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1 Introduction

A function f : I — R, I C Ris an interval, is said to be a convex function on [ if

flte+@-2)y) <tf () + A -f () (1.1)

holds for all x,y € I and t € [0, 1]. If the reversed inequality in (1.1) holds, then f is concave.

Many important inequalities have been established for the class of convex functions, but
the most famous is the Hermite-Hadamard inequality. This double inequality is stated as
follows:

arh i +10)
f(2>_bﬂff 12)

where f : [a, b] — R is a convex function. The above inequalities are in reversed order if f

is a concave function.

In 1978, Breckner introduced an s-convex function as a generalization of a convex func-
tion [1].

Such a function is defined in the following way: a function f : [0, 00) — R is said to be

s-convex in the second sense if

fltx+(1-1)y) <Ef(x) + 1 -1f () (13)

holds for all %,y € 0o, £ € [0,1] and for fixed s € (0,1].
Of course, s-convexity means just convexity when s = 1.
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In [2], Dragomir and Fitzpatrick proved the following variant of the Hermite-Hadamard
inequality, which holds for s-convex functions in the second sense:

capfath L f@) +fb)
2 1f< ) )SE/af(x)deT' (L4)

In the paper [3] a large class of non-negative functions, the so-called /s-convex func-
tions, is considered. This class contains several well-known classes of functions such as
non-negative convex functions and s-convex in the second sense functions. This class is
defined in the following way: a non-negative function f : I — R, I C R is an interval, is

called 4-convex if

fltx+ (1 -1)y) < h@)f(x) + h(1 - )f () (15)

holds for allx,y € I, t € (0,1), where &1 : ] — R is a non-negative function, # # 0 and / is an
interval, (0,1) C J.

In the further text, functions /% and f are considered without assumption of non-
negativity.

In [4] Sarikaya, Saglam and Yildirim proved that for an /-convex function the following
variant of the Hadamard inequality is fulfilled:

1 a+b 1 b 1
2h(%)f( 2 )S b—a/a fw)dx < [f(a) +f(b)]~/0 h(t) dt. (1.6)

In [5] Bombardelli and Varo$anec proved that for an s-convex function the following
variant of the Hermite-Hadamard-Fejér inequality holds:

Y w(x)d b b
fuzu;l(é)) xf <a; )S /a S)w(x) dx

< (b-a)(f(a)+f(b) ,/01 h(©)w(ta + (1 - t)b) dt, (1.7)

a+b
5
A modification for convex functions, which is also known as co-ordinated convex func-

where w: [a,b] — R, w > 0 and symmetric with respect to

tions, was introduced by Dragomir [6] as follows.
Let us consider a bidimensional A = [a,b] x [¢,d] in R? with a < b and ¢ < d. A mapping
f A — Rissaid to be convex on the co-ordinates on A if the partial mappings f, : [a, b] —
R, f,(u) = f(u,y) and f; : [c,d] — R, f(v) = f(«,V) are convex for all ¥ € [a, b] and y € [c, d].
In the same article, Dragomir established the following Hadamard-type inequalities for

convex functions on the co-ordinates:

a+b c+d 1 b pd
f( 2 2 )f(b—axd—c)/; /cf(’"”dxdy

fla,c)+f(b,c) +f(a,d)+f(b,d)
) .

=

(1.8)

The concept of s-convex functions on the co-ordinates was introduced by Alomari and
Darus [7]. Such a function is defined in following way: the mapping f : A — R is s-convex
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in the second sense if the partial mappings f; : [2,b] — R and f; : [c,d] — R are s-convex
in the second sense.
In the same paper, they proved the following inequality for an s-convex function:

i fa+b c+d 1 bord
§ f( 2 2 )f(h—axd—c)/a /Cf(x’y)dxdy

_Sfla) +fb,c) +f(a,d) +f(b,d)
- (s+1)2 )

(1.9)

For refinements and counterparts of convex and s-convex functions on the co-ordinates,
see [6-10].

The main purpose of this paper is to introduce the class of (%, 4;)-preinvex functions
on the co-ordinates and establish new inequalities like those given by Dragomir in [6] and
Bombardelli and Varo$anec in [5].

Throughout this paper, we assume that considered integrals exist.

2 Main results
Letf:X — Rand n: X x X — R”, where X is a nonempty closed set in R”, be continuous
functions. First, we recall the following well-known results and concepts; see [11-16] and

the references therein.
Definition 2.1 Let # € X. Then the set X is said to be invex at & with respect to n if
u+itn(v,u) e X
forallve X and ¢ € [0,1].
X is said to be an invex set with respect to n if X is invex at each u € X.

Definition 2.2 The function f on the invex set X is said to be preinvex with respect to n
if

Flw+ tnv,uw) < (1 - OF () + 1)
forall u,v e X and t € [0,1].

We also need the following assumption regarding the function n which is due to Mohan
and Neogy [11].

Condition C Let X C R be an open invex subset with respect to 5. For any x,y € X and
any ¢ € [0,1],

n(y,y +tn(x,y)) = —tn(x,y),
n(xy + ) = 1 - On(x,y).

Note that for every x,y € X and every ¢, £, € [0,1] from Condition C, we have

n(y + tan(x,9),y + in(x,y)) = (&2 — t1)n(x,).

Page 3 of 12
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In [12], Noor proved the Hermite-Hadamard inequality for preinvex functions

1 1 penba) fla) +£(b)
f(a+§n(b,a)) < ﬂ(b,ﬂ)./a f(x)dxfﬁ. (21)

Definition 2.3 Let % : [0,1] — R be a non-negative function, / # 0. The non-negative
function f on the invex set X is said to be &-preinvex with respect to 7 if

f(u +tn(v, u)) <h(@1-t)f(u) + h()f (v)
for each u,ve X and t € [0,1].

Let us note that:

— if n(v,u) = v — u, then we get the definition of an /-convex function introduced by
Varo$anec in [3];

— if h(£) = t, then our definition reduces to the definition of a preinvex function;

— if n(v,u) = v—u and h(¢) = t, then we obtain the definition of a convex function.

Now let X7 and X, be nonempty subsets of R”, let n; : X; x X; — R" and 1, : X5 x X; — R".

Definition 2.4 Let (1,v) € X; x Xp. We say Xj x X, is invex at (1, v) with respect to 1; and
n, if for each (x,y) € X x X; and 4,1, € [0,1],

(14 + (o, u), v + tana (9, V)) € X1 x Xa.

Xi x X; is said to be an invex set with respect to n; and 7, if X; x X, is invex at each
(u,v) € X1 x X5

Definition 2.5 Let /; and 4, be non-negative functions on [0,1], 1; # 0, /1, # 0. The non-
negative function f on the invex set X x X is said to be co-ordinated (%, /1,)-preinvex
with respect to 7, and 7, if the partial mappings f, : X; — R, f,(x) =f(x,y) and f; : Xo —
R, fi(y) = f(x,y) are h;-preinvex with respect to 1, and h,-preinvex with respect to 7,
respectively, for all y € X; and x € X;.

If 11 (x, u) = x — u and 13(y,v) = y — v, then the function f is called (%1, hy)-convex on the

co-ordinates.

Remark 1 From the above definition it follows that if f is a co-ordinated (%, /1;)-preinvex
function, then

fx+am(b,x),y + toma(d, y))
<A -t)f (x,y + tan2(d,y)) + i (t1)f (b,y + tan2(d, y))
<1 -t)hQ-t) (xy) + 1 -t)h(t)f (xd)
+h(t)ha(1 - 6)f(b,y) + (t)ha(t2)f (b, d).

Remark 2 Let us note that if n;(x,u) =x —u, n2(y,v) =y —v, 1 =t and Iy (¢) = hy(t) = ¢,
then our definition of a co-ordinated (/, /1;)-preinvex function reduces to the definition
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of a convex function on the co-ordinates proposed by Dragomir [6]. Moreover, if /1;(£) =
hy(t) = £°, then our definition reduces to the definition of an s-convex function on the co-
ordinates proposed by Alomari and Darus [7].

Now, we will prove the Hadamard inequality for the new class functions.

Theorem 2.1 Suppose that f : [a,a + n(b,a)] — R is an h-preinvex function, Condition C
forn holds and a < a + n(b,a), h(%) > 0. Then the following inequalities hold:

1 1 a+n(b,a) 1
T(l)f(a + En(b a)> (b 2 / f&)dx < [f(a) +f(b)]- / h(t)dt.  (2.2)
Proof From the definition of an /-preinvex function, we have that

Sfla+tnb,a)) <h@ - 0)f (a) + h(t)f (b).

Thus, by integrating, we obtain

1

1 1 1
ff(u+tn(b,a))dt §f(a)/ h(l—t)dt+f(b)/ h(t)dt = [f(a) +f(b)]/ h(t) dt.
0 0 0 0

But

a+n(b,a)
/lf(u+tn(b,a))dt= 1 / ' f(x)dx.
0 a

So,

a+n(b,a) 1
n(b,a) /a f)dx < [f(a) +£()] /0 h() dt.

The proof of the second inequality follows by using the definition of an /-preinvex func-
tion, Condition C for 5 and integrating over [0,1].
That is,

f(a + %n(b,a)) =f(a+tnb,a)+ %n(a + A =t)n(b,a),a+ tn(b,a))

§h(%)[f(a+tn(b,a)) +f(a+( t)n(b, a))]

f(a+ %ﬂ(h“)) §h<%) [/Olf(a+tn(b,zz))dt+/lf(a+(1—t)n(b,a))i|,
a+n(b,a)
/ (‘” %”(b’”)> =2 G)n(b ol

The proof is complete. O

Theorem 2.2 Suppose that f : [a,a + n1(b,a)] X [c,c + ny(d,c)] — Ris an (hy, hy)-preinvex
function on the co-ordinates with respect to 1 and 1, Condition C for ny and n is fulfilled,
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and a < a + n1(b,a), c < c+ ny(d,c), and hl(%) >0, ]’12(%) > 0. Then one has the following
inequalities:

1 1 1
Mf(a + E’]l(br a),c+ Eﬂz(d, C))

1 /C+i72(d,c)f< 1 ( )
< a+—n b,a,y)dy
4-m()md,e) J. 2"

1 /C+n1(b,a)f< 1 (d )) d
+ x,¢c+ =nad,c X
4 hy(5)m(b,a) Ja 2"

1 a+ni(b,a) pc+na(dic)
< X, dxd
SoGamaal, | Sendd

1 1 a+ny(b.a) a+ny(b.a)
< / hy(t2) dty |:/ fx,c)dx + / flx,d) dx]
27]1 (b’ 61) 0 a a

1 1 c+n2(dc) c+na(dc)
s [ hlmmtl[ [ ranars [ s6) dy}
2772 (d7 C) 0 c c

1 1
< [f(a, ¢)+f(b,c) +f(a,d)+f(b, d)]./o m(t)dt - /0 hy(ty) dt,. (2.3)

Proof Since f is (hy,h,)-preinvex on the co-ordinates, it follows that the mapping f;
is hy-preinvex and the mapping f, is /i -preinvex. Then, by the inequality (2.2), one
has

! b@o) = [ e a
——flx,c+ = o)) < X,
el ( 2" ) Uz(d;c)/c Senay

1
< [f(x, c) +f(x,d)]/o hy(t) dt

and

1 1 ) 1 a+n1(b,a) 4
— <
2h1(%)f<a+ 2171( ,a),y) < m(b,a)/a fx,y)dx

1
< [flay +f(b.y)] /0 Iy (t) dt.

Dividing the above inequalities for 11(b,a) and 1,(d, c) and then integrating the resulting

inequalities on [a,a + n1(b,a)] and [c, ¢ + n2(d, )], respectively, we have

1 a+n1(b,a) 1 ., .
) (e gmiao)as

1 a+ni(ba) pctna(dic)
= b am@o ) dxd
B ﬂl(b,a)nz(d,c)/; /C S y)dxdy

1 1 a+n(b,a) a+n1(b,a)
< —/ hz(t)dt[/ f(x,c)dx+/ f(x,d)dx]
m(b,a) Jo a a

Page 6 of 12
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and

1 cnz(dic) 1 , .
W-Zl/ll(%)/c f(‘” Sl ,a),y) y

1 a+ni(ba) perny(de)
= (b, am(d,c) y)dxd
B Th(b;“)ﬂz(d,c)/; _/c fx,y)dxdy

1 c+na(cd) c+na(cd)
/Ohl(t)dt[ / Flay)dy+ f f(b,y)dy]

Summing the above inequalities, we get the second and the third inequalities in (2.3).

<

- n2 (d: C)

By the inequality (2.2), we also have

1 1 1 1 cn2(dyc) 1
2h2(_%)f<“ + 5’71(b;ﬂ);€+ Enz(a’,c)> =< o) /C f(a + Erll(b,g),y) dy

and

1 1 b 1 y 1 a+n1(b,a) 1 . .
2h1(%)f(ll+ Enl( ,ﬂ),C+ 5772( 1C)> =< nl(b,(l)[; f(x,c+ 57]2( ,C)) X,

which give, by addition, the first inequality in (2.3).
Finally, by the same inequality (2.2), we ca also state

1

c+n2(d,c) p . 1h )
wasl  Serd<leoswd) [mod

1 c+n2(d,c) 1
[ sed <o) [ mod

1 a+n1(b,a) 1
W/ S dx<[fac) +f(bo)] fo hi(t)dt,
1

m(b,a)

1

a+ny(b,a)
/ fx,d)dx < [f(a, d) +f(b, d)] /0 hy(¢) dt,

which give, by addition, the last inequality in (2.3). d

Remark 3 In particular, for m1(b,a) = b —a, n2(d,c) =d — ¢, hi(t1) = ha(t2) = t, we get the
inequalities obtained by Dragomir [6] for functions convex on the co-ordinates on the

rectangle from the plane R?.

Remark 4 If n1(b,a) = b —a, n2(d,c) = d — ¢, and hy1(81) = ha(tz) = %, then we get the in-
equalities obtained by Alomari and Darus in [7] for s-convex functions on the co-ordinates

on the rectangle from the plane R?.

Theorem 2.3 Let f,g: [a,a + m(b,a)] X [¢c,c + n2(d,c)] > Rwitha <a+ n(b,a), c<c+
na(d,c). If f is (i, hy)-preinvex on the co-ordinates and g is (ki, ky)-preinvex on the co-
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ordinates with respect to 0y and n,, then

1 a+ni(ba) pctna(do)
nba) o / f £ gy dxdy

1 1
< M@, byc,d) / / (6o (ke (6o (82) ity it
0 0
1 1
+ M(a,byc, d) / / () hs ek (8o (1 — t) dty dlts
0 0
1 1
+ Ms(a,byc,d) / / () () (L — )k (1) dlty it
0 0

1 1
+ Ma(a,byc,d) [ f (s (E2)k (1 — 0o (1 — t) dts s,
0 0
where

My(a,b,c,d) = f(a, c)gla, c) + f(a,d)g(a,d) + f(b, c)g(b, c) + (b, d)g(b, ),
M(a,b,c,d) = f(a,c)g(a,d) + f(a,d)g(a, c) + f (b, c)g(b, d) + f (b, d)g(b;c),
Ms(a,b,c,d) = f(a,c)g(b,c) + f(a,d)g(b,d) + f (b, c)g(a, c) + f (b, d)g(a, d),
My(a,b,c,d) = f(a,c)g(b,d) + f(a,d)g(b, c) + f(b,c)g(a, d) + (b, d)g(a, c).

Proof Since f is (11, hy)-preinvex on the co-ordinates and g is (k1, k2)-preinvex on the co-
ordinates with respect to n; and 7,, it follows that

f(a+tm(ba),c+tn(d,c))
< -t)h(1-t)f(ac)+ (- H)h(t)f(ad)
+ 1 (t)ha (1 - 6)f (b, ¢) + hi(t)ha(6)f (b, d)

and

g(6Z + tlnl(bi ﬂ): c+ t2772 (d! C))
<kl -t)k(1-1t2)gla,c) + ki(l - t1)ks(t2)g(a, d)
+k(t)k (1 - t)g(b, ¢) + ki (t)ka(£2)g(b, d).

Multiplying the above inequalities and integrating over [0,1]? and using the fact that

1 1
f / fla+tim(ba),c+tana(d,c) - g(a+ tim(b,a),c + tany(d, c)) dty dt,
0 0

1 a+m(ba) pc+na(dic)
e / / Foy)glny) dxdy,

we obtain our inequality. O

In the next two theorems, we will prove the so-called Hermite-Hadamard-Fejér inequal-
ities for an (/, h,)-preinvex function.
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Theorem 2.4 Let f : [a,a + m(b,a)] X [¢,c + n2(d, c)] = R be (hy, hy)-preinvex on the co-
ordinates with respect to ny and 1, a < a +n1(b,a), c < c+ na(d, ¢), and w: [a,a + n (b, a)] X
[c,c+ ma(d, )] = R, w > 0, symmetric with respect to

1 1
(“ + Enl(b;ﬂ):c"' Em(d,c)).

Then

m(
<[f@c)+f(ad)+f(b,c)+f(bd)]

1 a+ni(ba) perna(dic)
m(b,a) - 1(d,c) / / S y)wix,y) dxdy

1 p1
. v/(; A hl(tl)hz(tz)W(ﬂ + tlﬁl(b, 61), C+ tz ng(d, C)) dtl dtz. (24)

Proof From the definition of (/1;, 1;)-preinvex on the co-ordinates with respect to 7; and
12, we have

()

f(ﬂ + tlnl(b!a)!c + t2772(d’ C))
<A -t)h1-t)f(ac)+ 1 -t)h(t)f(ad)
+ () ha (1 - ) (b, ) + i (t)ha (L)f (b, d),

(b)
f(tl + (1 - tl)'h(b»ﬂ)yc + (1 - 752)772(61: C))
< hi(t)ha(t2)f (a,c) + () ha (1 - t2)f (a, d)
+ (1 - 0)ha (L) (b,c) + (1 —t)h(1 - 1) (b, d),
(c)
fla+tm(b,a),c+(L-t)n:(dc))
<h(l-t)hy(t)f (a,c) + (1 - t)h(1 - t)f (a,d)
+ 1 (t)ha ()f (b, ¢) + (t)ha (1 - &)f (b, d),
(d)

fla+@-a)n(ba)c+tn(dc)
< h(t)hy(1 - t)f (a,c) + hi(t)hy(t:)f (a, d)
+ h1(1 — tl)hz(l — tz)f(b, C) + ]’11(1 — tl)hz(tz)f(b, d)

Multiplying both sides of the above inequalities by w(a + tym1 (b, a), ¢ + tan2(d, ), w(a +
A=t))m(b,a),c+(1—=t2)n2(d, ), wla+tim (b, a), c+ (1 -t2)n2(d, ¢)), wla+ (1~ t1)m(b,a),c +
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tana(d, c)), respectively, adding and integrating over [0,1]2, we obtain

4 a+ny(ba) pctna(dc)
cwaaal | fwomenasa

<[f@o) +flad)+f(b,c) +f(b,d)]

1 1
4 / f () ha(t)w(a + o (b a),c + tanald,c)) dty iy,
0 0

where we use the symmetricity of the w with respect to (a + %m(b, a),c+ %ﬂz(d: ¢)), which

completes the proof. O

Theorem 2.5 Let f : [a,a + n1(b,a)] X [c,c + na(d,c)] = R be (hy, hy)-preinvex on the co-
ordinates with respect to m, and 1, and a < a+ m(b,a), c < c+n2(d, c), w: [a,a + m(b,a)] X
[c,c+ m2(d, )] = R, w > 0, symmetric with respect to (a + %m(b, a),c + %nz(d, ¢)). Then, if
Condition C for ny and n; is fulfilled, we have

1 1 a+n(ba) petna(de)
f(“ + E’]l(b, a),c+ Enz(d, c)) : / / wix,y) dx dy

1 1 a+ny(ba) pcna(dc)
<4. h1<§>h2<§> / / flx, y)w(x,y) dx dy. (2.5)

Proof Using the definition of an (/1;, /13)-preinvex function on the co-ordinates and Con-

dition C for n; and n,, we obtain

f(d + %Ul(b,ﬂ)yC*' %ﬂz(id)

<mh <%>h2 G) [f(a+am(b,a),c + tyna(d, 0))
+f(a +tmb,a),c+ (1 - t2)ny(d, c)) +f(a + 1 -t)mb,a),c+ tyn(d, c))

+f(a + A -t)mb,a),c+ 1 -t)n(d, c))]

Now, we multiply it by w(a + tym1 (b, a), ¢ + tan2(d, ¢)) = w(a + tym(b,c),c + 1 - t)n2(d, ¢)) =
w(a + (1 - t)m(b,a),c + tanx(d, c)) = wla + (1 - 1) (b, a), ¢ + (1 - £2)n2(d, c)) and integrate
over [0,1]? to obtain the inequality

1 1 1 1
f(a+§n1(b,a),c+§n2(d,c)> / f wla+ tim(b,a),c + ts(d, 0) dis dts
0 0

1 1 1 a+ni(ba) pre+na(dc)
:f(oz + Enl(b,a),c+ Enz(d,c)) S T - /ﬂ ‘/C. wix,y) dx dy

i 1 I 1 1 a+ny(ba) pctna(dic) e
<4- — - - : , :
= 1(2) 2(2>T]1(b:a)'772(d’c)/a /C f(xy)w(xy) xdy

which completes the proof. d
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Now, for a mapping f : [a, b] x [c,d] — R, let us define a mapping H : [0,1]> — R in the
following way:

1 boprd a+b
H(t,V)ZmL /;f(tx+(1—t)

Some properties of this mapping for a convex on the co-ordinates function and an

,ry+(1—r)c+

d) dxdy. (2.6)

s-convex on the co-ordinates function are given in [6, 7], respectively. Here we investi-
gate which of these properties can be generalized for (411, 4;)-convex on the co-ordinates

functions.

Theorem 2.6 Suppose that f : [a, b] X [c,d] is (h1, hy)-convex on the co-ordinates. Then:
() The mapping H is (hy, hy)-convex on the co-ordinates on [0,1]?,
(i) 4/ (3)ha(3)H(t,r) = H(0,0) for any (¢,r) € [0,1]°.

Proof (i) The (1, hp)-convexity on the co-ordinates of the mapping H is a consequence of
the (11, 1;)-convexity on the co-ordinates of the function f. Namely, for r € [0,1] and for
all, >0 witha + 8=1and £, 1, € [0,1], we have:

H(aty + Bty, 1)

(b a)(d - c) / / ((Olt1 + Bty, r)x + ( — (ot + ﬂtz))azj

ry+(1- r)%) dx dy

“wmaa=a |, [e(ra-0
d)dxdy

§h1(a)(b_ C)// (t1x+ 1-1)%
+hl(ﬁ)m/a /Cf<t2x+(1_t2)“+

= h(a)H(t,7) + I (B)H(ta, 7).

b a+b
>+ﬁ(t2x+(1—t2) ) ),

ry+(1—r)c+

d
,ry+(1—r)c+ )dxdy

b,ry+ 1 —r)c+7d> dxdy

Similarly, if ¢ € [0,1] is fixed, then for all 71,7, € [0,1] and «, B > 0 with « + B =1, we also
have

H(t,ar + Bry) < hy(a)H(t, n) + ha(B)H (2, 12),

which means that H is (41, h2)-convex on the co-ordinates.

) ct+d

(ii) After changing the variables u = fx + (1 - t)“*b andv=ry+ (1-r)<%, we have

1 bord a+b
H(t,r) = m/; /;f(tx+(1—t)

1 e rvu b-a d-c
= — , . dud
(b—-a)d-c) /uL ,/VL flu V)MU—ML Yu-—vL wa

d
,ry+(1—r)c+ )dxdy
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1 uy vu

" (uy - u) vy —vr) /ML /VL S, v)dudv
1 f<a+b c+d>
4hy () (3) 2 2 )

whereuL:ta+(l—t)%,uu:tb+(1—t)“7+b,VL:rc+(1—r)

v

”Td andvu:rd+(1—r)%l,

which completes the proof. O

Remark 5 Iff is convex on the co-ordinates, then we get H(¢,r) > H(0,0). If f is s-convex

on the co-ordinates in the second sense, then we have the inequality H(t,r) > 451H(0,0).
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