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1 Introduction and preliminaries

Let ¢ and £, denote the spaces of all convergent and bounded sequences, respectively, and
note that ¢ C £.In the theory of sequence spaces, an application of the well-known Hahn-
Banach extension theorem gave rise to the concept of the Banach limit. That is, the lim
functional defined on ¢ can be extended to the whole of £, and this extended functional
is known as the Banach limit. In 1948, Lorentz [1] used this notion of a generalized limit
to define a new type of convergence, known as almost convergence. Later on, Raimi [2]
gave a slight generalization of almost convergence and named it o -convergence. Before
proceeding further, we recall some notations and basic definitions used in this paper.

Let o be a mapping of the set of positive integers into itself. A continuous linear func-
tional ¢ defined on the space £, of all bounded sequences is called an invariant mean (or
a o-mean; cf [2]) if it is non-negative, normal and ¢(x) = @((*s(x)))-

A sequence x = (x) is said to be o -convergent to the number L if and only if all of its o -
means coincide with L, i.e., ¢(x) = L for all ¢. A bounded sequence x = (x¢) is o -convergent

(cf- [3]) to the number L if and only if lim,_, o £,, = L uniformly in 1, where

Xm + Xo(m) + xaz(m) t o+ XoP(m)
tpm = .

p+1
We denote the set of all o-convergent sequences by V, and in this case we write xy —
L(V,) and L is called the o -limit of x. Note that a o -mean extends the limit functional on
¢ in the sense that ¢(x) = limx for all x € c if and only if o has no finite orbits (¢f [4]) and
cC Vs Cl.

If o is a translation then the o-mean is called a Banach limit and o-convergence is
reduced to the concept of almost convergence introduced by Lorentz [1].

In [5], the idea of statistical o -convergence is defined which is further applied to prove

some approximation theorems in [6] and [7].
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If m =1, then we get (C,1) convergence, and in this case we write xy — £(C,1), where
£ =(C,1)-limx.

Remark 1.1 Note that
(a) a convergent sequence is also o -convergent;

(b) a o-convergent sequence implies (C,1) convergence.

Example 1.1 Let o (n) = n + 1. Define the sequence z = (z,,) by

1 ifnisodd,
Z, =
0 ifniseven.

Then x is 0 -convergent to 1/2 but not convergent.

Let Cla, b] be the space of all functions f continuous on [a, b]. We know that C[a, b]
is a Banach space with the norm |[f||o := sup,,;, [f(®)|, f € Cla,b]. Suppose that T, :
Cla,b] — Cla, b]. We write T,(f,x) for T,(f(t),x) and we say that T is a positive operator
if T(f,x) > 0 for all f(x) > 0.

The classical Korovkin approximation theorem states the following [7]: Let (7},) be a se-
quence of positive linear operators from C[a, b] into C[a, b]. Then lim,, || T},(f, x) — f (%) || oo =
0, for all f € C[a, b] if and only if lim,, || T,,(f;, x) — f;(x)|cc = 0, for i = 0,1,2, where fo(x) =1,
fi(x) = x and f(x) = 2.

Quite recently, such type of approximation theorem has been studied in [8, 9] and [10]
by using A-statistical convergence, while in [11] lacunary statistical convergence has been
used. Boyanov and Veselinov [12] have proved the Korovkin theorem on C[0, c0) by us-
ing the test functions 1, e*, e?*. In this paper, we generalize the result of Boyanov and
Veselinov by using the notion of o -convergence. Our results also generalize the results of
Mohiuddine [13], in which the author has used almost convergence and the test functions

1, %, x2.

2 Korovkin-type approximation theorem

We prove the following o -version of the classical Korovkin approximation theorem.

Theorem 2.1 Let (1) be a sequence of positive linear operators from C(I) into C(I). Then,
forallf e C(I),

o-lim | Te(f;%) - f )], = 0 21)
if and only if
a—klim | Te@x) -1] =0, (2.2)

o-kli)n;on Tk(e_s;x) - e‘x” =0, (2.3)

oo

o—klilgo“ Tk(e’zs;x) - e’z"Hoo =0. (2.4)
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Proof Since each 1, e, e™* belongs to C(I), conditions (2.2)-(2.4) follow immediately
from (2.1). Let f € C(I). Then there exists a constant M > 0 such that |[f(x)| < M for x € I.
Therefore,

[f(s) —f(x)| <2M, -oco<sx<o00. (2.5)
It is easy to prove that for a given ¢ > 0 there is a § > 0 such that

[f(s) —f(x)| <&, (2.6)

whenever |e™* —e™™| <§ forall x € I.
Using (2.5), (2.6), putting 1 = (s, %) = (™ — e™¥)2, we get

[f(s) —f(x)| <e+ %(wl), Vs —x| < 8.

This is,

e ) <9 - f@ <6+ ()

Now, we operate T,k (L,x) for all # to this inequality since T, (f,x) is monotone and
linear. We obtain

T k(156 (—8 - 28—];4(1/11)) < Tk Lx) (f(s) = f (%))
< Toky(1;%) (8 + 28—[;4(%))

Note that x is fixed and so f(x) is a constant number. Therefore

2M

& Tk (L %) — 5

Tak(n)(WI;x) < Tak(n)(f;x) _f(x) Tak(n)(l;x)
2M
< STak(n)(l;x) + 5—2 Tak(n)(lzfl;x). (27)

But

Tk (f52) = f (%)
= Ty (F5%) = f () Ty (1) + f (%) Ty (1) — f (%)

= [Tak(n)(f,x) —f(x) Tak(n)(l,x)] +f(x)[T(,k(n)(l,x) - 1] (2.8)

Using (2.7) and (2.8), we have

2M
Tk (f5%) = f (%) < €Tk (L) + = T iy (Y1)

+f(x)(T(,k(,,)(1;x) -1). (2.9)
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Now

ot 0159) = Ty~ ) = Ty -2 4 e5)
= Tk (€7%5%) — 26 Toxiy (€75 %) + (672) Ty (L)
[Tyl - e-%] 2 [T ) ]

+ € X[ T (L32) ~ 1],

Using (2.9), we obtain

Tokn(f32) = f () < € Ton (L) + 23—];4 {[Toren((e7)s2) — ]
=267 [Ty (€75%) = €] + €[ Touy (150) - 1]}
£ (T (12) - 1)
= Tt (52) = w6+ [Ty ((e);2) 7]
=267 [ Torgry(€75%) = €] + €[ Tu( (L) ~ 1]}

+f () (Tyh (%) - 1).

Since ¢ is arbitrary, we can write

s s3) 09 = €[ Ty (1590 ~1] + S { [Ty ((€)i) ~ ]

o o

+f(x)[Tak(n)(1;x) - 1]

=267 Tui (€75%) = €] + €[ T (L) ~ 1]

Therefore

’Tak(n)(f; x) _f(x)‘
2M —2x
§8+(8+M)’Tgk(n)(1x ’ |e ||Tk (1;x,y)—1|
2M 4M
+ 5—2|Tak<n) (e75)|[-e™] + — 52 ||| Toan (€75 2) = €7

<8+<8+M+%)|Tk 1;x) - 1|+ |€_2x||Tk 1;%) - 1|

2M

+ 8—2|Tak(n) (e5x) —e™| + M

—7 | Tokm (¢755%) =€
since |e™| <1 for all x € I. Now, taking sup,;

| Tk F52) =@ oo = &+ K([| Tk @G0) = 1 o + [ Tor (75%) - €7

|| Tk (€72%5%) =7 ),
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where K = max{e + M + %L, 21} Now writing

-1
1 p

Dup(f%) = = Y Toii(fo)s
p k=0

we get

bz
|ustf: )5 = (e 2 +) 1Dyt -1],

4Mb
+ =5 [Paptx) = 7|

o]

2M 2 P
+ = 1D (2,2) =7 .
Letting p — oo and using (2.2), (2.3), (2.4), we get
lim ||D,,,p(f, x) —f(x)”Oo =0, uniformly in #. 0
p—>00
In the following example we construct a sequence of positive linear operators satisfying
the conditions of Theorem 2.1 but not satisfying the conditions of the Korovkin theorem

of Boyanov and Veselinov [12].

Example 2.1 Consider the sequence of classical Baskakov operators [14]
o0
k\(n-1+k
Vaulfx) = - K+,
(f;) kXﬂjf(ﬂ)( L )x (1+x)

where 0 <x,y < 00.
Let the sequence (L,) be defined by L, : C(I) — C(I) with L,,(f;x) = (1+z,) Vu(f;x), where
z, is defined as above. Since

LYI (11 x) = 1)

L,,(e’s;x) = (1 +x— xe’%)fn,
L,,(e‘zs;x) = (1 + a2 —xze_%)_n,
and the sequence (P,) satisfies the conditions (2.1), (2.2) and (2.3). Hence we have
a-lim”L,,(f,x) —fx) ||oo =0.
On the other hand, we get L,(f,0) = (1 + z,,)f (0) since L,(f,0) = f(0), and hence
[2atf %) = £ @) = [Laf, 0) = f ()] = 2| f(O)]-
We see that (L,) does not satisfy the classical Korovkin theorem since limsup,,_, ., z,

does not exist. Hence our Theorem 2.1 is stronger than that of Boyanov and Veselinov
[12].
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3 A consequence

Now we present a slight general result.

Theorem 3.1 Let (T,,) be a sequence of positive linear operators on C(I) such that

1 n-1
lim sup kXo: 1Ty = Tk Il = O
If
o-lim|T, (e, %) ™| =0 (v=0,1,2), 3.1)

then, for any function f € C(I) bounded on the real line, we have

lim | T, (f, %) - £, = 0. (3.2)

Proof From Theorem 2.1, we have that if (3.1) holds, then

o—li}gn” T,(f,x) —f(x)”OO =0,

which is equivalent to
limH sup Dy, »(f, %) — f(x) ” =0.
n m o0

Now

1 n-1
Ty-Dpn=Tn—-S T
n m,n n p ; ok (m)

1 n-1
= Z Z(Tn - Tak(m))'
k=0

Therefore

n-1

1
T, —supD,,, =sup — Z(T” = Tk my)-
m m
Hence, using the hypothesis, we get
11m|| Tn(f’ x) _f(x) || o = ]1mH sup Dm,n(f; x) _f(x) H =0,
n n m o0

that is, (3.2) holds. O
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