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1 Introduction
Let H = H(U) denote the class of analytic functions in the open unit disk U={z € C:
|z| <1}.Forae Cand n e N={1,2,...}, let

Hla,n={f eH :f@) =a+aud +anz™" +--}.

Let f and F be members of . The function f is said to be subordinate to F, or F is said to
be superordinate to f, if there exists a function w analytic in U, with w(0) = 0 and |w(z)| < 1,
and such that f(z) = F(w(z)). In such a case, we write f < F or f(z) < F(z) (z € U). If the
function F is univalent in U, then f < F if and only if f(0) = F(0) and f(U) C F(U) (cf. [1]).

Definition 1.1 [1] Let ¢ : C*> — C and let 4 be univalent in U. If p is analytic in U and
satisfies the differential subordination,

¢ (p(2),20'(2)) < h(z) (z€), 1.1)

then p is called a solution of the differential subordination. The univalent function g is
called a dominant of the solutions of the differential subordination, or more simply a dom-
inant if p < ¢g for all p satisfying (1.1). A dominant g that satisfies g < ¢ for all dominants g
of (1.1) is said to be the best dominant.

Definition 1.2 [2] Let ¢ : C2 — C and let % be analytic in U. If p and ¢(p(z), zp'(z)) are
univalent in U and satisfy the differential superordination:

h(z) < ¢(p2),2p'(2)) (z€ D), (1.2)
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then p is called a solution of the differential superordination. An analytic function g is
called a subordinant of the solutions of the differential superordination, or more simply a
subordinant if g < p for all p satisfying (1.2). A univalent subordinant g that satisfies ¢ < g
for all subordinants ¢ of (1.2) is said to be the best subordinant.

Definition 1.3 [2] We denote by Q the class of functions f that are analytic and injective
on @\E(f), where

E(f) = {g € U: limf (2 :oo},
and are such that f'(¢) # 0 for ¢ € AU\E(f).

Let A, denote the class of functions of the form

fle)=2"+ Zukﬂ,zk*” peN)

k=1

which are analytic and p-valent in the open unit disk U. Now we define the function
¢p(a, c; z) by

= (@)k ks
dpla,cz)=) ——2z 7 (c#0,-1,-2,..),
v ; (O

where (v), is the Pochhammer symbol (or the shifted factorial) defined (in terms of the

Gamma function) by

Fw+n) |1 if =0 and v € C\{0},
r'(v) viw+1)---(v+n-1) ifneNandveC.

(v)n =

For f € A,, we define the operator L,(a,c) : A, — A, by

Ly(a,c)f (2) = p(a,c;2) xf(z) (ze€ ),

where the symbol () stands for the Hadamard product (or convolution). We observe that

L,(p+1Lp)f(2) =2f'(2)/)p and L,(n+p,1)f(z) = D"*"'f(2),

where 7 is any real number greater than —p, and the symbol D" is the Ruscheweyh deriva-
tive [3] (also, see [4]) for n € Ny = NU {0}. The operator L,(a, c) was introduced and stud-
ied by Saitoh [5]. This operator is an extension of the familiar Carlson-Shaffer operator
Ly(a, c), which has been used widely on the space of analytic and univalent functions in U
(see, for details [6]; see also [7]).

Corresponding to the function ¢,(a, ¢; 2), let ¢; (a, ¢; z) be defined such that

$pla,¢;2) * pj(a, ¢;2) = (A >-p).

z
(1= 2y
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Analogous to L,(a, c), we now define a linear operator I;(a, ¢) on A, as follows:
II’} (a,0)f (z) = qb;(a, ¢z)*f(z) (a,c#0,-1,-2,...;1>—p;z e U). (1.3)

We note that Z) (p + 1,1)f (2) = f(2) and Z,(p,1)f (2) = zf'(2)/p. It is easily verified from the
definition of the operator I; (a, c) that

Z(I;;(ﬂ +1, c)f(z))/ = aIZ} (a,0)f (z) — (a —p)II’,\ (@a+1,0f(2) (1.4)

and

Z(I;;(tl, c)f(z))/ =(A+ p)II’,\”(a, of(z) - )LI;(a, o)f (z). (1.5)

In particular, the operator Z; (1 +2,1) (A > 1, u > —2) were introduced by Choi, Saigo, and
Srivastava [8] and they investigated some inclusion properties of various classes defined
by using the operator Z}'(i + 2,1). Forp=1,a=n+1 (n € Ny), and ¢ = A = 1, we also note
that the operator I;(a, c)f is the Noor integral operator of nth order of f studied by Liu
[9] (also, see [10-12]).

Making use of the principle of subordination, Miller et al. [13] obtained some subordina-
tion theorems involving certain integral operators for analytic functions in U. Also, Owa
and Srivastava [14] investigated the subordination properties of certain integral operators
(see also [15]). Moreover, Miller and Mocanu [2] considered differential superordinations,
as the dual problem of differential subordinations (see also [16]). In the present paper,
we investigate the subordination- and superordination-preserving properties of the linear
operator I; (a, ¢) defined by (1.3) with the sandwich-type theorems. We also consider an
interesting application of our main results to the Gauss hypergeometric function.

The following lemmas will be required in our present investigation.

Lemma 1.1 [17] Suppose that the function H : C* — C satisfies the condition:
Re{H(is,t)} <0,

for all real s and t < —n(1 + s2)/2, where n is a positive integer. If the function p(z) =1 +
pn2" + -+ isanalyticin U and

Re{H(p(2),2p'(2))} >0 (z€ ),
then Re{p(z)} > 0 in U.

Lemmal.2 [18] Let B8,y € Cwith B # 0 andlet h € H(U) with h(0) = c. IfRe{h(z)+y} >0
for z € U, then the solution of the differential equation:

2q'(2)

ﬂ@+ﬂﬂd+y

=h(z) (z€U)

with q(0) = c is analytic in U and satisfies Re{fq(z) + y} > 0 for z € U.
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Lemma 1.3 [1] Let p € Q with p(0) = a and let q(z) = a + a,z" + - - - be analytic in U with
q(2) # a and n > 1. If q is not subordinate to p, then there exist points zy = roe® € U and
o € dU\ E(f), for which q(U,,) C p(U),

q(z0) = p(o) and  zoq'(z0) = m&op'(Go)  (m = n).

A function L(z,t) defined on U x [0, 00) is the subordination chain (or Lowner chain) if
L(-,t) is analytic and univalent in U for all £ € [0, 00), L(z, -) is continuously differentiable
on [0,00) for all z€ U and L(z,s) < L(z,t) forze Uand 0 <s < t.

Lemma 1.4 (2] Let g € Hla,1], let ¢ : C* — C and set ¢(q(2),2q'(2)) = h(z). If L(z,t) =
0(q(2), tzq'(2)) is a subordination chain and p € Hla,1] N Q, then

h(z) < ¢(p(2),20'(2)) (z€U)
implies that
q(z) < p(z) (ze€l).

Furthermore, if p(q(z),zp(2)) = h(z) has a univalent solution q € Q, then q is the best sub-
ordinant.

Lemma 1.5 [19] The function L(z,t) = a1(t)z + - - - with a,(¢) # 0 and lim,_, |a1(¢)| = oo.
Suppose that L(-;t) is analytic in U for all t > 0, L(z;-) is continuously differentiable on
[0, 00) for all z € U. If L(z; t) satisfies

’L(z;t)‘ < Koyal(t)’ (|z| <rg<1;0<t< oo)

for some positive constants Ky and ry and

{ z0L(z,t)/0z

0 elU;0<t ,
ALz )19t }> (z =t<o)

then L(z;t) is a subordination chain.

2 Main results
First, we begin by proving the following subordination theorem involving the multiplier
transformation II’} (a, ¢) defined by (1.3).

Theorem 2.1 Letf,g € A,. Suppose also that
Z "
Re{l + s } > -8
¢g(z)

_p-a Z,(a, c)g(z) « Zy(a+1,0)8(2)
(et o 2R B2

;0§a<p;u>1;k>—p;ze[U>, (2.1)

where

s (-0 +lpla=1)+ o)~ |(p-a) - [pla-1) +al’| (2.2)

4pla-1)+ualp - )
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Then the following subordination relation:

br(2) < dglz) (z€ D), (2.3)
implies that

Lia+1Lcf(x)  Tia+1c)gz)
21 A !

(z € ). (2.4)

Moreover, the function T)(a +1,¢)g(2)/2"" is the best dominant.

Proof Let us define the functions F and G by

THa+1,0(f)(z THa+1,0)(g)(z
F(z):= w and G(z):= w, (2.5)
zP-1 21
respectively.
We first show that, if the function g is defined by
G//
4@ =1+ ZG, (Z) (zeD), (2.6)

then
Re{q(z)} >0 (zel).

Taking the logarithmic differentiation on both sides of the second equation in (2.5) and

using (1.4) for g € A,, we obtain

ape(z) = [pla-1) + «]G(z) + (p — 0)zG (2). (2.7)
Now, by differentiating both sides of (2.7), we obtain

2y (2) . 2G'(2) zq (2)

Th@ TG0 4@+ pa-Drdlp-a)

. zq'(2)
q(2) + [pla-1) +al/(p - )

=q(z) = h(z). (2.8)

From (2.1), we have

pla-1)+a

Re{h(z)+
p—a

}>0 (ze ),

and by using Lemma 1.2, we conclude that the differential equation (2.8) has a solution
q € H(U) with ¢(0) = 4(0) =1.
Let us put
v

H(M’V):u+u+[p(a—1)+a]/(p—a)+8’ (2.9)

Page 5of 13
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where § is given by (2.2). From (2.1), (2.8) and (2.9), we obtain
Re{H(q(z),zq’(z))} >0 (zel).

Now we proceed to show that Re{H (is, £)} < 0 for all real s and ¢ < —(1 + 52)/2. From (2.9),

we have
Re{H(is,t)} = Reji t 5
e{ is, }— e{ls+is+[p(a—1)+a]/(p—a)+ }
_ tpla-D)+ea]l/lp-a)
T lpla-Dralip-a) isP
Es(s)
S_2|[l9(6l—1)+oz]/(p—o[)+l'5,-|2’ (2.10)
where
Es(s) := (1M —26)52 _pla-D+a <25P(ﬂ—1) +a _1) o
p-—«o p-o p-a

For § given by (2.2), we can prove easily that the expression Ej(s) given by (2.11) is positive
or equal to zero. Hence, from (2.10), we see that Re{H(is, )} < 0 for all real s and ¢ <
—(1 +5%)/2. Thus, by using Lemma 1.1, we conclude that Re{g(z)} > 0 for all z € U, that is,
q is convex in U.

Next, we prove that the subordination condition (2.3) implies that
F(z) <G(z) (zeU) (2.12)

for the functions F and G defined by (2.5). Without loss of generality, we can assume that
G is analytic and univalent on U and G'(¢) #0 for |¢| = 1. For this purpose, we consider
the function L(z, ) given by

pla-1)+a

L(z,t) = ————G(2) + sz/(z) (zeU;0 <t<o0).
ap ap
We note that
0L(z,t) _ G,(O)(p(a—l) +a+(p-a)(l+ t)) 40 (0<t<o0a>0).
dz z=0 ap

This shows that the function
Liz,t)=a1(t)z+---

satisfies the condition a;(¢) # 0 for all ¢ € [0,00). By using the well-known growth and
distortion theorems for convex functions, it is easy to check that the first part of Lemma 1.5
is satisfied. Furthermore, we have

R{M} :Re{m+(1+t)<l+zG”<Z))} 50,
0L(z,t)/0t p-o G (z)
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since G is convex and a > 0. Therefore, by virtue of Lemma 1.5, L(z, £) is a subordination
chain. We observe from the definition of a subordination chain that

_pla-1)+a p-o

ap

$g(2) G(2) + 2G'(z) = L(z,0)

and
L(z,0) < L(z,t) (z€U;0 <t<o0).
This implies that
L(¢,t) ¢ L(U,0) = ¢,(U) (¢ €9U;0 <t<00).

Now suppose that F is not subordinate to G, then by Lemma 1.3, there exists points
29 € U and ¢y € dU such that

F(z0) = G(¢o) and  zoF(zo) = (1 +8)50G'(¢o) (0 <t<o0).

Hence, we have

_pla-1)+a p-a)l+t

L(go,t) = TG(%) + 20G'(%0)
D e P P ()
ap ap
_paZadsi) aTarlagt

-1 -1
p 2 )4 z

by virtue of the subordination condition (2.3). This contradicts the above observation that
L(%o,t) ¢ ¢g(U). Therefore, the subordination condition (2.3) must imply the subordina-
tion given by (2.12). Considering F(z) = G(z), we see that the function G is the best domi-
nant. This evidently completes the proof of Theorem 2.1. d

We next prove a dual problem of Theorem 2.1, in the sense that the subordinations are
replaced by superordinations.
Theorem 2.2 Letf,g € A,. Suppose also that
z¢) (z
Re{1+ ¢g( )} > =6
P (2)

p-aZLiacg) ol)(a+1,0g()
(d’g(z) = P) z -1 + ; = -1

;0§a<p;a>l;k>—p;zeU),

where § is given by (2.2). If ¢7(z) is univalent in U and II’} (a+1,0)f(z)/z € H[0,1]1N Q, then

the following superordination relation:

be(2) < ¢r(2) (z€ ) (2.13)
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implies that

II’} (a+1,0)g(2) . I;(a +1,0)f (2)
Zp—l Zp—l

(zeU).

Moreover, the function Ilj (a +1,0)g(z)/z°7 is the best subordinant.

Proof Let us define the functions F and G, respectively, by (2.5). We first note that, if the
function ¢ is defined by (2.6), by using (2.7), then we obtain

o(2) = pla-D+a oy, P=% e
ap ap
= ¢(G(2),2G (2)). (2.14)

Then by using the same method as in the proof of Theorem 2.1, we can prove that G
defined by (2.5) is convex (univalent) in U.
Next, we prove that the subordination condition (2.13) implies that

G(z) <F(z) (zel). (2.15)

Now considering the function L(z, t) defined by

_pla-1)+a

G(z) + -t
ap ap

L(z¢t): zG'(z) (zeU;0 <t<o00),

we obtain easily that L(z, £) is a subordination chain as in the proof of Theorem 2.1. There-
fore, according to Lemma 1.4, we conclude that the superordination condition (2.13) must
imply the superordination given by (2.15). Furthermore, since the differential equation
(2.14) has the univalent solution G, it is the best subordinant of the given differential su-
perordination. Therefore, we complete the proof of Theorem 2.2. g

If we combine this Theorem 2.1 and Theorem 2.2, then we obtain the following
sandwich-type theorem.

Theorem 2.3 Let f,gi € A, (k=1,2). Suppose also that

Reil + M} > -0
by, (2)
p-aL@ouk) oIa+]0g)

<¢gk(z) = g +— e ;0§a<p;a>1;k>—p;zeU>, (2.16)
V4 B p B

where § is given by (2.2). If ¢y is univalent in U and I;(a +1,0f(2)/227 e H[0,1]1N Q, then
the following subordination relation:

b1 (2) < Pr(2) < g, (2) (z€)
implies that

Il’,\ (@a+1,0z(2) Ilg\(a +1,0)f(2) I;(a +1,0)8(2)

Pz h zP-1 h zP-1

(ze ).
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Moreover, the functions I; (a+1,08(2)/2" and I; (a +1,0)g(2)/277* are the best subordi-
nant and the best dominant, respectively.

The assumption of Theorem 2.3 that the functions ¢/(z) and I;(a +1,0)f (2)/22! need
to be univalent in U may be replaced by another conditions in the following result.

Corollary 2.1 Let f,gr € A, (k =1,2). Suppose also that the condition (2.16) is satisfied
and

{ 24 (2) }
Rell+ > -8
$/(@)

—a T a,c)f(2) TMa +1,c)f (2)
(@(z):;l’pa » = +j—; 4 — ;0§a<p;a>1;k>—p;zeU>, (2.17)

where § is given by (2.2). Then the following subordination relation:

bg,(2) < ¢r(2) < g, (2) (z€ D)
implies that

II’} (@a+1,0)a(2) II’}(a +1,0)f(2) I;(a +1,0)g(2)
< <

zP-1 -1 zP-1 €l).

Moreover, the functions T)(a +1,0)g1(2)/2" ™" and T (a +1,¢)g2(2)/2" are the best subordi-
nant and the best dominant, respectively.

Proof In order to prove Corollary 2.1, we have to show that the condition (2.17) implies
the univalence of ¢¢(z) and F(z) := I; (a +1,c)f (z)/z°7. Since § given by (2.2) satisfies the
inequality 0 < § <1/2, the condition (2.17) means that ¢/(2) is a close-to-convex function
in U (see [20]), and hence ¢¢(z) is univalent in U. Furthermore, by using the same tech-
niques as in the proof of Theorem 2.1, we can prove the convexity(univalence) of F and so
the details may be omitted. Therefore, from Theorem 2.3, we obtain Corollary 2.1. O

Taking a = p, c = A =1 and « = 0 in Theorem 2.3, we have the following result.

Corollary 2.2 Let f,gi € A, (k =1,2). Suppose that

@) 1 b (). GO

Iff'(2)/pz’2 is univalent in U and f(z)/2°™! € H[0,1]1 N Q, then

&(2) . f'(2) . 2(2)

pF2  pF? p? (e
implies that
() fl2) (2)
gle_l < Jz% £2 (zev)
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Moreover, the functions gi(z)/27 " and g,(z)/28 ! are the best subordinant and the best dom-

inant, respectively.

The proof of Theorem 2.4 below is similar to that of Theorem 2.3 by using (1.3), and so
the details may be omitted.

Theorem 2.4 Let f,g; € A, (k =1,2). Suppose also that

Re{l + M} > -5
2 %)
p-aL@0u@) oL (a0)g)

<1//gk(z):— =) +— s ;0§a<p;a>0;k>—p;zeU),
p N p B

where 8 is given by (2.2) with a = A + p. If Yy is univalent in U and T)(a,c)f (2)/2"7 €
H[0,1] N Q, then

Vi (2) < Yr(2) < g, (2) (€ )
implies that

L@ 0az)  Tyiacf(d) Iy(ac)g(2)

= < a < s (zel).

Moreover, the functions I; (a,0)gi(z)/z77" and I;(a, €)g2(2)/2° are the best subordinant
and the best dominant, respectively.

Next, we consider the generalized Libera integral operator F,, (i > —p) defined by (cf.
[21-23])

wHp (%,
@ ="F f # @B de (f € Ay > —p). (2.18)
0
Now, we obtain the following result involving the integral operator defined by (2.18).

Theorem 2.5 Letf,gi € A, (k =1,2). Suppose also that

" IX ,
Re{l + Zdik((zz)) } 55 (¢k(z) = %;z c U), (2.19)

where § is given by (2.2) witha = +p (u > —-p +1) and « = 0. Then the following subordi-
nation relation:

Iiaoaz) Tiacfd) I)(ac)g)
< <
2Pl -1 -1

(zeU)

implies that

THa,OF(@)@) T:@oF)E@ T adF,(@)e)
71 = -1 = 21

(ze ).
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Moreover, the functions II)} (a,¢)F,(q1)(2)/27~! and I; (a,¢)F,(g2)(2)/z'™ are the best subor-
dinant and the best dominant, respectively.

Proof Let us define the functions F and Gy (k = 1,2) by

A
and Gi(z) := I—p (%C)Fu(gk)(Z),

@R
- - - Zp—l

F(z) )

respectively. From the definition of the integral operator F,, defined by (2.18), we obtain
AT (@ IF(NG) = (1 +P)THa f D) - uT: (@ IFL ()@, (2.20)

Then from (2.19) and (2.20), we have

(1 +p)i(2) = (1 + p —1)Gr(2) + 2Gy (2). (2.21)
Setting
~ 2G(2)
qr(z) =1+ G (ze ),

and differentiating both sides of (2.21), we obtain

. z¢y (2) D)+ 2q;(2)

¢ (2) G2 +pu+p-1

The remaining part of the proof is similar to that of Theorem 2.3 and so we may omit for
the proof involved. d

By using the same methods as in the proof of Corollary 2.1, we have the following result.

Corollary 2.3 Let f,gr € A, (k = 1,2). Suppose also that the condition (2.19) is satisfied
and

" A
Re{l i (Z)}>—8 <¢(Z)2:w;zeﬁj>,

)

where § is given by Theorem 2.5. Then

THa,0n() T:@of) THaon()

e < e < e (zeU)

implies that

Z,(a,0)F,(g1)(2) . Z,(a, oF.()(2) . Z,(a, 0)F,u(2)(2)

g g g (zeU).

Moreover, the functions T)(a, 0)F,,(&1)(2)/2"" and T)(a, ¢)F,,(2)(2)/2"" are the best subor-
dinant and the best dominant, respectively.


http://www.journalofinequalitiesandapplications.com/content/2013/1/150

Cho Journal of Inequalities and Applications 2013, 2013:150 Page 12 of 13
http://www.journalofinequalitiesandapplications.com/content/2013/1/150

Takinga =p +1,c=1and A =1 in Theorem 2.5, we have the following result.

Corollary 2.4 Letf,g € A, (k =1,2). Suppose also that

2} (2) &(2)
Re{l + ¢,/(k(z) } > -4 (¢k(z) = #;k =1,2;z€ U),

where § is given by Theorem 2.5. If f(z)/z°™ is univalent in U and F,(f)(z)/z°~! € H[0,1] N

Q, then
‘% <jzr% <g22p(_zl) (zeU)

implies that

Fug)@)  ENE)  Fu(e)@)
zp—l Zp—l zp—l

(ze ).

Moreover, the functions F,(g1)(z)/2°~" and F,(g,)(z)/z"~" are the best subordinant and the
best dominant, respectively.
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