% L&l > %), Py:=P(|% LS nil > W)'
Now, we estimate P;. Clearly, E; = 0, and i
I/I 2
=E ﬁ]k

IA
)

<E\u )
2 Y)
(s 1 )

(G )

2

1l
[\

IA

Furthermore, we have

<2-22g06 ¥l oo-

o= 250 (200

gy g(Yy)

By Bernstein’s inequality, we obtain

1 A 22g2/4g?
Pl |- >£ §2exp< 5 "8 148) )
ns 28 2(02 + gl W/Zgzglllll/fllooB)

Y&
i=1
9 ( n-c? /élg2 )
2(0? +gzc\/1/n2//2gzg1 U1 llocgi/3)

4
=Zexp<— jgi 14g; )

2(0? + /Y |l llooc/3)

Since j2 < n, then

1 )\’ 2. 2 2
o1 e Ezexp(_M)
n & 20 2002 + ¥ [lwc/3)

D&
i=1
cg1/4g2 )
=2expl ————=—j ).
p( 202 + [¥llocl3)

. dgtiagl
Taking ¢; > 0 such that Tt Vool > w, then
A, . )
P = ( Zg, ﬁ) <2 <27, (3.9)
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Next, we estimate P,. We compute that En; = 0, i.e.,

-2 )2 ) L0

_ / 1 g(y)fx(y) 1
g n w

1
_ X _
—M/f () dy " 0

and
ez 1) =2 ) = 2
n; = -—) = =)=
: gY) gy wr) g
- ‘ 1 1‘ ' 1 <2
il =|—=—-—|= —E—|<2g .
) u| gy Ty =

By Bernstein’s inequality, we obtain

o

2A1/2|le|| )
i’l(k/(zngl/zllellW;V))Z
=2exp <_ 4 -1 12|1FX )
2(g12 + gy 1B@AM I ¥ Ily))
ncj/( 4ng2A|[fX||2
= 2exp< )
2 +¢/j/n/(3g1g,A1? Ile Il )

Zm

Since j < n, then

1w« A
PlI=Y > ———
( n ZI” 2g2A1/2qu||Wy)
IGG AT, x)
< Zexp(— )
2( + c/(3g1ng”2|le IIWN))

1 btk c2/4g2A||fXH2
Taking ¢, > 0 such that
g2 2<g—2+c2/<3g1g2A1/2\vX|| )
1

1
PZ:P(—
n

Taking ¢ = max{ci, ¢z}, by (3.9) and (3.10), we have

n

Zﬂi >

i=1

A
2g2A1/2 ”fX” Wﬁv )

P(IBjk = Bl > 1) <Py + P S27%.

> w, we have

<2e7 <279,
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Lemma 3.3 Suppose that there exist two constants g and g, such that 0 < g < g(x) < gy <
00, for x € R, and ,3,»/(, ,@l’;{ are given by (3.1). Then

N
(Inn)3p~ 2w+, r> 5=,
N
Z Z i — Bi) Vi 5 (In ) () S-151, = B
J=Jo N’
(1!17")2(1\171/7)“ , r< ﬁ,
where c3, ¢4 are constants.
Proof By Lemma 2.2, we obtain
ZZ Bi = B ) ik <EZ Z - i) 1r”/k
J=jo J=jo
1
1 1 ~ p
J(53-3) * p
< e D (i)
J=lo k

Furthermore, since ]k = ﬂjkl {l ﬁjk| > A}, we have

ZZ ,k /31k W;k
Jj=jo
(ZZI %%)(Zm]’k—lgjﬂp);g
Jj=jo k

N A A A
X (1{|,3jk| > A Bkl = 5} +1{|,3jk| > A Bkl < 5})

+ Zz’ ) (Zm,m) (1Bxl < M 1Bxl < 20 + (1Bl < 2 1Bl >2A})>

Jj=jo

Note that

1Bl > A lolg A
{|,Bjk|> ,|/3/k|<§}§ {lﬂ/k—ﬂjk|>§},

A A A
1{|/3jk|§ly|ﬂjk|>2)»}51{|,31k—/3/k|>5},

e 1B 5 5 1Bjk| 5
and if Bl < A, |Bl > 2A, we get By — Bl = |Bil — 1Bl > =25, ie., 1Bl < 21Bjx — Bl;
therefore, we have

1

S EZz’ ) (Dﬂ,k— ,kvv{w,u > ;})

Jj=jo k

ZZ ]k ﬂ/k W;k

Jj=jo

J1 11 R . A 11‘;
+EY 20 p>(Z|ﬂ,k—ﬁjk|f’1{|ﬂ,k—ﬁ,»k|>5})
k
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/1 1 1 p
+ Zz"‘ﬂ)<z Bl I{ 18] < zx})
k

Jj=jo
=: W1+W2+W3,
where
W, Eh 237p) 3 rl A1)’
= r 2 — B, S > —
1=E) D BBl 1Bk = S 1)
Jj=jo k
! i(5-3) 3 rrl 3 AN
Wai=E D 20 3018w = Bl T 1B = Bl > 5 )
Jj=io k
jl 4(1 1) [l’
Wyi=y 227 (Z|ﬂ,-k|f’1{|ﬁ,»k| gzx}) :
Jj=jo k

(i) Firstly, we estimate

ST

EZW Z (Z|ﬁ,k—ﬂ,k|P1{|ﬁ,k|>—}> :

j=jo

By Lemma 3.1, we have

b
2

E|Bix— BlP Sn2.

Using I{| B > 3} < (‘2

)" and Jensen’s inequality, we obtain

N>

1 1 i
Wi = EY 26 Z|ﬂjk—ﬁ1k|p1{|ﬁjk|>_})p

Jj=jo

;1 11 zla
<> 2 (Zaﬂ,k—ﬁ,kl”l{lﬂ,kl > —})

Jj=jo k

<n% Inn~ % (275 I{E > 0} + 27 I{E < O} + (jy — jo + DIIE = 0}).
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Using Lemma 3.1 and (3.4), we obtain

_N_
(Inn)®3p~ 2w, r> g
N/
Wi <4 (ln n)c4(1“7”)2w—1/r>+1, r= o, (3.11)
N/
(1‘17") AN-TN+ | r< —21\117+1 ,

where c3, ¢4 are constants.
(ii) For

1

Zz’% » <Z|ﬂjk|p1{|ﬁjk| szx}>”,
k

Jj=jo

let & := %(§(2N+1) 1). By I{|Bjx| <21} <(\5 l)p " (r < p), we have

W3 < < Zzl(z‘p)<z |13}k|1’<|,3} ) ) )p

J=Jo

il L
= Zzﬂz—;)(% @(Z|5]k| >

Jj=Jo

Jil
= 2P 18I

Jj=jo

1

Since fX € WN(R), then |8, < 27W 39, Taking A = c\/g ~ e\ /"2, ji —jo ~ C(Inn),

we have
jl .1 p-r 1 1yr
Wg < Zz](z 1))\72—1(1\“7—;)1—7
Jj=jo
1 %‘7’ Jil .
< (n 9735 @N+D-1]
~\n —
J=io
Inn % e
-(5) 22
Jj=jo

p—r

5(1111”) (27414 > 0} + 27 1{E < 0} + (i —jo + DI{E = 0)).

Note that & > 0 if and only if 7 > 7Z=. When & = 0, i.e., p = (2N + 1), we can compute
N p " Using (3.2), (3.3), we obtain

2AN-1)41
(17)"2—2 ~j0f = (In ) N -2 r> s
pr pr
WsS{ED 7 Gi—jo+ DSED T, =gy (312)
P /
b 1
(o) oo -y, gt
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(iii) Finally, we estimate

1 1

(l_1 N ~ A r

Wyi=EY 2 H(Z 1B —ﬂ,»kV’l{w,k - Bul > 5}) :
k

Jj=jo

Let1<¢,q < 00, and é + % = 1. Using Jensen’s inequality and Hoélder’s inequality, we
have

1

1 >
(11 A 5 A2
W, = EZZ’(2 P)(Z |ﬂ,‘/<—ﬁjk|p1{|ﬂjk—ﬂjk| > 5})
X

Jj=jo

Jj=jo

Ao . N A z
< 221(71_’)<ZE<|,3/‘I<—ﬁjk|p1{|:31'k_ﬂik| > 5}))17
k
! 11 n 1 7 I A % é
< 22}(2_”)(Z(E|ﬂ/k _51.k|’11’)‘1 (Elq {|,3jk - Bl > 5}) )
Jj=jo k

! (11 2 i 3 ’ l
< Zz](ip)<Z(E|ﬁjk _ﬂjk|qp)q <P(|:3]'k = Bkl > E)) >p.

J=lo k

Qe

By Lemma 3.1 and Lemma 3.2, we obtain

J1 i i
P . _@ 1 i(L_
Wy <3 200 (U b ) r = Y 2,
Jj=Jo

szjﬂi

I
N
S
G
g
A
N
L
2
S

Taking 2° as in (3.2), we have

2 (2]\;+1) N+ _r
T 2N+1 r

(ln n) n > > INTL’
2~ N’

_ » (3.13)
2(N-1/r)+1 N A
n 2N, U g

Putting (3.11), (3.12) and (3.13) together, we can obtain

_ N
i (Inn)Bp~ 2w+, / r> ﬁ,
~ N
E|D N (Bi-Bi) | < { (nmyes(omymwmmn, = b
j=jo Kk P N
(]“T”)Z(N—l/r)ﬂ , r< ﬁ’

where c3, ¢4 are constants.

O

Theorem 3.4 Let the scaling function ¢(x) be orthonormal, compactly supported and N +
1 regular. There exist two positive constants g and g, such that g < g(x) < g, x € R. If
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an“(’“ is the nonlinear wavelet estimator in (3.1), and assumptions (3.2), (3.3) and (3.4) are
satisfied, then for any f* € WrN(A,L), wherel <r<p<oo, N > %, we have

e N »
(lnn) 3n 2N+1, ) r> INTT’
ZXnon X 1 _ N
_sup E[fmon =X, S { (nnyes (nmy i, = o2
SrewrAd Inn 21\11\{/ 1 r
(57) 2=, 7' <N+t

where N’ = N —1/r + 1/p, c3, ¢4 are constants.

Proof By the definition of Ayf(""“ in (3.1) and the expansion of f* in (2.1), one has

1
]?;l}(non _fX _ Z(&/Ok _ (onk)‘/’/ok + Z Z(/f?;( - :B/'k)l//jk + Pj1+1fX —fX.
k

J=jo  k

Then

E”f;anon _fX Hp

Jil
<E|Y @k —ao0oior| +E| D> (Bi=B)vi| + [Pt ¥,
k p j=jo k p
=: 11 + 12 + 13,
where
L:=E Z(&jok — 0o k) Pjok || -
k p
il A
L:=E Z Z(ﬁ}}l = Bi) Vi | »
j=jo k p
L= || Pyaf* £
Firstly, we estimate
L:=E Z(&]ok - aj()k)(pjok
k p

By Lemma 2.2 and Jensen’s inequality,

1 1

11 . P11 . b

1152}0(2 p)E(E |ajok_aj0k|p) 52/0(2 p)<ZE|ajok_ajok|p) .
k k

Since f* (x) and ¢(x) are compactly supported, then the number of elements in {k : otjox #
0} is O(2/°). By Lemma 3.1, we have E|@jox — @jox|? < s,
Therefore

1

L <200 ) (2o h)r = g,
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Using (3.2), we have

_pr N
(In 72) Z7CN+D) 37~ aN+1 r>-£2_
’ 2N+1’ 3.14
15 _ N’ p ( . )
2(N-1/r)+1 < £
n ’ "= s

whereN/:N—%+%.

Next, we estimate
L= |Pyaf - -

In reference [9], it turns out that if the scaling function ¢(x) is orthonormal, compactly
supported and N +1 regular, then the associated kernel function K (x, y) := >, @(x—k)p(y—
k) satisfies Conditions H(N + 1) and M(N), and Kjf (x) = P;f (x).

Since a Sobolev space and a Besov space have the following embedding theorem: WN <

BN, <> BY. ,where N'=N -1+ 5 then fX B By Lemma 2.3, we have

[P =¥, 27

Taking 2 as in (3.3), we have

o »
12N+, r> =
2N+1’
LSy . (3.15)
AN 2N-1/r)+1
( n ) hor= 2N+1°

Finally, we estimate

1
Z Z(B;Z - Bix) Yk

]2 :=F
J=o Kk p
Using Lemma 3.3, we obtain
N
-2 p
i (Inn)Bp~ 2N+, r> net
N N
E|Y D (Bi-Bu)vi| <3 (nmpes(nzymwmma, oy 2o (3.16)
jo K L »
(520, "< aons
By (3.14), (3.15) and (3.16), we obtain
N
- o p
(Inn)spn~ 2w+, r>
N N’
sup  E[fX"0 - £, S Y Gnmpes (), p = ol
FXeWwN(A,L) n N
(Iz) 3=, r< _21\119+1' O

4 Optimality
Now, we discuss the optimality of the rates of convergence. Using similar techniques as
those in reference [10], we can obtain the following lower bound theorem.
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Theorem 4.1 Let the scaling function ¢(x) be orthonormal, compactly supported and N +1
regular, fX € WN(A, L). If there exist two positive constants g and g, such that g < g(x) <
2, x € R, then for any estimator fnx , we have

N
- o p
R NN+, r>
. X X 2N+1’°
1}}(f sup E|Lfn -f HPZ Y ,
i fXEW,N(A,L) (T)Z(N—l/rHl, r< TN’

wherel <r,p<oo, N > %

Remark The proofis very similar to that in reference [10], in which the author studied the
lower bound of the convergence rates in Besov spaces for the samples without bias data.

According to Theorem 4.1, we can see that:
(i) Whenr< ﬁ, our nonlinear estimator can attain the optimal rate.

(i) When r = 5=, our convergence rate and the optimal rate of convergence differ in a
logarithmic. So, it is sub-optimal.

(iii) When r > 7, the logarithmic factor is an extra penalty for the chosen wavelet
thresholding, our convergence rate is sub-optimal.
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