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where the linear process errors & = Y x . ajei—j with 3 |aj| < oo, and {e}
are identically distributed and strong mixing innovations with zero mean. Under
appropriate conditions, the Berry-Esseen type bounds of wavelet estimators for 8 and
g() are established. Our results obtained generalize the results of nonparametric
regression model by Li et al. to semiparametric regression model.
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1 Introduction
Regression analysis is one of the most mature and widely applied branches of statistics.
For a long time, however, its main theory has concerned parametric and nonpara-
metric regressions. Recently, semiparametric regressions have received more and more
attention. This is mainly because semiparametric regression reduces the high risk of
misspecification relating to a fully parametric model and avoids some serious draw-
backs of fully nonparametric methods.

In 1986, Engle et al. [1] first introduced the following semiparametric regression
model:

Yi =xip+gti)+e, i=1,.,n (1.1)

where 3 is an unknown parameter of interest, {(x;, ;)} are nonrandom design points,
{y;} are the response variables, g(-) is an unknown function defined on the closed inter-
val [0, 1], and {¢;} are random errors.

The model (1.1) has been extensively studied. When the errors {¢;} are independent
and identically distributed (i.i.d.) random variables, Chen and Shiah [2], Donald and
Dewey [3], and Hamilton and Truong [4] used various estimation methods to obtain

estimators of the unknown quantities in (1.1) and discussed the asymptotic properties

. . 00

of these estimators. When {g;} are MA () errors with the form &; = Z]»:O ajei_j, where
- . . 9] R

{e;} are iid. random variables,{a;} satisfy } = |aj| < 00 and sup,n E ‘ |aj| < 09,
J=n
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the law of the iterated logarithm for the semiparametric least square estimator (SLSE)
of B and strong convergence rates of the nonparametric estimator of g(-) were dis-
cussed by Sun et al. [5]. The Berry-Esseen type bounds for estimators of  and g(-) in

o0

model (1) under the linear process errors &; = Z]?

o djei—j with identically distributed
and negatively associated random variables {e;} were derived by Liang and Fan [6].

Let us now recall briefly the definition of strong-mixing dependence. A sequence {e;,
i € Z} is said to be strong mixing (or a-mixing) if o(n) — 0 as n — oo, where o(n) =
sup {|P(AB) —P(A)P(B)|: A e F™,Be F,}, and F}' denotes the o-field gener-
ated by {e; : m < i < n}.

For the properties of strong-mixing, one can read the book of Lin and Liu [7].
Recently, Yang and Li [8-10] and Xing et al. [11-13] established moment bounds and
maximal moment inequality for partial sums for strong mixing sequences and their
application. In this article, we study the Berry-Esseen type bounds for wavelet estima-
tors of B and g(-) in model (1.1) based linear process errors {¢;} satisfying the following
basic assumption (A1). Our results obtained generalize the results in [14] to semipara-

metric regression model.

o0
(A1) (i) Let & = Zjof_oo ajei_j, where Z |flj| <0, {e,j=0,%1,+2,...}are

j=—00
identically distributed and strong mixing random variables with zero mean.
(i) For 6 > 0, E|eo|** < oo and mixing coefficients o/(11) = O(n™) for A > (2 + 8)/6.
Now, we introduce wavelet estimators of 8 and g for model (1.1). Let 3 be given, since
Ee; = 0, we have g(¢;) = E(y; - x; B), i = 1, .. ., n. Hence a natural estimator of g(-) is

8:0.8)= Y = 58) [ Ealt ),
j=1 A

where A; = [s;.;, s;] are intervals that partition [0, 1] with ;e A;and 0 <t <--- < ¢,
< 1, and wavelet kernel E,, (¢, s) can be defined by

En(t,s) = 2"Eo(2™, 2™s), Eo(t,s) = Y @ (t—1) ¢ (s — ),
jez

where m = m(n) >0 is a integer depending only on #, ¢(-) is father wavelet with com-
pact support. Set

n

n n
Xi =X — Zx]‘/Em(ti,S)dS,f/i =Y — ZYj/Em(ti,S) ds, Sﬁ = Z’@z (1.2)
i=1

j=1 j=1
J Aj J Aj

In order to estimate 3, we seek to minimize

n

SS(B) = D [Yi—xiB — &t B)) = D (i — %iB)". (1.3)
i=1

i=1

The minimizer to (1.3) is found to be

n
B, = S, 2561‘}71'- (1.4)
i=1
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So, a plug-in estimator of the nonparametric component g(-), based on g,, is given
by

n
80 28000 82) = Y (Vi xb) [ Enlt9)ds. 15
i=1 bt
In the following, the symbols ¢, C, C;, C,, . . . denote positive constants whose values

may change from one place to another, b,, = O(a,) means b,, < ca,, [x] denotes the
integral part of x, ||e;||,: = (E|e)|)"”, ®(u) represents the standard normal distribution
function.

The article is organized as follows. In Section 2, we give some assumptions and main
results. Sections 3 and 4 are devoted to the proofs of preliminary results. Proofs of the-
orems will be provided in Section 5. Some known results used in the proofs of preli-
minary and main results are appended in Appendix.

2 Assumptions, notations and results
At first we list some assumptions used in this article.
(A2) There exists a function /() defined on [0, 1] such that x; = /(¢;)) + u; and

() lim n7 'Y u? =30 (0 <Y< 00), (i) gl;glluil =0(1).

n—oo
(iii) For any permutation (jy, . . ., j,) of the integers (1, . .., n),
m
lim su max U | < oo.
nﬁoop \/nlogn 1<m=<n ; i

(A3) The spectral density f (o) of {&;} satisfies 0 < ¢; < f(w) < ¢y <oo, for w € (-1, 7.

(A4) Let g(-) and h(-) satisfy the Lipschitz condition of order 1 on [0, 1], and % (-) €
H, v > g, where H" is the Sobolev space of order v.

(AS5) Scaling function ¢(-) is y-regular (y is a positive integer) and has a compact sup-
port, satisfies the Lipschitz condition of order 1 and |¢ (§) — 1| =O(§) as & — 0,
where ¢ denotes the Fourier transform of ¢.

(A6) max; < ; < , [8i-sia]| = O ().

(A7) There exists a positive constant d;, such that min; <;<,(ti — t;-1) > d; - 3[

For the sake of convenience, we use the following notations. Let p = p(n), g = q(n)
denote positive integers such that p + g < 3n and gp™ < ¢ <o, Set

n n (o)
o} = Var (Z uiei> , 02 =Var Z & / En(t,s)ds |, u(n) = Z(xs/(z"‘s)(j);
i=1 A j=n

i=1

2
Yin = qpill Yon = P”il, Y3n = H(Z |aj|) ; Yan = ”Pila(q)?

ljl>n
Mn =GP 12", hon = PI2™, Azn = V3, han = Van, rsa =272 4+ /2m/nlogn;
3
1/3 1/4
(o p) = > vl +ul@) + va, +val
i=1

2m
vp(m) =273 +(2"/n)Plog??n + 27" logn + n'/2272",
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After these assumptions and notations we can formulate the main results as follows:
Theorem 2.1. Suppose that (A1)-(A7) hold. If p satisfies

§ SA—(2+6
0<p=<1/2 ,o<rnin{2, 2A+((2-:6))}' (2.1)
then
208 _
sup P<S"(in1 A) < u) — ®(u)| < Ci(un(p, p) +va(m)).

Corollary 2.1 Under the same conditions as in Theorem 2.1, if p = 1/3, 2" = O(n2/
%, supnzln7/8(logn)_9/8 > jji=n lajl <00 and 6 >1/3, A > rnax{zg‘s, 7685*_1;‘}, then for

each ¢t € [0, 1], we have

Theorem 2.2. Suppose that the conditions in Theorem 2.1 are satisfied. Let 72" —
0, then for each t e [0, 1]

p(BO O L) o

On2

On1

3

sup <GCs (Z Af +u(q) + Agn + )‘}1{,4 + Agz:a)/(&s)) .
u i=1

Corollary 2.2. Under the conditions of Theorem 2.2 with p = 1/3, § >2/3, if n" =

O(n™% with JH <60 <3/4,and 1 > (220}83)6(392)222) , then

7min{x(2971)+(971) 40+4 }
<c n 61+7 223411 | ] (2.3)

P (gn (t) - Egn (t)

On2

< u) )

sup
u

Remark 2.1. Let fl(t) = h(t) — Z}n_l h(tj)/ En(t, s)ds, under the assumptions (A4)-
- A

(A7) and by the relation (11) of the proof of Theorem 3.2 in [15], we obtain
sup,|h(t)| = O(n~' +2-™m). Similarly, let &(t) = g(t) — > 8() fA,- Em(t, s)ds, then
sup,3(1)] = O(n~! +27).

Remark 2.2. (i) By Corollary 2.1, the Berry-Esseen bound of the wavelet estimator
Bn is near (nié) for sufficiently large A, which is faster than the one in [16]) that

can get O(n™* log n) for § < 1/2 or O(n™"'®) for § >1/2 for strong mixing sequence,
but slower than the one in [6] for weighted estimate that can get on™Y *(log n)>'h.

(ii) From Corollary 2.2, the Berry-Esseen bound of the wavelet estimator g,(-) is near
O(n*) for sufficiently large A and 6 = 3/4.

3 Some preliminary lemmas for ﬁn

From the definition of B, in (1.4), we write

i=1 j=

n n n "
Snﬂ - O_n—llsi(gn _ 13) - Un_]l |:Z &igi — Z&l Z&‘]./; Em(ti/ 5) ds + Z%1§l:| (3 1)
i1 =1 =1 ’

= Sp1 + Sp2 + Sns,
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where
n

n n n n
Sw=oit Y Fe = ot Y ue v ot Y ke —oit Y e [ Yy f Eatr 5| o
i=1 i=1 i=1 i=1 :

U A

= Sp11 + Sn12 + Sniz,

n n
Sual = ot S8 e / En(ts5)ds
1 4

=1 j=

n n n n
orfll Z U; Z &j //;j En(ti, s)ds | | + orfll Z h; Zsj /A. En(ti, s)ds (3.3)
i=1 j=1 i=1 j=1 j

IA

+ 0[112 (ZW/A Em(ti, S)d5> Zsj/A En(t;, s)ds
I=1 ! j=1 j

i=1

2 Spo1 + Sn22 + Snos,

n
Snz = (7,,_11 Z&igi- (3.4)
i=1
For S,11, we can write

n n n n
-1 -1 -1 )
Snn =0, E Uig; = 0, E U E ajei—j + o,y E uj E ajei—j := Spm +Snu2-  (3.5)
i=1

i=1  j=—n i=1 lil>n

It is not difficult to see that

2n min{n,l+n} 2n
—1 A
Snm = E O E uiai— | e1 = E Zy).
I=1-n i=max{1,l-n} I=1-n

Let k = [3n/(p + g)], then S,;1; may be split as

/ 4 /17
Snit = Sy + Sy + Sy (3.6)
where

k

S/ _ k S// _ / S/// _ /

nill = ey Y1mws Onm = Vi Oninl = Vinks1/

w=1

ly+p—1 Ly+q—1 2n

Viw = Z Zni, }/lnw = Z Zni, }/1,,k+1 = Z Zni,
i=ly,

i=ky, i=k(p+q)—n+1
ky=(w—-1)(p+q)+1—nly=w-1)(p+q)+p+1—nw=1,..,k

From (3.1) to (3.6), we can write that

4 " 117
Snﬂ = Snlll + Snlll + Snlll + Sn112 + Snly_ + Sn13 + Sn2 + Sng.

Now, we establish the following lemmas with its proofs.
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Lemma 3.1. Suppose that (A1), (A2)(i), and (A3) hold, then
ann < anzl < cumn, cn 2™ < anzz < ¢un 2™,

Proof. According to the proofs of (3.4) and Theorem 2.3 in [17], for any sequence

{¥1}1c n» we have

n n 2 n
2t Sy < E (z y) c20n Y0
I=1 I=1 =1

which implies the desired results by Lemma A.4 and assumption(A2)(i).
Lemma 3.2. Let assumptions (A1)-(A3), (A5), and (A6) be satisfied, then

E(S/m)” < Crim E(S2m) < Cyan ESuu2)? < Cysn (3.7)

1/3 1/3 1/3 1/3 1/3 1/3
P(‘S;:m| z Vu{ ) = Cyl}i P (|Sg/m| = VZr{) = CVzr{ / P(|Snll2| = ng{ ) = CVsr{ . (3.8)

Proof. By Lemmas 3.1 and A.1(i), and assumptions (A1)(i) and (A2)(i), we have

2

k letq—1 min{n,i+n}
7 2 -2 2
B(Sin) <C Y. Y ol | DL wiai] lleill.s
w=1 =], j=max{1,i—n}
ko lw+q—1 2 min{n,i+n} 2
<C n~! | max |u; a (3.9)
sey Y ot (maw) [ X o
w=1 i=1, j=max{1,i—n}
00 2
1 —1
< Ckqn (Z !aj!) < Cap™" = Cy,
i=—00
2n min{n,i+n} 2
mo\2 -2 2
E(Su) =C Z O Z uiai—i | lleills,s
i=k(p+q)—n+1 j=max({1,i—n}
2n min{n,i+n} 2
-1 2
o ¥ (S o 310
i=k(p+q)—n+1 j=max{1,i—n}

2
< CBn—k(p+a)]n | D |a| < = Cyam
j=—00

and by the Cauchy-inequality

n
i=

n n 2 2
E(Sni12)? < C(7n_12 (Z |u1-|2) E (Z (Z aje,-j) ) < Co-n_lznz (Z |aj|) ||€i|\§+5
i=1 i=1 \]j| >n

i=1 m >n

(3.11)

2
< Cn (Z a]-|) = C)/3y,‘

I]l >n

Then, from (3.9) to (3.11), the proof of (3.7) is complete, which implies the desired
result (3.8) by the Markov-inequality. <
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Lemma 3.3. Let assumptions (A1)-(A7) be satisfied, then

v

(@) P[|Sn12| C(n_l + 2_’")2/3] < C(n_l + 2—m)2/3.
1/3 13
(b) P {ISu13l = C(Zmrfl ]og2 n) } < C(Zmnfl 10g2 n) ’

1/3 1/3
© P {1Su| > C<2"‘n’llog2 n) } < C<2"‘n’llog2 n) )

(3.12)
@ P{ISal = Clnt + 27} < o+ 27,
1/3 1/3
(e P {|Sn23| > C(Z"‘rfllog2 n) } < C(Z'”rfllog2 n) .
(f) Sws < C(?_’m log n + nl/z?_’z’").
Proof. (a) By assumption (A2), Remark 2.1 and Lemma 3.1, we get
n » 2 2
E(Sﬁlz) < 6271'0’,1_12 Z (hl) < C(n_l + 2—m) ,
i=1
By this and the Markov inequality, we have
PliSual = Gl + 27} < o(n 4 27, (3.13)

(b) Applying Lemmas 3.1, A4, and A.5, we get that

2

n n
ES2s <o -0 ) | Dy /Em (ti, s)ds

=1 \ j=1 }
]

i

m
P
i=1

n
-2 . . . .
€20,,," - max ] Ep (8, 5) ds 1m}axz / Ep (8, 5)ds (fé‘rf;‘n

= 13
1<ij<n I =y B
< C2"n"'log’ n.
Therefore
1/3 1/3
P{ISn13| > C<2mn_llog2n> } < C<2mn_llog2 n) . (3.14)

(c) Changing the order of summation in {S,5,}, similarly to the calculation for ES? 5,

2

iui /Em (ti, s)ds

i=1
4

n
2 -2

ESy <oy - @2

1

j=

i

m
z :uji
i=1

n
< czcrn_l2 - max /Em (ti, s)ds| - max Z fEm (ti, s)ds ~<max
1<i<n < 1<m=<n

1<ij<n :
A =4

< C2™n! log2 n.
Therefore, we obtain that

13 13
P {IS,,HI > C<2’"n’1 log? n) } < C(?.’"n’1 log? n) ) (3.15)

Page 7 of 18
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(d) Similarly, by Lemmas 3.1, A4, A.5, and Remark 2.1, we get that
2

ES

2 <o - Z Zh/ (&, s) ds

i=1 j=1

2 n n
< 520;12 . (Sltlp ‘fll‘) Z Z /Em (tj, s) ds /Em (ti, s)ds
/)

ERNER =1 |4,
2
_ ~ _ 2
Sczamz . (sup ‘h]-‘) -n < C(n Ty2 ™.
Ul

Thus, we have

P{|Su| = C(n™' + 273} < C(n~! + 27™)23, (3.16)
(e) We write that
n n
Snaz = Urﬁl Z /E (t;, s)ds Z/E (t;, ) wds &j.
j=1 i= A} I= 1AI

Similarly to the calculation for ES2,; by (3.13), Lemmas 3.1, A4, and A.5, we obtain
that

2
n

ES2), < oo, Z Z f Em (ti, s) ds Z / Em (ti, 5) wids

= 11A llAI

< no,’ max [ Ey (g, s)ds- max Ef (. 5)
=uj=n <j=n £
Ai

1L [t
1<l<n_ 1<m<n

2

< C-2"n"'log’n.

>

Hence, we have
1/3 1/3
P {|8n23| > C<2mn_1 log® n) } < C<2mn_1 log? n) . (3.17)

(f) By assumption (A2), Remarks 2.1, Lemma A.5, and the Abel inequality, we have

n

Z iu]- /Em (t;, s) ds gi
j=1

i=1
4j

On1 Sn3 < i&i| +

n
Z ;g

i=1

k

>
i=1

+ n max |h;| max (g
1<i<n 1<i<n

<c [rnax |gi] max
1<i<n 1<k<n

1<i<n

n k
+ max |g; m_ax E / |Ep (L, $) |ds max E |uj,|
1<j=n 4 1<k<n <
i=1 A i=1
)

=Cy(n' +27") Jnlogn + Cn(n! + 2’”’)2.

Page 8 of 18
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Thus, by Lemma 3.1 we obtain

Suis <Ci(n7' +27™) logn + Cov/n(n™" + 2*'”)2 < c(z*m log n + n1/22’2’"). (3.18)

Therefore, the desired result (3.12) follows from (3.13)-(3.18) immediately. &
Lemma 3.4. Suppose that (Al)-(A3), (A5), and (A6) hold. Set

s2 & Zz:lVar (yimo), then
2= (e @),

Proof. Let Iy = Z CoV(¥1i» Y1ny), then 52 = E(S;m)2 — 2T',. By (3.5) and

1<i<j<k

(3.6), it is easy to verify that E(S,;;)? = 1, and
E (5;1111)2 = 1+E(Sy + Spim + Sn112)2 = 2E [Spur (S + Sy + Snm2)]-
According to Lemma 3.2, the C,-inequality and the Cauchy-Schwarz inequality
E(Spm + Sy + Snllz)2 = C(Yin + Yon + V3n),

and

|E[Sn11 (S;:Hl + Szllll + SnllZ)] | = C (yll-y{Z + V21‘r{2 + y31‘r{2> .

Thus, we obtain
2 1/2 1/2 1/2
ESn)® = 1= C (il + vl + 7). (3.19)

On the other hand, from Lemma 1.2.4 in [7], Lemmas 3.1 and A.4(iv), we can esti-

mate

I+ p—1kj+p—1

Ml < >0 Y D 1COV(Znsys Zu))

1sisjsk si=k  n=k;

ki +p—1ki+p—1 min{n,s, +n} min{n,t, +n}

C
< n Z Z Z Z Z |uu—sl Uy—y, ||au—5, Ay—t, I COV(eslr e, )l

I<i<j<k s;=k;  ty=kj u=max{l,s, —n} v=max{1,t; —n}

ki+p—1ki+p—1 min{ns, +n}  min{n,t, +n}

C
=S DD Y s @ 10 (0 = sl 205 - e ll2

1<isjsk si=ki  ty=kj w=max{ls; —n} v=max{Lt; —n} (3 20)

k—1ki+p—1 min{ns; +n} Lk k+p=1 min{n,t,+n}

YT Y N Y Y @ - s)lacan|

i=1 sy =k u=max{ls;—n}j=i+l 1, =k v=max{l,t;—n}

k=1 ki+p—1 & Kj+p—1

NDID BB B IEEEEE I

i=1 s =k j=i+l 0 =k;

IA

k—1 ki+p—1

< sz Z Z o@D (1 — 51) < Chpn~'u(q) < Cu(q).

i=1 si=k; ti:lt; —s11=q

Therefore, by (3.19) and (3.20), it follows that
2 = 1] = [BSW)? = 1] + 2100 = € (i + o + vl + u(a)).

L ]
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Assume that {n,,, : w =1, ..., k} are independent random variables, and its distri-

bution is the same as that of {y;,,, w = 1, . . ., k}. Set T, = Zﬁ;:lnlﬂw’

B, = Zﬁ}zl Var(n1y)- Clearly B2, = s2,. Then, we have the following lemmas:
Lemma 3.5. Let assumptions (A1)-(A3), (A5), (A6), and (2.1) hold, the

sup |P (Tu/Bm < u) — ® ()| < Cys,.

Proof. By the Berry-Esseen inequality (see [18], Theorem 5.7]), we have

Zﬁ/:l E‘Ylnwr

- , for2 <r<3. (3.21)
nl

sup [P (Ty/Bpy < u) — ®(u)| < C
u

From (2.1), we have 0 < 2p < 1,0 < 2p <d, and, (2 + 0)/d < (1 + p) (2 + 6)/(J - 2p)
<A Letr=2(1+p),7=052p thenr+7=2+5and 5" = PP < A Accord-
ing to Lemmas 3.1 and A.1(ii), and the C,-inequality, taking ¢ = p, we get that

T

I3 I3 Ty +p—1 min{n,j+n}

-1 T

ZE_Vlnw|r < C pr Z Z anl uiai—j E|ej}
w=1 w=1 Jj=Ru i:max{l,jfn}

2 /2
ky+p—1 min{n,j+n} (322)
-1 2
1Y > ontuaig | lleillds
j=ku i=max{1,j—n}

< Co kp'** < Cys,.

Therefore, from Lemma 3.4, relations (3.21) and (3.22), we obtain the result. &
Lemma 3.6. Suppose that the conditions in Lemma 3.5 are satisfied, then

sup 1P (Spyy < u) — P(Tu = 0| = C b+ vil'].
u

Proof. Let ¢,(¢) and w, (¢) be the characteristic functions of S,;;;and T,

respectively.
Since
k k
Y1 (1) = B(exp {itT,n}) = [[Eexp titmin) = [ Eexp {ityim},
w=1 w=1

then from Lemmas A.1(i), A.2, and 3.1, it follows that

A

k
p1(0) — v (D)l < Clela(q) Y llyimolla

w=1

k ky+p—1 min{n,i+n} 2,12
C|f|°‘1/2(q)z E Z o, Z uiaj—i | e
= i=ky,

w=1 j=max{1,i—n}

IA

1/2

IA

k kw+p—1 min{n,i+n} 2 2248
C|f|011/2(f1)z Z 6;2 Z |uiﬂj—i} (E‘eilzﬂs) /2+

w=1 i=ky, j=max{1,i—n}

k ky+p—1

1/2
cnm“(q)[kz > aﬁ} < Clil o' (q)kp'Pn'

w=1 =k,

IA

Clil (kee(q))'? = Clilya)-

IA
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Therefore

1/2

T t) — ¥(t
I #1(1) — v (1) dt <Cy (3.23)
T t
As in the calculation of (4.7) in [14], using Lemma 3.5, we have
T sup / IP(T, < u+y) — P(T, <u)ldy < C {y},+1/T}. (3.24)
u

ly|=c/T

Therefore, combining (3.23) and (3.24), choosing T = y4’n1/4, and using the Esseen
inequality (see [[18], Theorem 5.3]), we conclude that

sup | P(Syy; <u) — P(Ty < u)
u

T
o1(t) — (e
<[

dt + T'sup / |Gn(u+y) — Gn(u)ldy
u
ly| =e/T
1
=C {V2n+V4r{ }
&

4 Some preliminary lemmas for §,(t)
From the definition of g,(¢) in (1.5), We can decompose the sum into three parts:

Sng 1= 0,5 (@n(t) — B&a(1)) = o Zs,f En(t,s)ds + o, Zx,(ﬁ Bn) / En(t, s)d
_Gn2 le ﬁ - Eﬂ”)/ (t S)dS = H1n+H2n+H3n
i=1

Let us decompose the vector H;,, into two parts:

Hln = Unzl Z/E (I S)dS (Za]e,_,) + 0"2 Z[E ([ S)dS (Z a]et_]) = Hlln +H12n,

i= lA i= 1A lil>n
Where
2n min(n,n+l) 2n
-1
Hun = o S [ o [Enads|a = 30 M
I=1—n \ i=max(1,l-n) A; I=1-n

Similar to S, in (3.6), Hy, can be split as Hun, = Hy,, + HYj, +Hj, where

k
k
/ 1/ / i /
Hy, = § ey V20 Hy, = § Yoo Hitn = Vankars

ky+p—1 Ly+q—1 (41)

2n
Vonw = Z M"i'yIan = Z Mpi, y/an+1 = Z Mp;.

i=ky i=ly i=k(p+q)—n+1
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Then

Sng = Hyy, + H}y, + HYj, + Hay + Hap. (4.2)

Set T, = Z’;:l Nomw» B2, = va:l Var (npny) - Similarly to Lemmas 3.2-3.6, we have

the following lemmas without proofs, except for Lemma 4.2.
Lemma 4.1. Suppose that the conditions in Theorem 2.2 are satisfied, then

2 2
E(HY,,)" < Chun, E(HY;,)” < Chap, EHT,, < Chsp;

1/3
1n

1/3 1/3 1/3 1/3

P<|H/l/l‘ﬂ| = A ) = C)"ln 4 P<|H/l/1/n| = )‘Zn) = C)‘Zn’ P<|H12"| z A;{f) = C)‘Sn'

Lemma 4.2. Let assumptions (A1)-(A7) be satisfied, then

(2+8) [ (3+8) 248 3+
E|Ha > < 23, P(|Hzn| > A6 ) < 220G HL | < s,

Lemma 4.3. Under the conditions of Theorem 2.2, set 52, = Zﬁ} _y Var (yamy), then

&= 1] = € (2wl Al 4 u(g)).

Lemma 4.4. Suppose that the conditions in Theorem 2.2 are satisfied, then

sup |P (Tpa/Bna < u) — ® ()| < cAf,.
u

Lemma 4.5. Suppose that the conditions in Theorem 2.2 are satisfied, then

sup P (', < u) — P(Ta < w| < C [15, + »il'].
u

Proof of Lemma 4.2. Similar to the proof of (A.8) in [6], we first verify that

n
lim S,/n = lim ! ZSC,Z = Z, where 0 < Z< 00. (4.3)
i=1

n—o00 n—oo 1

From (1.2), we write

2
n n n n n n

1 2 _ 1 2,1 21 2 7

" E o=, E ui + hi + E uj,{Em (ti, s)ds | + nE u;h;
i=1 i=1

i=1 =1\ j=1 j i=1

n n n n (4.4)
- ﬁZu, (Z u]-/{Em (ti,s)ds) - ﬁzfli (Z uj/{Em (tirs)ds)
i1 i1 j

(R =1
= Lln + Lz,, + L3n + 2L4n — 2L5n — 2L6n~

By assumption (A2)(i) and Remark 2.1, we have

Lin > Y , Loy < maxh? =O(n™' +27") - 0, (4.5)

1<i<n
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and by assumption (A2)(iii), Lemmas A.4 and A.5, we get that

L3n

IA

nl<1]

O<2 log? n) =0,

n
s 1B (19 1ds max ) |/En (t;, ) Ids | max
Isj=n 7 A lsj=n

)

logn
Lsn) < ¢ max ui| = ( i >—> 0,
|Lan| < "1<1<n max 2 u; 2./

(4.6)
Lsy| < € max [ |E, (t,5)| ds- max E u;
I 5n| = nl<1]<nf | (lr )| 1<l<n i
=o(%w)ﬁa
logn

Len] < ¢ max maxE Et,sds-max§u= (g)—>0.
ILonl < "1<1<n 1<jen 4 f| (i) | Ji M /n

Therefore, from (4.4) to (4.6), we complete the proof of (4.3).
Recalling the fact that if &, = & ~ N (0, 1) then E|§,| — E|&| = \/2/71 and E|&,|*
— E|¢|*™ < oo, by Theorem 2.1, Lemma 3.1 and relation (4.3), we deduce that

8 — Ef, < 0 (on/s2) = O(n 1),

<E|B - A

and

B ﬂ‘zﬂs - O((crnl/Sﬁ)ZHS) -0 (n_(1+a/2)>'

Therefore, applying the Abel Inequality, by (A2)(iii) and (A4)(i), we get that

) 4.7)

n

Z xi [Em (t,8)ds
Ai

i=1

|H3n|

2B~ Eh|

1

Z Uj;

IA

on 12 <Os<1§1<31 |h ()] + maxf |Epn (t,5)| ds - max

IA

c <2fm/2 +/2m/n logn) = Chsn,

and

2+

N e P

i [ Em (t,5)ds
A;

| /\

h(t)‘ + maxf |Ep (t,5)| ds - max
0<t<1

(2+5) 7(2+a)/2 ( sup

A

246
< CAgy”.

By (4.8), it follows

P(|H2n| - Aéi+8)/(3+8)> < }Lg2n+5)/(3+5). (4‘9)

Therefore, the proof is completed by (4.7)-(4.9).
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5 Proofs of main results
Proof of Theorem 2.1. Note that

sup [P (Syy; < u) — ® )| < sup [P(Syyy < u) = P(Ty < w| +sup [P(Ty <u) — P (u/sy)|
u u " 5.1
+ sup |® (u/sn) — @ W| =t Jin + Jan + Jan. 6.

By Lemmas 3.6, 3.5, and 3.4, we obtain, respectively

Jin < C {)/2”” + yjf}, (5.2)

Jon = sup [P (Tufsn < ufsy) — @ (ufsn) = sup |P(Ta/sw < u) — ®w)| < Cyj,, (5.3)

and

Jan < C|55 - 1\ <C (yllrfz + yzlrfz + yslrfz + u(q)) (5.4)

Hence, from (5.1) to (5.4), we get that

3

sup |P (S'nul < u) - dw| <C {Zy;l/z + u(q) +ya+ y41,{4}. (5.5)
“ i=1

Therefore, according to Lemma A.3, relations (3.8), (3.12), and (5.5), we obtain

sup [P (Sup < u) — @ ()|

, " -
sup [P (Spi + Spin + Spim + Snit2 + Sniz + Smiz + S + Sz S u) — QW) |
u

< C{supm(s;m <u) - o]
u
3
13 1/3 , 1/3 1/3
+ Z}’m/ +P (‘S,r:111| >yl ) +P (‘S;:111| > 7, ) +P (|Sn112‘ > 7s )}
i1
+ (7' + 2723 4+ (2™n log® n)'?) + 27 logn + n'/?272m
+ P(ISmal = (17" + 27™)) 4 P(ISus| = (2"n'log’ n)'?)
+ P(ISo| = (2"n7! log2 n)l/S) + P(ISul = (n7' + 2’”’)2/3)
+ P(ISms| = (2"n~" log? n)'/?)
3
1/2 1/2 1/2 1/4 1/3
<c (Vuf F v vt u(d) Fvh va D vl )
i=1
2m 1/3
+c (2’ 3+ (Zmn’l log? n) +2™logn + n1/22’2m>
=<

3 1/3
c (Z yi:,/a +u(q) + ya, + y417{4> +c (2’2'”/3 + (2"’ n!log? n) +2 " logn + n1/22’2"’>
i=1

O (1n (0,p)) + O (v (m)).

This completes the proof of the theorem. &

Proof of Corollary 2.1. Let p = [n"], q = [n*""'], wheret = }}*7, then

A a
vl =y _ o (n<f71>/3) —o|n6+7 |,y 0 n 67|,

23
PRARL (log n)3/4 sup n’/® (log n)_9/8 Z |aj]| =0 (n_1/4 (logn)3/4) .

n>1 .
i|>n
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Bys > 1/3,A = max {%°, 7141, weget

u(g) = O (q—,\a/(2+5>+1> -0 <n 6147 (2)::35 1)) <0 <n_ GAA+7>.

Thus, we have that

A
_ 1
Mn(p,P)=O n 6A+7 ,v,,(m)=O<n_5).

Therefore, (2.2) follows from Theorem 2.1 directly. ¥
Proof of Theorem 2.2. Analogous to the Proof of Theorem 2.1, we write

SUP IP(Hyy, <u) — @(u)|

<sup|P(Hy, <u) = P(Ta < u)|+sup [P(Tny < u) — P(ufsn)| (5.6)
u

+sup | D(ufsnz) — P(u)| =2 Jy, +Jon + J3p-

By Lemmas 4.5, 4.4, and 4.3, we obtain, respectively
T = C L+ vt} T = sup IP (Tiofsp < 0) — @@ | = G, (5.7)
u

12

Vo = Clsty = 1] = € (Ml + 27 + 237 + u (@) (5.8)

Therefore, from (5.6) to (5.8), we have

sup |P (Hyy, < u) — ®w) | <C [ZAI/Z u(q) + 25, + xi{j‘}.
n

i=1

Thus, according to Lemmas A.3, 4.1, and 4.2, we obtain
sup |P(Spg < u) — ®(u)l
u

= Sup |P(H/lln + H/l/ln + Hllllln +Hion + Hpp + Hps < u) - <I>(u) |
u

< C{sup |P(H}y, <u) — ®(u)] +ZA1/3 +P (|Hlln| > A1/3> p (|H/1/{n| > )\1/3)

+P (|H12n| > ks/s) + Agy + A(2+5)/(3+6) (|H12n| o }\g:zs)/(aﬂs))}
<¢ <Z)‘1/2 cu(q) + Aé’,, 1/4 . Z)‘IB A(2+5)/ 3+5))

(Z A1/3 +u(q) + )\ + Al/4 )»22,:5)/(3%)) .

Now we complete the Proof of Theorem 2.2. &

Proof of Corollary 2.2. Let p = [n'], g = [n*""'], wherer = ) + ,%°0 . We can

A+l

get T < Oby ;"

< 6. By this, we can obtain
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7(A(2071)+(071)) 7(A(2071)+(971)>
)#‘3 _ %3 -0 (n,w,r)/g) —oln 6L +7 , Ai/y:l —oln OrL+7 ,

23
P n’l/“(logn)y4 (sup n’® (log 71)79/8 > aj|) =0 (n’l/4 (log n)3/4).
n=1

il >n
And by 0 >2/3, and 6 <3/4, we have

0 2+$6 4 40 +4
- . _ 7] _
A2CD g 23+8) <o|n 11| <0 n222+1

(2+6)(96—2)

20(35—2)+2 » We can obtain

Since A >

80 —1) (A6 —8—2) 220 —1)+ @6 —1)
T+60)Q2+8) 6h + 7 :

By this we have
@I -5-2) A20-1)+©O-1)
u(g) =0 (q—xaﬂm‘m) —oln @+e0)@2+8) -0 (n 6A+7 ) .

Therefore, (2.3) follows from Theorem 2.2 directly. ¥

Appendix
Lemma A.1. [8,9] Let {b;: j > 1} be a real sequence.
(i) Let {X; : j = 1} be an «-mixing sequence of random variables with

2
EIXiP < 00,8 > 0,thenE (L], b)) < (1 +20 Xy @@ (m) T7, 02 [Xi[3,,.vn =
1.

(ii) Let r > 2, 0 >0, and {X,, i > 1} be an a.-mixing sequence of random variables with
EX; = 0 and E|Xi|r+‘s < oo, Suppose that 6 > r (r + )/(26) and a(n) < Cn™’ for some C
>0. Then, for any ¢ > 0, there exists a positive constants K = K (¢, r, 3,6, C) < o such
that

j ’ n n 7/2
Emax |y Xi| <K 1n° ) EIXil + (Z ||Xi||$+5)
i=1 i=1

1<j<n
== i=1

Lemma A.2. [10] Let {X; : j > 1} be an o-mixing sequence of random variables, p

P -1
and, g are two positive integers. Let n; := Z( (pa)sp

j=(lfl)(p+q)+1Xjf0r1 <l<k.Ifr>0,s>

Oandi + ; = 1, then

! K
E exp (it Zm) - HE exp (itn;)

I=1 I=1

k
< Clila'™ (q) Y Imll,.
I=1

Lemma A.3. [14] Suppose that {{,, : n > 1}, {n,: n > 1} and {&, : n > 1} are random
sequences, {y, : n > 1} is a positive constant sequence with y, — 0. If

sup,|F;, () — ® (u)| < Cyu, then for any & > 0, and &, >0
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sup |F§n+nn+‘;'n W) — )| <Clyn+e1+e+P(nul = e1) + P(I&l = 2)}.
u

Lemma A.4. [19] Under assumptions (A5)-(A6), we have

() 1fa Em(t:s)ds| = O(%), i=1,2,..,n; (i) i(fA,. En(t,5)ds)” = o2);
i=1

(iii) sup fo1 |[Em (t, s)ds| < C; (iv) fIIA,. En(t, s)ds| < C,

i=1
Lemma A.5. [20] Under assumptions (A5) and (A7), we have

n n
(i) max Y [ |En (t; ) |ds < c; (ii) max Y- [ |Ew (5, 5) |ds < c.
1<i<n j=1 1<i<n j=1
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