Xu and Zhang Journal of Inequalities and Applications 2013, 2013:304 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2013/1/304 a SpringerOpen Journal

RESEARCH Open Access

Some results of meromorphic solutions of
second-order linear differential equations

Junfeng Xu'" and Xiaobin Zhang?

“Correspondence:
xujunf@gmail.com

'Department of Mathematics, Wuyi
University, Jangmen, Guangdong
529020, PR. China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, we investigate the growth and the zeros of difference of the first and
second derivative of the solutions of the second-order linear differential equations

f//+AOeaozf/ + (A1€a]Z+A2€azz)f:O

and a small function, where A;(z) (2 0) (/= 0, 1,2) are meromorphic functions and

do <0,a1a; #0,ay; #ay. Our result extended the results of Peng and Chen, Belaidi and
others.
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1 Introduction and main results
In this paper, we shall assume that the reader is familiar with the fundamental results and
the standard notation of the Nevanlinna value distribution theory of meromorphic func-
tions (see [1-3]). The term ‘meromorphic function’ will mean meromorphic in the whole
complex plane C. In addition, we will use notations p(f) to denote the order of growth of
a meromorphic function f(z), A(f) to denote the exponents of convergence of the zero-
sequence of a meromorphic function £(z), A(f) to denote the exponents of convergence of
the sequence of distinct zeros of f(z).

In order to give some estimates of fixed points, we recall the following definitions (see
(4, 5]).

Definition 1.1 Let f and g be two meromorphic functions satisfying p(g) < p(f), and let
z1,25... (Iz] =75, 0 <1y <7y <---) be the sequence of distinct zeros of the meromorphic
function f — g. Then T,4(f), the exponent of convergence of the sequence of distinct zeros
of f — g, is defined by

T,(f) =inf{r >0

o0
Z lzj] ™" < +oo}.
j=1
It is evident that

___logN(r, /)

_ n f-g
=1
tg(f) rlglo logr

and T,(f) = A(f - g).
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Clearly, if g(z) = z, then Definition 1.1 is equivalent to the definition of the exponent of
convergence of the sequence of distinct fixed points of f(z). We denote T,(f) = T(f).

For the second-order linear differential equation
"+e*f" +B(z)f =0, (1.1)

where B(z) is an entire function of finite order, it is well known that each solution f of (1.1)
is an entire function. If i and f, are any two linearly independent solutions of (1.1), then
at least one of f, fo must have infinite order [6]. Hence, ‘most’ solutions of (1.1) will have
infinite order.

Thus a natural question is: What condition on B(z) will guarantee that every solution
f %0 of (1.1) will have infinite order? Frei, Ozawa, Amemiya and Langley, and Gundersen
studied the question. For the case that B(z) is a transcendental entire function, Gundersen
[7] proved that if p(B) #1, then for every solution f = 0 of (1.1) has infinite order.

In 2002, Chen considered the problem and obtained the following result in [8].

Theorem A Let a, b be nonzero complex numbers and a # b, B(z) # 0 be a nonconstant
polynomial or B(z) = h(z)e"?, where h(z) is a nonzero polynomial. Then every solution f
(£ 0) of the equation

"+ e*f +Bz)f =0

has infinite order.

Theorem B Suppose that Aj(z) (# 0) (j = 0,1) are entire functions and p(A;) <1, let a, b
be complex numbers and ab # 0 and a # b, then every solution f (& 0) of the equation

f"+ A€ f + Age*f =0
has infinite order.

Recently in [9], Peng and Chen have investigated the order and the hyper-order of so-
lutions of some second-order linear differential equations and have proved the following
result.

Theorem C Suppose that Aj(z) (# 0) (j = 1,2) are entire functions and p(A)) < 1, let ay,

ay be complex numbers such that aya; # 0, and let ay # ay (suppose that |a1| < |ay|). If

arga; # w or ay < -1, then every solution f (£ 0) of the equation
"+ e+ (Are™F + Are™)f =0
has infinite order and p,(f) = 1.

In this paper, we extend and improve the above result from entire solutions to mero-

morphic solutions.
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Theorem 1.1 Suppose that Aj(z) (£ 0) (j = 0,1,2) are meromorphic functions and
p(A)) <1, and ay, a, are two complex numbers such that aia, # 0, a) # a, (suppose that
la1| < |azl). Let ag be a strictly negative real constant. If argay # w or a1 < ay, then every
solution f (£ 0), whose poles are of uniformly bounded multiplicities, of the equation

S+ A" + (A€M + Are™F)f =0 (1.2)
has infinite order and p,(f) = 1.

Remark 1 It has been shown by Bank [10] that the growth of a meromorphic solution
of a linear differential equation with meromorphic coefficients cannot be estimated uni-
formly in terms of the growth of the coefficients alone. Bank [10] (see also [11]) stated his
result in terms of an example. Hence, in addition to the growth of the coefficients, some
additional piece of information is needed when estimating the growth of meromorphic
solutions. Bank and Laine [12] have shown that the number of zeros of a solution should
also be taken into account in the meromorphic coefficients case. Chiang and Hayman
([13], Corollary 2.5) showed that we can estimate the growth of a meromorphic solution,
when 8(c0) > 0, in terms of the Nevanlinna characteristics of the coefficients. The con-
dition 8(co) > 0 is sharp because §(co0) = 0 in Bank’s example. In this paper, we give an
additional condition that the solutions whose poles are of uniformly bounded multiplici-
ties can guarantee the growth of the poles of the meromorphic solution less than or equal
to the meromorphic coefficients. We can change the condition that the multiplicity of the
poles is uniformly bounded to §(cc) > 0 when we considered the hyper order by using
Lemma 2.7.

Since the beginning of the last four decades, a substantial number of research articles
have been written to describe the fixed points of general transcendental meromorphic
functions (see [14]). In [4], Chen first studied the problems on the fixed points of solutions
of second-order linear differential equations with entire coefficients. Since then, Wang
and Yi [15], Laine and Rieppo [16], Chen and Shon [17], Liu and Zhang [18], El Farissi and
Belaidi [19] studied the problems on the fixed points of solutions of second-order linear
differential equations with meromorphic coefficients and their derivatives.

The other main purpose of this paper is to study the exponent of convergence of the
sequence of distinct fixed points of all solutions of equation (1.2). In fact, inspired by [5,
20-22], we can generalize the fixed-point to the small function.

Theorem 1.2 Let Aj(z), a; satisfy the additional hypotheses of Theorem 1.1. If ¢ (£ 0) isa
meromorphic function whose order is less than 1, then every meromorphic solution f # 0,
whose poles are of uniformly bounded multiplicities, of equation (1.2) satisfies

M=) =1(f' =) =A(f" - ¢) = 0.

Corollary 1 Let Aj(z), a; satisfy the additional hypotheses of Theorem 1.1. If f # 0 is a
meromorphic solution, whose poles are of uniformly bounded multiplicities, of equation
(1.2), then f,f', " all have infinitely fixed points and satisfy

2 =2() = 2(f") = oo
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2 Lemmas

The following lemma, due to Gross [23], is important in the factorization and uniqueness
theory of meromorphic functions, playing an important role in this paper as well. We give
a slightly changed form as follows.

Lemma 2.1 ([22]) Suppose that f(z),f3(2), .. .,f.(z) (n > 2) are meromorphic functions and
81(2),82(2), ..., 84(2) are entire functions satisfying the following conditions:
(i) XS = oo,
(ii) If1 <j<n+1,1<k <n,the order of f; is less than the order of %9 Ifn > 2,
1<j<n+1,1<h<k<un,and the order of fj(2) is less than the order of eS¢,
Thenfi(z)=0(j=12,...,n+1).

Lemma 2.2 ([24]) Let f be a transcendental meromorphic function of finite order p. Let
& >0 be a constant, and let k and j be integers satisfying k > j > 0. Then there exists a set
EC[-3, 37”), which has linear measure zero, such that if € [-7, 37")\E1, then there is a
constant R = R(0) > 0 such that for all z satisfying argz = 0 and |z| > R, we have

FP(2)
f9(2)

< |Z|(k—j)(ﬂ—1+8).

Lemma 2.3 ([17]) Let g(z) be a meromorphic function with p(g) = B < co. Then, for any

given € > 0, there exists a set E; C [—%, 37”) that has linear measure zero such that if ¥ €
-3 37”)\132, then there is a constant R = R(Y¥) > 1 such that, for all z satisfying argz = ¢

and |z| = r > R, we have
exp{—rﬂ”} < |g(z)| < exp{rﬁ”}.

Lemma 2.4 ([17]) Consider g(z) = A(z)e™, where A(z) (# 0) is a meromorphic function
with p(A) = a < 1, a is a complex constant, a = |ale’ (¢ € [0,27)). Set E3 = {# € [0,27) :
cos(p + 0) = 0}, then Es is a finite set. Then, for any given ¢ (0 < € <1 — ), there is a set
E, € [0,27) that has linear measure zero, if z = re?, 6 € [0,27)\(E3 U E,), then we have
when r is sufficiently large:

(i) Ifcos(p +6) >0, then

exp{(1 - &)ré(az,0)} < |g(z)| < exp{(1 + &)r8(az,0)};
(ii) Ifcos(p +6) <0, then
exp{(1 + &)rd(az,0)} < |g(z)| < exp{(1 - &)rd(az,0)};
where §(az,0) = |a| cos(¢ +6).

Lemma 2.5 ([9]) Suppose that n > 1 is a positive integer. Let Pj(z) = a;,2" + --- (j=1,2)
be nonconstant polynomials, where aj, (q = 1,...,n) are complex numbers and a,as, 7 0.

Set z = re?, @y = |aj,,|eiei, 6 € (-3, 37”), 8(P;,0) = laju| cos(6; + nb), then there is a set

Es C -3, 3—7;) that has linear measure zero. If 0 # 0,, then there exists a ray argz = 6,
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0 € [-3., 3.)\(E5 U E¢) such that

3(Py,6) >0, 8(P3,0) <0 (2.1)
or

3(Py,0) <0, 8(P3,0) >0, (2.2)

where Eg = {0 € [-7, 2—’;) :8(P;,0) = 0} is a finite set, which has linear measure zero.

In Lemma 2.5, if @ € [-Z, Z)\(E5 U E¢) is replaced by 6 € [Z, 3Z)\(E5 U Eg), then we

T’ 21’ 2n
can obtain the same result.

Lemma 2.6 ([25]) Let Ay, As,...,Ax-1, F # 0 be finite order meromorphic functions. If f (z)
is an infinite order meromorphic solution of the equation

f(k) +Ak7]f(k_l) +-+ Af +Aof = F,

then f satisfies M(f) = A(f) = p(f) = co.

Lemma 2.7 ([26]) Let k > 2 and Ag,As,...,Ax-1 be meromorphic functions. Let p =
max{p(4;),j=0,1,...,k —1} and all poles of f are of uniformly bounded multiplicity. Then
every transcendental meromorphic solution of the differential equation

f(k) +A/<—1f(k_1) +-+Agf =0 (2.3)

satisfies pa(f) < p.

Remark 2 The condition that the multiplicity of poles of the solution f is uniformly
bounded can be changed by §(00,f) > 0 for the solution f (see [27]).

Lemma 2.8 (see [24]) Let f be a transcendental meromorphic function. Let « > 1 be a
constant, and let k and j be integers satisfying k > j > 0. Then there exists a set E; C (1,00),
which has finite logarithmic measure, and a constant C > 0 such that for all z satisfying
|z| &€ E; U [0,1], we have (with r = |z|)

FP(z)
f9(2)

i
(logr)*log T(ar,f)] ]. (2.4)

- C|:T(ocr,f)
r

Lemma 2.9 (see [2, 28]) Let F(r) and G(r) be nondecreasing real-valued functions on
(0,00) such that F(r) < G(r) for all r outside of a set E C (0,00) of finite linear measure
or outside of a set H U [0,1], where H U [1,00) is of finite logarithmic measure. Then, for
every constant a > 1, there exists an ro > 0 such that F(r) < G(ar) for all r > ry.

Lemma 2.10 Let ay be a constant satisfying aog < 0. If arga; # 7w or a; < ag, then we have
ay #cag (0<c<1).

The proof is trivial, we omit it here.
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3 Proof of Theorem 1.1

First of all we prove that equation (1.2) cannot have a meromorphic solution f = 0 with
p(f) < 1. Assume a meromorphic solution f # 0 with p(f) = p; < 1 satisfies equation (1.2).
Then p(f%) = p; <1 (j = 1,2). Rewrite (1.2) as

Aqof'e%0% + A1fe™* + Ayfe™? = —f". (3.1)

‘We consider two cases:
(1) ay #ag, note that ay # ag, a1 # az, p(A1f) <1, p(Asf) <1, p(Aof’) <1, p(=f") <1 and
by Lemma 2.1, we have f = 0, which is a contradiction.

(2) ay = ayp, then (3.1) can be rewritten into
Ayfe™ + (Aof + Ayf)e™ = —f".

Note that a; # a2, p(A1f) <1, p(Aof” + Asf) <1, p(=f") <1 and by Lemma 2.1 again,
we have f = 0, which is a contradiction.
Therefore, p(f) > 1.
Now assume f is a meromorphic solution of equation (1.2) with 1 < p(f) = p < co. From
equation (1.2), we know that the poles of f(z) can occur only at the poles of 4; (j = 0,1,2).

Note that the multiplicities of pole points of f are uniformly bounded, and thus we have

2
N(r,f) <MN(r.f) <M Y _N(r,Aj) < Mmax{N(r,A)) :j = 0,1,2},
j=0

where M; and M are some suitable positive constants. Then we have A(l/f) < o =
max{p(4;):j=0,1,2} < 1.

Let f = g/d, d be the canonical product formed with the nonzero poles of f(z), with
B = p(d) = x(d) = L(1/f) <« <1, let g be an entire function and 1 < p(g) = p(f) = p < c0.
Substituting f = g/d into (1.2), we can get

1

d / d 2 d’ d
gg + [Aoeaoz - 2;]‘% + 2(;) -7 - Ay Ee«loz + A6 + Aye™* = 0. (3.2)

3
2
that if 0 € [-7, 37”)\131, then there is a constant R = R(f) > 1 such that for all z satisfying
argz =6, and |z| = r > R, we have by Lemma 2.3

Foranygivene (0 <& <1-a), thereisaset E; C [-7, 7 ) that has linear measure zero such

’Ao(z)‘ < exp{r‘“g}. (3.3)
By Lemma 2.2, for any given ¢ (0 < ¢ < min{l — ¢, %}), there exists a set £, C [-7, 37”)
that has linear measure zero such that if 0 € [-7, 37”) \ E,, then there is a constant Ry =

Ro(8) > 1 such that for all z satisfying argz = 6 and |z| > R, we have

< |zl i1 2, 3.4
@ <lz| j (3.4)

|g(’) (z)
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and

av )
‘ﬂ <|zfF1*e) i=1,2. (3.5)

d(z)

y Ay = |a2|ei92’ 01;02 € [_%’ 37”)'

i0

Setting z = re”, a; = |a;|e™

Case 1. arga; # 7, which is 6; # 7.

Subcase 1.1. Assume that 6; # 6,. By Lemma 2.5, for the above ¢, there is a ray argz = 0
suchthat6 € (-7, 5)\(E1UE, UE5 UEg) (where Es and Eg are defined as in Lemma 2.5, £, U
E; UEs U Eg is of linear measure zero) satisfying §(a1z,0) > 0, §(az,0) < 0 or 8(a12,0) < 0,
8(azz,0) > 0 for a sufficiently large r.

When §(a1z,0) > 0, 8(ayz,0) < 0 for a sufficiently large r, we have, by Lemma 2.4,

|A1e?| > exp{(1 - &)8(arz,0)r}, (3.6)

|A2e%7| < exp{(1-¢)8(azz,0)r} <1. (3.7)
By (3.6) and (3.7), we have

’Alealz +A2e“22’ > ’Ale"lz’ - ‘Aze‘”z‘ > exp{(l - 8)5(6112,09)7'} -1

= (1-o0(1)) exp{(1 - &)8(a12,0)r}. (3.8)

By (3.2), we get

'’ /

|A1e™” + Aye™*| < ‘g_ + <|Aoe“"z] +2|4 ) £
g alJlg
av] 1 4
+2 dg + % +|Ao| d; |e®0%|. 3.9)

Since 6 € (-%, Z)\(Ey U E; U E5 U Eg), we know that cos 6 > 0, then [e07| = e7l#0lreest <7,
Therefore, by (3.3) we obtain

|A0(z)e“°Z| < exp{r‘“g}. (3.10)
Substituting (3.4)-(3.5), (3.8) and (3.10) into (3.9), we obtain
(1-0() exp{(1 - &)8(a12,0)r} < M,y rk(o-1+e) exp{r**’}, (3.11)

where M; > 0 and k > 0 are some constants. By §(a:1z,6) > 0 and « + ¢ < 1, we know that
(3.11) is a contradiction.

When §(a12,0) < 0, 8(azz,0) > 0, using a proof similar to the above, we can get a contra-
diction.

Subcase 1.2. Assume that 6, = 6,. By Lemma 2.5, for the above ¢, there is a ray argz = 6
such that 6 € (-7, 7)\(E1 U Ey U Es U Eg) satisfying (a1z,6) > 0. Since |a;| < |aa], a1 # a»
and 0; = 0y, then |a;| < |a3], thus 8(axz,0) > 8(a1z,0) > 0. For a sufficiently large r, we get,
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by Lemma 2.4,
|Ale"lz| < exp{(l +€)8(ayz, G)r}, (3.12)
’Aze"22| > exp{(l - ¢)8(ayz, Q)r}. (3.13)

By (3.12) and (3.13), we get

|Ale“1z +A26“22| > \Aze”22| - |Ale“1z|
> exp{(1 - £)8(azz,0)r} — exp{(1 + £)8(a12,0)r}
=M, exp{(1 + )8(a12,0)r}, (3.14)

where M, = exp{[(1 — €)8(azz,0) — (1 + £)8(a12,0)]r} — 1.

Since 0 < & < min{l — «, %}, we see that (1 — €)8(azz,0) — (1 + €)8(a12,0) > 0, then
exp{[(1 - €)8(azz,0) — (1 + £)8(a12,0)]r} >1, M, > 0.

Since 6 € (=%, Z)\(Ey UE; UE; U Eg), we know that cos 6 > 0, then [e%0%| = e7l0lreost <,

Therefore, by (3.3) we obtain

|Ao(2)e™?| < exp{r**“}. (3.15)
Substituting (3.4)-(3.5) and (3.14)-(3.15) into (3.9), we obtain

M, exp{(l +£)8(az, G)r} < Myrklo-1+e) exp{r‘”g}. (3.16)

By 8(a12,0) > 0, My > 0 and « + € < 1, we know that (3.16) is a contradiction.

Case 2. 4; < ag, which is 6; = 7.

Subcase 2.1. Assume that 6; # 65, then 0, # 7. By Lemma 2.5, for the above ¢, there is a ray
argz = 0 such that 6 € (-7, 5)\(E1 U E3 U E5 U Eg) satisfying 8(a»z,6) > 0. Since cos6 > 0,
we have 8(a;z,0) = |a;| cos(6; + ) = —|ay| cos O < 0. For a sufficiently large r, we have

’Ale‘”z’ < exp{(l - E)S(alz,e)r} <1, (3.17)

|A2e™*| > exp{(1 - £)8(azz,0)r}. (3.18)
By (3.17) and (3.18), we get

’Ale"lz +A2e”22| > |Age“2z‘ - |Ale"lz|

> exp{(l - 8)8(6122,9)7} -1 (3.19)

Using the same reasoning as in Subcase 1.1, we can get a contradiction.

Subcase 2.2. Assume that 6; = 6,, then 6; = 6, = 7. By Lemma 2.5, for the above ¢,
there is a ray argz = 6 such that 6 € (7, 37”)\(E1 U E, UE5 U Eg), then cosf < 0, §(ayz,0) =
|ai| cos(6y + 0) = —|ay| cosO > 0, 8(azz,0) = |ay| cos(f; + 0) = —|az| cosb > 0. Since |a;| <
|aa|, a1 # az and 61 = 0,, then |a4| < |az|, thus §(aaz,0) > 8(a1z,0) > 0. For a sufficiently
large r, we get (3.12), (3.13) and (3.14) hold.

Using the same reasoning as in Subcase 1.2, we can get a contradiction.

Page 8 of 14
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Concluding the above proof, we obtain p(f) = p(g) = +00.

In the following, we prove that if all poles of f are of uniformly bounded multiplicity,
then po(f) = 1.

By Lemma 2.7 and max{p(A4e*?), p(A16M* + Aye*%)} = 1, then py(f) <1.

By Lemma 2.8, we know that there exists a set E7 C (1, +00) with finite logarithmic mea-
sure and a constant C > 0 such that for all z satisfying |z| = r ¢ [0,1] U E7, we get

2@ _ i1 loe Tar AV < C[TEnATY i-1.2 3.20
(Z)_[(r,f)Og(r,f)]_[(r,f)],/—»~ (3.20)

f

For Subcases 1.1 and 2.1, we have proved that there exists a ray argz = 6 satisfying 0
(=%, 7)\(E1 U E3 U E5 U E¢), for a sufficiently large r, we get that (3.8) or (3.19) hold, that
is,

|A1e‘”z +A2e"2z| > exp{hr}, (3.21)

where /; > 0 is a constant.
By (1.2), we have

7 +Aoe”°”§7 = —(Ale‘“z +A2e“22). (3.22)
Since 6 € (-7, 5)\(E1 U E3 U E5 U Eg), then cos6 > 0, elaolreos? 1 By (3.20), (3.21) and
(3.22), we obtain

exp{hir} < C[T(Z;",f)]3 + exp{r‘)‘”}e““o"C"SQC[T(W,f)]2

<2Cexp{r}[T@r ). (3.23)

By /i >0,a+¢<1,(3.23) and Lemma 2.9, we know that for the constant « = 2, there exists
ro. When r > g, we have py(f) > 1, then py(f) = 1.

For Subcases 1.2 and 2.2, we have proved that there exists a ray argz = 6 such that 6 €
(3 37”)\(E1 U Ey U E5 U Eg). For a sufficiently large r, we get that (3.14) holds, and we also
get cosf <0, §(a1z,0) > —|ag| cos b > 0.

By (3.14), (3.20) and (3.22), we obtain

M, exp{(l + 8)5(611Z,9)7'} < C[T(Zr,f)]3 + exp{ro‘“;"}e"“‘)‘”"SQC[T(2r,f)]2

< 2Ce1#0lreost exp{r"‘”}[T(2r,f)]3. (3.24)

By 8(a1z,0) > —|ag|cos@ > 0, My > 0, @ + € <1 and (3.24) and Lemma 2.9, we know that
for the constant « = 2, there exists ro, when r > ry, we have p,(f) > 1, then po(f) = 1.
The proof of Theorem 1.1 is complete.

4 Proof of Theorem 1.2

Assume that f (£ 0) is a meromorphic solution of (1.2); then p(f) = co by Theorem 1.1.
Set go(2) =f(2) — ¢(2), go(2) is a meromorphic function and p(gy) = p(f) = oo. Substituting
f =go + ¢ into (1.2), we have

20 + Mg + hoogo = ho, (4.1)

Page 9 of 14
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where /g1 = Age™%, ho = A1e™? + Aye®* and ho = —(¢" + ho1¢’ + ho o). Obviously, g # 0.
In fact, if 5y = 0, then

q()// + hO,I(/)/ + ho,oﬁl) =0.

By Theorem 1.1, we have p(¢) = 00, it is a contradiction. Hence /4 # 0. Note that the
functions /1, hop and kg are of finite order, by Lemma 2.6 and (4.1), we have A(go) =
Mf - ) = cc.

Now we prove that A(f' — ¢) = co. Let g1(2) = f'(z) — ¢(2), then p(g1) = p(f') = p(f) = 00
and A(g1) = A(f' - ¢).

Differentiating both sides of (1.2), we have

"+ hotf" + [h/O,l + ho,o]f/ + g of = 0. (4.2)

By (1.2), we have

1

f= - "+ hoyf'). (4.3)
0,0

Substituting (4.3) into (4.2), we have

h; h;
" + (h(),l — h()_,O " + |:h6'1 + h0,0 — ho—'oholli|f/ =0. (44)

0,0 0,0

Combining f' =g1 + ¢, f" =g, + ¢', f" =g/ + ¢” into (4.4), we have

gi/ + hl,lgi + hl,()gl = hl, (45)
where
h/
I =hoy - ﬁ

/

/ 0,0
hl,O = ho,l + ho,o - —ho,h
ho0

)

7 h,
—h=¢" + <h0,1 - ﬂ)W + |:h6,1 +hoo — ﬂho,l]%
ho0 o0

Now we prove /1; # 0. In fact, if #; =0, then
|:<ng + A6 + avo - alAO)Al _AOA/1i|e(ao+a1)z
@

/
+ |:<ng +AE) + ﬂvo - tleo)Az —AQA'2i|e(“°+”2)Z
4

” / ’ ” ’ /
+ |:<(p— —dlg)Al - gA’lj|eﬂll + |:<(P_ —ﬂ2£>A2 - g14,2i|€ﬂzz
% @ % % @ %

+ 24, Agel 1t @)z | A220% | A22027 = ), (4.6)
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We can rewrite (4.6) in the form
fle(uoml)z +fze(ao+u2)z + fye™F + fye™2 +f5€(ul+a2)2 +f6€2ﬂlz +f7€2ﬂ21 =0. (4.7)

Since p = p(¢p) <1, p(As) <1 (k =0,1,2), then p(f;) <1(j =1,...,7). Note that a; # 4, and
Lemma 2.10, then 24y # a1, a1 + ag, a1 + ay,2a,. In order to apply Lemma 2.1, we need to
consider three cases:

(i) If2a; #ag + az,a;. By Lemma 2.1, we get fs = 0, that is, A; = 0, a contradiction.
(i) If 2a; = ag + ay, then by Lemma 2.10, 24, # a1, 2a1, as + ag, a1 + dz, do + dy, dz. By
Lemma 2.1, we get f; = 0, that is, Ay = 0, a contradiction.
(ili) If 2a1 = ay, then by Lemma 2.10, 245, # ay, 241, ay + do, a1 + da, do + dy, dy. By
Lemma 2.1, we get f; = 0, that is, Ay = 0, a contradiction.
Hence /; # 0.
For equation (4.5), since /; = 0 and p(g1) = 00, by Lemma 2.6, we have

X(gl) = X(f/ - ¢) = p(g1) = p(f) = co.

Using a similar way to above, we can easily prove that /1o % 0. We omit it here.
In the following, we prove A(f” — @) = 00.
Let g2(2) = f” — ¢, then p(@) = p(f") = p(f) = 00 and A(g2) = A(f" - ).

Differentiating the two sides of (1.2), we get
SO hoaf” + [2Hy, + hoo|f” + [hgy + 2hy o Jf + Hy of = 0. (4.8)

By (4.4), we have

-1 £ + i f"])- (4.9)

=l

From (4.3), (4.8) and (4.9), we obtain

IO 4 hg f7 + hyof " =0, (4.10)
where
hy1=hoy — ﬂ, (4.11)
10
o ¢ hy 0
hg,() = 2h/ + h(),() — ﬂ - — I:h()'l — —’i|, (412)
ol hoo Mo ho0
where
h//
o1 = hyy + 2 — hoy % (4.13)
0,0

B

Substituting f” = g + ¢, f" = g + ¢', f® = g} + ¢” into (4.10), we have

gé’ + hz,lgé + Ny 0o = hy,
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where
hy = —(CDN +hy10" + hz,ofp)' (4.14)
Similarly, if one can prove /, # 0, then by Lemma 2.6, we can get A(g) = p(g) = 00.

Hence A(f" — ¢) = cc.
Now we prove /1, # 0. Note that

hyq = , 4.15
L o, (4.15)
H,
hyo = , 4.16
20 = s (4.16)
where

/ 2 / 2 7" ’ 7
Hy = hophoahy, + g ohoy — hoghgy —hoohyy — 2ho,0hg o + hoahg g
/2 2 / 3 / / 7
Hay = 2hg 1 hoo + 3l ghoy — 2ho0h0,1hg 1 + 1y o — 3ho0hg0ho1 — Mg Hg
7 " 72 / ” 2 Vi
= hooho0 = hophg hoo + 2hg o + o ohgy + hg g -

Obviously, Hy, H, are meromorphic functions and p(H;) <1 (j = 1,2). From (4.14), (4.15)-
(4.16), we know

h 1 ” ’
—2 = - |:(p—hly()h0,0 + ﬁ]‘[1 + Hg]
4 hiohoo | @ ¢

Let H = %,hl,oho,o + %Hl + Hy. We only need to prove H 0.
Note that p(£) <1, p(£) < 1and I olto,0 = Hy, o0 + 13,5 — o/t 5. From this and (4.15)-
(4.16), we can write H into the following form:

H :fle(ag+a1)z +fze(ao+a2)z +f362alz +f4€2a2z +f56(a1+a2)z
+f6€(2u1+a2)z +f7€(a1+2az)z +f86(2u0+a1)z +fge(2a0+a2)z +floe(2a1+ao)z

2a3+ag)z ap+aj+an)z 3a1z 3arz
+fl1€( 2+a0) +f126(0 1+a2) + fi3€47 + f1,€3727,

It is easy to see fi3 = A}, fia = A3, which come from the term 4 , in H,.

We can prove that p(f;) <1(1 <i <12).Set A = {ag +a; +ay, ap +as,2a1,2a,, a; +ay, 2a; +
ay,ay + 2as,2ay + ay,2a0 + a,2a; + ag, 2a; + dg, ay + ay,3ay, 3as}. Note that a; # a; and
Lemma 2.10, then 3ay # a; + ag, a1 + 2a9,2a1,2a; + ag,2a; + as,3az,a; + 2a; and 3a, #
2ay,3a1,2a; + as, a; + 2a,. Using the same way as above, we need to consider seven cases:

(i) If3ay #as + ag,as + 2a0,a1 + ay, 2ay + ag, ao + a1 + az,2a,. By Lemma 2.1, we get

fi3 =0, that is, A; = 0, a contradiction.

(i) If 3ay = ay + ao, then we can conclude that 3a; # A — {34,}. Hence, by Lemma 2.1,
we get fia = 0, that is, Ay = 0, a contradiction.

(iii) If 34y = ay + 240, then we can conclude that 3a; # A — {3a,}. Hence, by Lemma 2.1,
we get fia = 0, that is, A, = 0, a contradiction.

(iv) If 3a; = a1 + a3, then we can conclude that 3a; # A — {34,}. Hence, by Lemma 2.1,
we get fia = 0, that is, A, = 0, a contradiction.
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(v) If 3a; = 2a, + ay, then we can conclude that 3a; # A — {3a,}. Hence, by Lemma 2.1,

we get fia = 0, that is, A, = 0, a contradiction.

(vi) If 3a; = ap + a1 + ay, then we can conclude that 3a; # A — {3a,}. Hence, by
Lemma 2.1, we get fia = 0, that is, A; = 0, a contradiction.

(vil) If 3ay = 24y, then we conclude that 3a; # A — {3a,}. Hence, by Lemma 2.1, we get
fia =0, that is, A; = 0, a contradiction.

Hence, we prove H # 0 and /; # 0.

This proved the theorem.
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