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Abstract
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1 Introduction
Let /p + /q = , assume that f (x) and g(x) are continuous real-valued functions on [a,b].
Then
() for p > , we have the following Hölder inequality (see []):

∫ b

a
f (x)g(x)dx≤

(∫ b

a
f p(x)dx

)/p(∫ b

a
gq(x)dx

)/q

; (.)

() for  < p < , we have the following reverse Hölder inequality (see []):

∫ b

a
f (x)g(x)dx≥

(∫ b

a
f p(x)dx

)/p(∫ b

a
gq(x)dx

)/q

. (.)

The above inequalities play an important role in many areas of pure and applied math-
ematics. A large number of generalizations, refinements, variations and applications of
(.) and (.) have been investigated in the literature (see [–] and references therein).
Recently, G.A. Anastassiou [] established some Hölder’s type inequalities regarding
Csiszar’s f -divergence of two probability measures as follows.

Theorem . (see []) Let p,q >  such that /p + /q = . Then

�|ff|(μ,μ)≤
[
�|f|p (μ,μ)

]/p[
�|f|q (μ,μ)

]/q. (.)

Theorem . (see []) Let a,a, . . . ,am > ,m ∈N,
∑m

j=

aj
= . Then

�|∏m
j= fj |

(μ,μ) ≤
m∏
j=

(
�|fj|aj (μ,μ)

)/aj , (.)

which is a generalization of Theorem ..
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It follows the counterpart of Theorem ..

Theorem . (see []) Let  < p <  and q <  such that /p + /q = , we assume that
p >  a.e. [λ]. Then we have

�|ff|(μ,μ) ≥
[
�|f|p (μ,μ)

]/p[
�|f|q (μ,μ)

]/q. (.)

The aim of this paper is to give new generalizations of inequalities (.) and (.). Some
related inequalities are also considered. The paper is organized as follows. In Section ,
we recall some basic facts about the Csiszar’s f -divergence of two probability measures.
In Section , we will give the main result and its proof.

2 Preliminaries
Assume that f : (, +∞) → R is an arbitrary convex function which is strictly convex at .
As in Csiszar [, ], we agree with the following expressions:

f () = lim
u→+

f (u),  · f
(



)
= ,

 · f
(
a


)
= lim

ε→+
εf

(
a
ε

)
= a lim

u→+∞
f (u)
u

( < a < +∞).

Suppose that (X,A,λ) is an arbitrary measure space with λ being a finite or σ -finite
measure. Let μ, μ be probability measures on X such that μ,μ � λ (absolutely con-
tinuous).
The Radon-Nikodym derivatives (densities) of μi with respect to λ is expressed by pi(x):

pi(x) =
μi(dx)
λ(dx)

, i = , .

Definition . (see []) The f -divergence of the probability measures μ and μ is de-
fined as follows:

�f (μ,μ) =
∫
X
p(x)f

(
p(x)
p(x)

)
λ(dx),

where the function f is named the base function. From Lemma . of [], �f (μ,μ) is al-
ways well-defined and�f (μ,μ) ≥ f () with equality only forμ = μ. From [], we know
that �f (μ,μ) does not depend on the choice of λ. If f () = , then �f can be considered
as the most general measure of difference between probability measures. For arbitrary
convex function f , we notice that �f (μ,μ)≤ �|f |(μ,μ).

The Csiszar’s f -divergence �f incorporatedmost of special cases of probability measure
distances, including the variation distance, χ-divergence, information for discrimination
or generalized entropy, information gain, mutual information, mean square contingency,
etc. �f has many applications to almost all applied sciences where stochastics enters. For
more references, one can see [–].
In this paper, we assume that the base function f appearing in the function �f have all

the above properties of f .
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3 Main results
In the section, we establish some new generalizations of the Hölder inequality involving
Csiszar’s f -divergence of two probability measures.

Theorem . Let  < am < , aj <  (j = , , . . . ,m – ),m ∈N,
∑m

j=

aj
= . Then

�|∏m
j= fj |

(μ,μ) ≥
m∏
j=

(
�|fj|aj (μ,μ)

)/aj . (.)

Proof Here, we use the generalized Hölder’s inequality (see []). We obtain

�|∏m
j= fj |

(μ,μ) =
∫
X
p

∣∣∣∣∣
m∏
j=

fj
(
p
p

)∣∣∣∣∣dλ

=
∫
X

m∏
j=

p/aj

∣∣∣∣fj
(
p
p

)∣∣∣∣dλ

≥
m∏
j=

(∫
X
p|fj|aj

(
p
p

)
dλ

)/aj

=
m∏
j=

(
�|fj|aj (μ,μ)

)/aj . (.)

Hence, we get the desired inequality. �

Theorem . Let αkj ∈ R (j = , , . . . ,m, k = , , . . . , s),
∑s

k

ak

= ,
∑s

k= αkj = . Then
() for ak > , we have the following inequality:

�|∏m
j= fj |

(μ,μ) ≤
s∏

k=

(
�

|∏m
j= f

+akαkj
j |

(μ,μ)
)/ak ; (.)

() for  < as < , ak <  (k = , , . . . , s – ), we have the following reverse inequality:

�|∏m
j= fj |

(μ,μ) ≥
s∏

k=

(
�

|∏m
j= f

+akαkj
j |

(μ,μ)
)/ak . (.)

Proof () Set

gk(x) =

( m∏
j=

f
+akαkj
j (x)

)/ak

. (.)

Applying the assumptions
∑s

k

ak

=  and
∑s

k= αkj = , we have

s∏
k=

gk(x) = gg · · · gs

=

( m∏
j=

f +aαjj (x)

)/a( m∏
j=

f +aαjj (x)

)/a

· · ·
( m∏

j=

f +asαsjj (x)

)/as
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=
m∏
j=

f /a+αj
j (x)

m∏
j=

f /a+αj
j (x) · · ·

m∏
j=

f /as+αsj
j (x)

=
m∏
j=

f /a+/a+···+/as+αj+αj+···+αsj
j (x) =

m∏
j=

fj(x).

That is,

s∏
k=

gk(x) =
m∏
j=

fj(x).

Then we find

�|∏m
j= fj |

(μ,μ) = �|∏s
k= gk | (μ,μ). (.)

By the inequality (.), we obtain

�|∏s
k= gk | (μ,μ) ≤

s∏
k=

(
�|gk |ak (μ,μ)

)/ak . (.)

In view of (.), we have

s∏
k=

(
�|gk |ak (μ,μ)

)/ak

=
s∏

k=

(∫
X
p|gk|ak

(
p
p

)
dλ

)/ak

=
s∏

k=

(∫
X
p

∣∣∣∣∣
m∏
j=

f
+akαkj
j

∣∣∣∣∣
(
p
p

)
dλ

)/ak

=
s∏

k=

(
�

|∏m
j= f

+akαkj
j |

(μ,μ)
)/ak . (.)

By (.), (.) and (.), we obtain inequality (.).
() Similar to the proof of inequality (.), by (.), (.), (.) and the inequality (.),

we have inequality (.) immediately. �

Corrollary . Under the assumptions of Theorem ., taking s =m, αkj = –t/ak for j �= k
and αkk = t( – /ak) with t ∈ R, then we have
() for αk > , we have the following inequality:

�|∏m
j= fj |

(μ,μ) ≤
s∏

k=

(
�

(|∏m
j= fj |)–t |f

ak
k |t

(μ,μ)
)/ak ; (.)

() for  < αm < , αk <  (k = , , . . . ,m – ), we have the following reverse inequality:

�|∏m
j= fj |

(μ,μ) ≥
s∏

k=

(
�

(|∏m
j= fj |)–t |f

ak
k |t

(μ,μ)
)/ak . (.)
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Theorem . Let αkj ∈ R (j = , , . . . ,m, k = , , . . . , s),
∑s

k

αk

= r,
∑s

k= αkj = . Then
() for rαk > , we have the following inequality:

�|∏m
j= fj |

(μ,μ) ≤
s∏

k=

(
�

|∏m
j= f

+rakαkj
j |

(μ,μ)
)/rak ; (.)

() for  < rαs < , rαk <  (k = , , . . . , s – ), we have the following reverse inequality:

�|∏m
j= fj |

(μ,μ) ≥
s∏

k=

(
�

|∏m
j= f

+rakαkj
j |

(μ,μ)
)/rak . (.)

Proof () Since rαk >  and
∑s

k

αk

= r, we get
∑s

k


rαk
= . Then by (.), we immediately

obtain the inequality (.).
() Since  < rαs < , rαk <  and

∑s
k


αk

= r, we have
∑s

k


rαk
= , by (.), we immediately

have the inequality (.). This completes the proof. �

Theorem . Under the assumptions of Theorem ., and let s = , α = p, α = q, αj =
–αj = βj, then
() for rp > , we have the following inequality:

�|∏m
j= fj |

(μ,μ) ≤
(
�

|∏m
j= f

+rpβj
j |

(μ,μ)
)/rp(

�
|∏m

j= f
–rqβj
j |

(μ,μ)
)/rq; (.)

() for  < rp < , we have the following reverse inequality:

�|∏m
j= fj |

(μ,μ) ≥
(
�

|∏m
j= f

+rpβj
j |

(μ,μ)
)/rp(

�
|∏m

j= f
–rqβj
j |

(μ,μ)
)/rq. (.)

Proof () By inequality (.), we get

�|∏m
j= fj |

(μ,μ) =
∫
X
p

∣∣∣∣∣
m∏
j=

fj
(
p
p

)∣∣∣∣∣dλ

=
∫
X

m∏
j=

p/rp

∣∣∣∣fj
(
p
p

)∣∣∣∣
(+rpβj)/rp

p/rq

∣∣∣∣fj
(
p
p

)∣∣∣∣
(–rqβj)/rq

dλ

≤
(∫

X
p

m∏
j=

|fj|+rpβj
(
p
p

)
dλ

)/rp(∫
X
p

m∏
j=

|fj|–rqβj
(
p
p

)
dλ

)/rq

=
(
�|∏m

j= f
+rpβj
j |(μ,μ)

)/rp(
�|∏m

j= f
–rqβj
j |(μ,μ)

)/rq.
() Similar to the proof of inequality (.), by inequality (.), we obtain inequality

(.). �

Remark Assume that X is a finite or countable discrete set, A is its power set P(X) and
λ has mass  for each x ∈ X, then �f becomes a finite or infinite sum, respectively. As
a consequence, all the above obtained integral inequalities are discretized and become
summation inequalities.

http://www.journalofinequalitiesandapplications.com/content/2013/1/151


Chen and Shi Journal of Inequalities and Applications 2013, 2013:151 Page 6 of 6
http://www.journalofinequalitiesandapplications.com/content/2013/1/151

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All the authors contributed to the writing of the present article. They also read and approved the final manuscript.

Author details
1Department of Computer Engineering, Guangxi Modern Vocational Technology College, Hechi, Guangxi 547000, P.R.
China. 2School of Economy & Trade, Zhejiang Industry & Trade Vocational College, Wenzhou, Zhejiang 325003, P.R. China.

Acknowledgements
Dedicated to Professor Hari M Srivastava.
The authors thank the editor and the referees for their valuable suggestions to improve the quality of this paper.

Received: 12 December 2012 Accepted: 21 March 2013 Published: 3 April 2013

References
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