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Abstract

In this paper, we establish some new generalizations of the Holder’s inequality
involving Csiszar's f-divergence of two probability measures. Some related
inequalities are also presented.
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1 Introduction
Let1/p + 1/g = 1, assume that f(x) and g(x) are continuous real-valued functions on [a, b].
Then

(1) for p > 1, we have the following Holder inequality (see [1]):

b b 1/p b 1/q
[ f(x)g(x)dx§< f f"’(x)dx) ( / gq(x)dx) ; 11)

(2) for 0 < p <1, we have the following reverse Holder inequality (see [2]):

b b Up ; pb /g
/f(x)g(x)dxz(/ f”(x)dx) </ gq(x)dx) . 1.2)

The above inequalities play an important role in many areas of pure and applied math-
ematics. A large number of generalizations, refinements, variations and applications of
(1.1) and (1.2) have been investigated in the literature (see [3—11] and references therein).
Recently, G.A. Anastassiou [12] established some Holder’s type inequalities regarding
Csiszar’s f-divergence of two probability measures as follows.

Theorem 1.1 (see [12]) Let p,q > 1 such that 1/p + 1/q = 1. Then
Y 1/
T (1 12) < [Tiap (s 12)] 2 [Tipe (s m2)] (1.3)

Theorem 1.2 (see [12]) Let ai,as,...,a,, >1, m € N, Z}'Zl al =1. Then
]

m
g Gao22) = [T (g )™ (1.4)
j=1

which is a generalization of Theorem 1.1.
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It follows the counterpart of Theorem 1.1.

Theorem 1.3 (see [12]) Let 0 < p <1 and q < 0 such that 1/p + 1/q = 1, we assume that
P2 >0 a.e. [A]. Then we have

/ /
g (1, 12) = [T (e 12) ] [T g (s 1)) 72 (15)

The aim of this paper is to give new generalizations of inequalities (1.4) and (1.5). Some
related inequalities are also considered. The paper is organized as follows. In Section 2,
we recall some basic facts about the Csiszar’s f-divergence of two probability measures.
In Section 3, we will give the main result and its proof.

2 Preliminaries
Assume that f : (0, +00) — R is an arbitrary convex function which is strictly convex at 1.
As in Csiszar [12, 13], we agree with the following expressions:

70)= Jim s, 0:£(5) -0

0f(g> = lim 8f<§) =g lim @ (0 <a < +00).

e—>04 U—+00
Suppose that (X,A,1) is an arbitrary measure space with A being a finite or o -finite
measure. Let u;, uy be probability measures on X such that u;, o < A (absolutely con-
tinuous).

The Radon-Nikodym derivatives (densities) of u; with respect to A is expressed by p;(x):

 pildx)
T Mdx)’

pi(x) i=1,2.

Definition 2.1 (see [13]) The f-divergence of the probability measures p; and u, is de-

fined as follows:

p1(x)
P2 ()

D (s j12) = /X pz(x)f< )x(dxx

where the function f is named the base function. From Lemma 1.1 of [13], I'r (141, i) is al-
ways well-defined and 'y (i1, it2) > f(1) with equality only for 1 = 2. From [13], we know
that I's(u1, 12) does not depend on the choice of A. If f(1) = 0, then I'; can be considered
as the most general measure of difference between probability measures. For arbitrary
convex function f, we notice that I's (11, w2) < I (pe1, 2).

The Csiszar’s f-divergence I'y incorporated most of special cases of probability measure
distances, including the variation distance, Xz—divergence, information for discrimination
or generalized entropy, information gain, mutual information, mean square contingency;,
etc. I'y has many applications to almost all applied sciences where stochastics enters. For
more references, one can see [12—-22].

In this paper, we assume that the base function f appearing in the function I'; have all
the above properties of f.
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3 Main results
In the section, we establish some new generalizations of the Holder inequality involving
Csiszar’s f-divergence of two probability measures.

Theorem 3.1 Let0<a, <1,4;<0(j=1,2,...,m-1),meN, Z;Zlal =1. Then
7

m
/a}-
F‘Hmlf‘ My 2) l_[ 1% (11, 12))" 7. (3.1)
j=1

Proof Here, we use the generalized Holder’s inequality (see [23]). We obtain

e, 5 (o 12) = fpz Hf(p1>
_ “ 1/a; : }1
_./x!:l[pz V(Pz)‘d)\

. m @ p_l l/ﬂ/'

=11 () )

=1

~.

( If I(erﬂz))lmj~ 3.2)

:|§

N
=N

J

Hence, we get the desired inequality. O
Theorem 3.2 Letoy; € R (j=1,2,...,m k=1,2,...,5), Y 3 ~ o =1, Y ik =0. Then
(1) for ax > 1, we have the following inequality:
- /
1 ay,
L (1, m2) <[ J(T oo (11, p2)) 5 (3.3)

m
k=1 I

(2) forO<as<1,ar<0(k=12,...,5 - 1), we have the following reverse inequality:

s

1/ay
r , r , . A
lnjm:lm(,ul o) = g( m,"lmlmkak/\(m Mz)) (3.4)
Proof (1) Set
m 1/ay
l+ajoy;
&) = (]_[Jj " k’(x)) : (3.5)

j-1

Applying the assumptions ) i =1land ) ;_; ai = 0, we have

g g

m 1/ay m asy m Vas
(Hﬁlmwlj(x)) (Hﬁlmzcﬂj(x)) (Hﬁlmsasj(x))
j=1 o

j-1

[ e
k=1
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_ “ 1/:11+o¢1/ i 1/a2+azj i l/as+asj
-l e T e
j=1

Jj=1 Jj=1

m m
1/aj+1/az+--+1/as+oyj+oni+---+aj
_ l_[j; s+ S](x)zl—[ﬁ(x)

j=1 j=1

That is,

[Te@ =[] 5.
k=1 j=1

Then we find
L (i, p2) =T e (s p12)- (3.6)

By the inequality (1.4), we obtain

S

F‘ gk‘(lihliz) ﬂ (T g (Ml:liz))l/ak' (3.7)

In view of (3.5), we have

S

l—[ (F|gk\“k (11, Hz))l/ak

k=1

([ (2)4)”

k=1
1/ay
L+aga | ( P1 ) A,
Hf (192

=S(/pz

1/
= (F 1+akak (,LLl,,LLz)) uk' (38)
k=1 M=

By (3.6), (3.7) and (3.8), we obtain inequality (3.3).
(2) Similar to the proof of inequality (3.3), by (3.5), (3.6), (3.8) and the inequality (3.1),
we have inequality (3.4) immediately. d

Corrollary 3.1 Under the assumptions of Theorem 3.2, taking s = m, oy; = —t/ay for j # k
and oy = t(1 —1/ay) with t € R, then we have
1) for ax > 0, we have the following inequality:

s

1/ay
L om si2) = | (T a , ; 3.9
ml_:lfjl(m Ma) < E( (\H,”llf,'lﬂ*flfkk\‘(m 12)) (3.9)

(2) forO<ay <1, ar <0 (k=1,2,...,m—1), we have the following reverse inequality:

s

1/ay
Uy (o p2) = [ ] (0 ax (1415 : 3.10
'szlﬁl('ul H2) = g( (\H,’Zlﬁlﬂ‘tlfk’(\f(ul Mz)) ( )
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Theorem 3.3 Letay € R (j=1,2,...,m k=12,...,), Y ; i =r, Yy 0 =0. Then
(1) for ray > 1, we have the following inequality:

s

llmk
Flﬂj"llf,'l (1, o) < E (F\H,'Zl 11+Mkak (1, 142)) (3.11)

(2) forO<ros<1,rax <0 (k=1,2,...,s— 1), we have the following reverse inequality:

s

F”_[m fl(:ul;l'LZ > 1_[

1/
g (B 12)) (312)
k=1 I !

j=1’j

Proof (1) Since rax >1and ) i =1, wegety p é = 1. Then by (3.3), we immediately
obtain the inequality (3.11).

(2) Since 0 < rarg <1, raye <O and ) aik =r,wehave ) # =1, by (3.4), we immediately
have the inequality (3.12). This completes the proof. d

Theorem 3.4 Under the assumptions of Theorem 3.3, and let s =2, ay = p, ay = q, ay; =
—Qj = /3,‘, then
(1) for rp > 0, we have the following inequality:

1/rp l/rq'
szlfﬂ(ﬂbﬂz)f(r Ly (Ml,m)) (r . 1_,,15;‘(#1,#2)) ; (3.13)

% %

(2) for 0 <rp <1, we have the following reverse inequality:

l/rp( 1/rq

Fll—llr_'zlj}l(ﬂli MZ) = (F - 1+rpﬁ (/’Ll! /’L2)) (314)

T2,/

m -rab; (/Ll’ /LZ))
=1/ HTZL |

J=1j

Proof (1) By inequality (1.3), we get

b
melf‘(ﬂl,ﬂz /Pz Hf( 1)
) m Vi » (L+rpB))Irp g n
= sz i\ - Py Ui\ -
X b2 b2
m 1/rp 1/rq
(/ 1_[ 1+VP/3/( )d)\) (/ P2 1_[ [fll rqp; (pl ) d}\.)
p
=1

j=1

(-rgpBy)irq
daxr

1/
1—”1/3,"(#1: Mz)) .

1/
1+rpﬁ,‘(M1:M2)) rp( T
=)

(F
T,
(2) Similar to the proof of inequality (3.13), by inequality (1.5), we obtain inequality
(3.14). O

Remark Assume that X is a finite or countable discrete set, A is its power set P(X) and
A has mass 1 for each x € X, then I'r becomes a finite or infinite sum, respectively. As
a consequence, all the above obtained integral inequalities are discretized and become

summation inequalities.
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