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Abstract
In this study, by means of the T -partial order defined in Karaçal and Kesicioğlu
(Kybernetika 47:300-314, 2011), an equivalence relation on the class of t-norms on
([0, 1],≤, 0, 1) is defined. Then, it is showed that the equivalence class of the weakest
t-norm TD on [0, 1] contains a t-norm which is different from TD. Finally, defining the
sets of some incomparable elements with any x ∈ (0, 1) according to �T , these sets
are studied.
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1 Introduction
Triangular norms were originally studied in the framework of probabilistic metric spaces
[–] aiming at an extension of the triangle inequality and following some ideas ofMenger
[]. Later on, they turned out to be interpretations of the conjunction in many-valued
logics [–], in particular in fuzzy logics, where the unit interval serves as a set of truth
values.
In [], a natural order for semigroups was defined. Similarly, in [], a partial order de-

fined by means of t-norms on a bounded lattice was introduced. For any elements x, y of
a bounded lattice

x �T y : ⇔ T(�, y) = x for some �,

where T is a t-norm. This order �T is called a t-partial order of T . Moreover, some con-
nections between the natural order and the t-partial order �T were studied.
In [], it was investigated that �T implies the natural order but its converse needs not

be true. It was showed that a partially ordered set is not a lattice with respect to �T . Some
sets which are lattices with respect to�T under some special conditions were determined.
For more details on t-norms on bounded lattices, we refer to [–].
In the present paper, we introduce an equivalence on the class of t-norms on ([, ],≤,

, ) based on the equality of the sets of all incomparable elements with respect to �T .
The paper is organized as follows. We shortly recall some basic notions in Section . In
Section , we define an equivalence on the class of t-norms on ([, ],≤, , ), and we de-
termine the equivalence class of the weakest t-norm TD on [, ]. Thus, we obtain that the
equivalence class of the weakest t-norm TD contains a t-norm which is different from a
t-norm TD.We obtain that for arbitrarym ∈ KT , there exists an element ym ∈ KT such that
T(m, ·) : [, ]→ [,m] or T(ym, ·) : [, ]→ [, ym] is not continuous.
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2 Basic definitions and properties
Definition . [] A triangular norm (t-norm for short) is a binary operation T on the
unit interval [, ], i.e., a function T : [, ] × [, ] → [, ], such that for all x, y, z ∈ [, ]
the following four axioms are satisfied:
(T) T(x, y) = T(y,x) (commutativity);
(T) T(x,T(y, z)) = T(T(x, y), z) (associativity);
(T) T(x, y)≤ T(x, z) whenever y ≤ z (monotonicity);
(T) T(x, ) = x (boundary condition).

Example . [] The following are the four basic t-norms TM , TP , TL, TD given by, re-
spectively,

TM(x, y) =min(x, y),

TP(x, y) = x · y,
TL(x, y) =max(x + y – , ),

TD(x, y) =

⎧⎨
⎩
 if (x, y) ∈ [, [,

min(x, y) otherwise.

Also, t-norms on a bounded lattice (L,≤, , ) are defined in a similar way, and then
extremal t-norms TW as well as T∧ on L are defined as TD and TM on [, ].

Remark . []
(i) Directly from Definition ., we can deduce that, for all x ∈ [, ], each t-norm T

satisfies the following additional boundary conditions:

T(,x) = ,

T(,x) = x.

Therefore, all t-norms coincide on the boundary of the unit square [, ]× [, ].
(ii) The monotonicity of a t-norm T in its second component described by (T) is,

together with the commutativity (T), equivalent to the monotonicity in both
components, i.e., to

T(x, y) ≤ T(x, y) whenever x ≤ x and y ≤ y. (.)

Definition . [] A function F : [, ]× [, ]→ [, ] is called continuous if for all con-
vergent sequences (xn)n∈N, (yn)n∈N ∈ [, ]N,

F
(
lim
n→∞xn, limn→∞ yn

)
= lim

n→∞F(xn, yn).

Proposition . [] A function F : [, ] × [, ] → [, ] which is non-decreasing, i.e.,
which satisfies (.), is continuous if and only if it is continuous in each component, i.e.,
if for all x, y ∈ [, ], both the vertical section F(x, ·) : [, ] → [, ] and the horizontal
section F(·, y) : [, ]→ [, ] are continuous functions in one variable.

http://www.journalofinequalitiesandapplications.com/content/2013/1/219
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Proposition . [] A non-decreasing function F : [, ] × [, ] → [, ] is lower semi-
continuous if and only if it is left-continuous in each component, i.e., if for all x, y ∈ [, ]
and for all sequences (xn)n∈N, (yn)n∈N ∈ [, ]N, we have

sup
{
F(xn, y) | n ∈N

}
= F

(
sup{xn | n ∈N}, y

)
,

sup
{
F(x, yn) | n ∈N

}
= F

(
x, sup{yn | n ∈N}).

By the same token, the upper semicontinuity of a non-decreasing function F : [, ] ×
[, ] → [, ] is equivalent to its right-continuity in each component.

Proposition . [] For a non-decreasing function F : In →R (I an interval), the following
conditions are equivalent:

(i) F is continuous;
(ii) F is continuous in each variable, i.e., for any x ∈ In and any i ∈ {, , . . . ,n}, the

unary function

u→ F(x, . . . ,xi–,u,xi+, . . . ,xn)

is continuous;
(iii) F has the intermediate value property: For any x, y ∈ In, with x≤ y, and any

c ∈ [F(x),F(y)], there exists z ∈ In, with x≤ z ≤ y, such that F(z) = c.

Definition . [] Let L be a bounded lattice, let T be a t-norm on L. The order defined
as follows is called a t-order (triangular order) for a t-norm T .

x�T y : ⇔ T(�, y) = x for some � ∈ L.

Example . [] Let L = {,a,b, c, } and consider the order ≤ on L as in Figure .
We choose the t-norm TW . Then a ≤ b, but a�TW b. We suppose that a �TW b. Then

there exists an element � ∈ L such that TW (�,b) = a. If � = , then it is obtained that a = ,
a contradiction. If � = a,b or c, then we have that TW (�,b) =  = a, a contradiction. If � = ,
then it is obtained that TW (,b) = b = a, which is not possible. So, there does not exist any
element � ∈ L satisfying TW (�,b) = a. Thus, a �TW b. Then the order �TW on L is as in
Figure .

Proposition . [] Let L be a bounded lattice, let T be a t-norm on L. Then the binary
relation �T is a partial order on L.

Definition . [] This partial order �T is called a T-partial order on L.

Figure 1 The order ≤ on L.
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Figure 2 The order �TW on L.

Definition . Let T be a t-norm on [, ] and let KT be defined by

KT =
{
x ∈ [, ] | for some y ∈ [, ], [x≤ y implies x�T y] or [y≤ x implies y�T x]

}
.

We will use the notation KT to denote the set of all incomparable elements with respect
to �T .

3 The equivalence of any two t-norms
Let L be a lattice and let T be any t-norm on L. In [], a partial order for a t-norm T on L
was defined. In this section, we define an equivalence relationwith the help of the sets of all
incomparable elements with respect to �T . The above introduced T-partial order allows
us to introduce the next equivalence relation on the class of all t-norms on ([, ],≤, , ).

Definition . Let ([, ],≤, , ) be the unit interval. Define a relation ∼ on the class of
all t-norms on ([, ],≤, , ) by T ∼ T if and only if the set of all incomparable elements
with respect to the T-partial order is equal to the set of all incomparable elements with
respect to the T-partial order, that is,

T ∼ T : ⇔ KT = KT .

Proposition . The relation ∼ given in Definition . is an equivalence relation.

Proof Let T, T and T be t-norms on ([, ],≤, , ). Since KT = KT , it is obtained that
T ∼ T. Thus, the reflexivity is satisfied.
Let T ∼ T. Then we have that KT = KT , and since KT = KT , it is obtained that

T ∼ T. Thus, the symmetry is satisfied. LetT ∼ T andT ∼ T. Thenwe haveKT = KT

and KT = KT . Since KT = KT , it is obtained that T ∼ T. This means that the relation
∼ satisfies the transitivity. So, we have that ∼ is an equivalence relation. �

Definition . For a given t-norm T on ([, ],≤, , ), we denote by T the ∼ equivalence
class linked to T , i.e.,

T =
{
T ′ | T ′ is a t-norm on [, ] and T ∼ T ′}.

Proposition . shows that the equivalence class of the t-norm TD contains a t-norm
which is different from TD.

Proposition . Let the t-norm TD be on [, ]. Then TD �= {TD}.

We give a contrary example as follows for the proof of Proposition ..
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Example . Consider the t-norm T : [, ]× [, ]→ [, ] defined by

T(x, y) =

⎧⎨
⎩

xy
 if (x, y) ∈ [, )  ,

min(x, y) otherwise.

ThenKT = KTD . Firstly, let us show thatKT = (, ). Let x ∈ (, ) and y = x
 . Then y < x, but

y�T x. Suppose that y�T x. Then, for some �, T(�,x) = x
 . Since x �= y, it is not possible

� = . Then x
 = T(�,x) = �x

 , whence it is obtained that � =

 , a contradiction. Since for any

x ∈ (, ) there exists an element y = x
 such that x

 < x but x
 �T x, x ∈ KT . Conversely,

for any t-norm T , it is clear that KT ⊆ (, ). So, it is obtained that KT = (, ).
Now,wewill show thatKTD = (, ). Let x ∈ (, ). For any y ∈ (, ) with x < y, it is obvious

that x�TD y. Otherwise, it would beTD(�, y) = x for some �. Since x �= y, � �= . Thus, it must
be x =  for �, y ∈ (, ), a contradiction. Since there is an element y with x < y such that
x�TD y, x ∈ KTD . This shows that KTD = (, ). So, it is obtained that KT = KTD .

Definition . Let T be a t-norm on [, ] and let Kx↓, Kx↑ be defined by

Kx↓ =
{
y ∈ [, ] | y≤ x and y�T x

}
,

Kx↑ =
{
y′ ∈ [, ] | x≤ y′ and x�T y′} for any x ∈ (, ).

Lemma . Let T be a t-norm on [, ] and x ∈ KT be arbitrarily chosen. If T is continuous
at (x, y) for all y ∈ [, ], then Kx↓ = ∅.

Proof Let T be a t-norm on [, ] and let x ∈ KT be arbitrarily chosen. Suppose that
Kx↓ �= ∅. Then there exists an element y ∈ [, ] such that y ≤ x, but y �T x. Since the
t-norm T(x, ·) : [, ] → [,x] is continuous, there exists an element z ∈ [, ] such that
T(x, z) = y for y ∈ [,x] by Proposition .. So, it is obtained that y �T x, a contradic-
tion. Therefore we have that Kx↓ = ∅. �

Lemma . Let T be a t-norm on [, ] and the function T(x, ·) : [, ] → [,x] be con-
tinuous. Then, for all y ∈ [, ] with y≤ x, we have that y�T x.

Proof Let T be a t-norm on [, ] and the function T(x, ·) : [, ] → [,x] be continuous.
Suppose that there exists an element y ∈ [, ] such that y ≤ x and y �T x. Since
T(x, ·) : [, ] → [,x] is continuous, there exists an element t ∈ [, ] such that T(x, t) =
y for y ∈ [,x] by Proposition .. Thus, it is obtained that y �T x, a contradiction.
Therefore, for all y ∈ [, ] with y≤ x, we have that y �T x. �

Theorem . Let T be a t-norm on [, ] and KT �= ∅. Then, for arbitrary m ∈ KT , there
exists an element ym ∈ KT such that T(m, ·) : [, ] → [,m] or T(ym, ·) : [, ] → [, ym] is
not continuous.

Proof Let T be a t-norm on [, ] and KT �= ∅. Suppose that T(x, ·) : [, ] → [,x] is con-
tinuous for x ∈ KT . Choosem ∈ KT arbitrarily. Then there exists an element ym ∈ KT such
thatm < ym butm�T ym, or ym <m but ym �T m. Letm < ym butm�T ym. Since T(ym, ·) :
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[, ] → [, ym] is continuous, then it is obtained thatm �T ym by Lemma ., a contradic-
tion. Let ym <m but ym �T m. Since T(m, ·) : [, ] → [,m] is continuous, then it is ob-
tained that ym �T m by Lemma ., a contradiction. Therefore, for arbitrarym ∈ KT , there
exists an element ym ∈ KT such that T(m, ·) : [, ] → [,m] or T(ym, ·) : [, ] → [, ym] is
not continuous. �
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