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1 Introduction
In this paper, let X denote the set [n] = {1,2,...,n} and £ = {4, l, ..., [} be a set of s non-
negative integers. A family 7 of subsets of X is called L-intersecting if |[ENF| € L for every
pair of distinct subsets E, F € F. A family F is k-uniform if it is a collection of k-subsets
of X.

In 1975, Ray-Chaudhuri and Wilson proved the following fundamental result.

Theorem 1.1 (Ray-Chaudhuri and Wilson [1]) If F is a k-uniform L-intersecting family
of subsets of X, then

|Fl < (’:)

In terms of the parameters 7 and s, this inequality is best possible, as shown by the set
of all s-subsets of X with £ = {0,1,...,s — 1}. A nonuniform version of Theorem 1.1 was
proved by Frankl and Wilson in 1981.

Theorem 1.2 (Frankl and Wilson [2]) If F is an L-intersecting family of subsets of X, then

Pl < ('S’)+(sf1)+ +(;’)
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This result is again best possible in terms of the parameters # and s, as shown by the
family of all subsets of size at most s of X with £ = {0,1,...,s —1}.

In 1991, Alon, Babai, and Suzuki proved the following inequality, which is a generaliza-
tion of the well-known Frankl-Ray-Chaudhuri-Wilson theorems (Theorem 1.1 and Theo-
rem 1.2).

Theorem 1.3 (Alon, Babai, and Suzuki [3]) Let K = {ky,ka,...,k.}, L={hL,1,..., 1} be two
sets of nonnegative integers and let F be an L-intersecting family of subsets of X such that
|F| € K for every F € F.If mink; >s—r, then

IHS<D+QTJ+H+<#:H>

Note that it is best possible in terms of the parameters #, r, and s, as shown by the set of
all subsets of X with size at least s — r + 1 and at most s, and £ = {0,1,...,s —1}.

Since then, many Alon-Babai-Suzuki-type inequalities have been proved. Below is a list
of related results in this field obtained by others.

Theorem 1.4 Let K = {ky, ky, ..., &}, L ={h,1,...,1} be two sets of nonnegative integers
and let F be an L-intersecting family of subsets of X such that |F| € K for every F € F. If
KNL=0,then

Lﬂs6;v+C:D+m+C;ﬁ.

Theorem 1.5 (Snevily [4]) Let K = {ki, ks, ..., &}, L ={h,l,..., L} be two sets of nonnega-
tive integers and let F be an L-intersecting family of subsets of X such that |F| € K for every
F e F. If mink; > max [, then

-1 -1 -1
|f|§<n >+(n >+--~+( " )
s s—1 s—2r+1

Theorem 1.6 (Hwang and Sheikh [5]) Let K = {k,k+1,...,k+r-1}, L={h,b,..., 1} be
two sets of nonnegative integers and let F be an L-intersecting family of subsets of X such
that |F| e K forevery Fe F.IfKNL =0 and k >s—r, then

-1 -1 -1
|f|§<n )+(n >+-~~+(” )
s s—1 s—r
Theorem 1.7 (Hwang and Sheikh [5]) LetK = {ky, ka, ...,k }, L ={h, 1, ..., 1} be two sets of

nonnegative integers and let F be an L-intersecting family of subsets of X such that |F| € K
forevery F e F.If \ger F #9 and mink; > s —r, then

-1 -1 -1
S e

s s—1 s—r
Conjecture 1.8 (Alon, Babai, and Suzuki [3]) Let K and L be subsets of {0,1,...,p — 1}
such that KN L =0, where p is a prime and F = {F,F,, ..., F,,} be a family of subsets of [n]

such that |F;|(modp) € K for all F; € F and |F; N Fj|(modp) € L for i #j. If n > s + maxk;
forevery i, then |F| < (?) + (") +---+ (")

s—1 s—r+1
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In the following paper, they prove the above conjecture in the nonmodular.

Theorem 1.9 (Hwang et al. [6]) Let K = {ki, ka, ...k}, L ={l1,5,..., L} be two sets of non-
negative integers and let F be an L-intersecting family of subsets of X such that |F| € K for
every F € F.Ifn> s+ maxk;, then

1= (7)) ()

In this paper, we will prove the following Alon-Babai-Suzuki-type inequality which gives
an improvement for Theorem 1.9 with K N £ = @ and for Alon, Babai and Suzuki’s conjec-
ture in the nonmodular.

Theorem 1.10 Let K = {ki, ko, ...k}, L ={l1,D,...,1L} be two sets of nonnegative integers
and let F be an L-intersecting family of subsets of X such that |F| € K for every F € F. If
KNL=0andn>s+maxk;, then

-1 -1 -1
s s—1 s—2r+1

We note that in some cases the conditions K N £ = @ and # > s + max k; in Theorem
1.10 holds, but Snevily’s condition min k; > max/; in Theorem 1.5 does not. For instance,
ifn=12, K ={3,6} and L = {0,1,2,4,5}, then it is clear that K N £ = @ and s + max k; =
5+6<12=mn,but mink; =3 <5 = max/;.

If the condition K N £ = @ in Theorem 1.10 is replaced by (. F # @, we have the
following result which gives a better bound than Theorem 1.10 and Theorem 1.7.

Theorem 1.11 Let K = {ky, ky,..., k. }, L=1{l,1,,...,1s} be two sets of nonnegative integers
and let F be an L-intersecting family of subsets of X such that |F| € K for every F € F. If
Neer E #9 and n > s + maxk;, then

|f|§<n—1)+<n—l>+“.+< n-1 )
s s—1 s—r+1

2 Proofs of theorems
In this section, we will give a proof for Theorem 1.10, which is motivated by the methods
used in [3-7].

Proof of Theorem 110 Let F = {F}, F»,...,F,}. We may assume (after relabeling) that for
1<i<t, nekF andthat for i >t, n ¢ F;. With each set F; € F, we associate its character-
istic vector v; = (v;y,...,v;,) € R”, where v =1 ifj € F; and vi; = 0 otherwise. Let ¥; be the
characteristic vector of F;.

Recall that a polynomial in # variables is multilinear if its degree in each variable is at
most 1. Let us restrict the domain of the polynomials we will work with to the n-cube
Q = {0,1}" C R”. Since in this domain x;> = x; for each variable, every polynomial in our
proof is multilinear.

For each F; € F, define

filx) = 1_[ (vi-x—(IE| - 1)).

l]e[l
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Then f;(v;) # 0 for every 1 < i < m and f;(v;) = 0 for i #j, since K N L = . Thus, {fj(x)|1 <
i < mj} is a linearly independent family.

Let G = {Gy,..., G} be the family of subsets of X with size at most s that contain #,
which is ordered by size, that is, |G;| < |Gj| if i < j, where p = 3", (";]). Let u; denote the
characteristic vector of G;. For i = 1,..., p, we define

gi(x) = Hx,'.

JEGi

Since g;(u;) # 0 for every 1 < i < p and g;(u;) = 0 for any j < i, {g;(x)|1 < i < p} is a linearly
independent family.

Let H = {H),...,H,} be the family of subsets of [1] — {n} with size at most s — 2r, where
q=Y7 (”171). We order the members of H such that |H;| < |H;] if i < j. Let w; be the
characteristic vector of H;.

Let W ={n-k;—1|k; € K} U {n-k;|k; € K}. Then |W| < 2r. Set

f@=1] (le,—h)

hew \ j=1

Fori=1,...,q, define

hix) =f@) | | %

JEH;

Note that /;(w;) = 0 for any j > i and /;(w;) # 0 for every 1 < i < g since n > s + max k;, and
thus {/;(x)|1 <i < g} is a linearly independent family.
We will show that the polynomials in

N <i<m)U{g@n<i<p}U{h@N<i<q)

are linearly independent. Suppose that we have a linear combination of these polynomials

that equals zero:

m

14 q
D afi®) + Y B + ) yihix) =0. (21)
i=1 i=1

i=1

We will prove that the coefficients must be zero. First substitute the characteristic vector
v; of F{ with n € F; into equation (2.1). Since # € G}, gj(v;) = 0 for every 1 <j < p. Note that
we have /;(v;) = 0 for every 1 <j < g. Recall that f;j(v;) = 0 for j # i, we obtain «f;(v;) = 0.
Thus, a; = 0 for every 1 < i < t, since f;(v;) # 0. It follows that

m p q
D aifi®) + Y Bigi®) + Y yihi(x) = 0. (2.2)
i=t+1 i=1 i=1

Then we substitute the characteristic vector v;* of Ff — {n} with n ¢ F; into equation (2.2).
Foreveryl <j<gand1=<k <p, hj(v;*) =0, g(v;*) = 0. Note that f;(v;*) = 0 for j # i, we
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obtain «;f;(v;*) = 0. Since f;(v;") #0, a; = 0 for every ¢t +1 < i < m. Therefore, equation (2.2)

reduces to
p q
Y Bigix) + Y yihi(x) = 0. (2.3)
i=1 i=1

First, we substitute the characteristic vector w; of H; with the smallest size into equation
(2.3). We follow the same process to substitute the characteristic vector w; of H; with the
smallest size after deleting first H;. Note that /1;(w;) = 0 for anyj > i and /1;(w;) # 0 for every
1 <i < g, since H; does not contain n and G; contains #, gx(w;) = 0 for 1 < k < p. Thus, we
reduce (2.3) to

P
> Bigix) =0. (2.4)
i=1

We prove that {g;(x)|1 < i < p} is already a linearly independent family. To complete the
proof, simply note that each polynomial in {f;(x)|1 <i < m} U {g:(x)|1 <i<p}U {hx)|1 <
i < g} can be written as a linear combination of the multilinear polynomials of degree at

most s. The space of such multilinear polynomials has dimension ) ;_, (;:) It follows that

s—-1 s=2r s
m+p+q=|}'|+2(n;1>+z<n;1) 52(’;)
i=0 i=0

i=0

which implies

-1 -1 -1
(D)) ()
s s—1 s—2r+1
This completes the proof of the theorem. g

Proofof Theorem1.11 Letn € (g F. Then consider 7* = {F}, F},..., F;} where F} = F;\
{n} for 1 <i<m.Now, |[F/| e K* = {k{,k3,...,k}, where k = k; — 1. Similarly, |F} ﬂF;‘l €
L ={l,1;,..., I}, where [ = [; - 1. Since n > s + max k;, then n — 1 > s + max k. Thus, it

follows from Theorem 1.9 that
n-1 n-1 n-1
m< + +eeet . 0
( s ) (s—l) (s—r+1)
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