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Abstract

In this article we discuss some new generalized nonlinear Gronwall-Bellman-Type
integral inequalities with two variables, which include a non-constant term outside
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differential equations with the initial and boundary conditions.
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1 Introduction

Various generalizations of Gronwall inequality [1,2] are fundamental tools in the study
of existence, uniqueness, boundedness, stability and other qualitative properties of solu-
tions of differential equations, integral equations, and differential-integral equations.
There are a lot of articles investigating its generalizations such as [3-23]. Recently, Pach-
patte [19] provided the explicit estimations of following integral inequalities:

oi(t)
W) <c+p Z / [ai(s)uP (s) + bi(s)u(s)]ds,
=1 (1)
0]
W) <c+p Z / [ai(s)u(s)w(u(s)) + bi(s)u(s)]ds,

i=1 ai(to)
and

.l AR
wW(xy)<c+p Z / / [ai(s, D) (s, t) + bi(s, )u(s, t)]dids,
=1 gi(x0) Bilyo)
ai(x) Bi(y)
wWxy)<c+p Z / / [ai(s, O)u(s, w(u(s, t)) + bi(s, t)u(s, t)]dtds,
i=1
ai(xo) Bi(yo)
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where ¢ is a constant. Cheung [7] investigated the inequality

bi(x) ci(y)
w(x,y)<a+ P / g1(s, ul(s, t)deds
P qbl(xo)ﬁl(}’o)
ba(x) ca(y)
+ / / (s, )ul(s, ) (u(s, t))deds.
g qbz(xn) c2(yo)

Agarwal et al. [3] obtained the explicit bounds to the solutions of the following
retarded integral inequalities:
ai(t)
p(u(t)) <c+ ) / ul($)[fi(s)e(u(s)) + &i(s)]ds,
=10y
0]
pu(t) <c+ / ul($)[fi(s)er (u(s)) + 8i(s)p2(log(u(s)))lds,
=1 g 1)
n )
p(u(t)) <c+y f u($)[fi($)L(s, u(s)) + gi(s)u(s)]ds,
=1 4.0)
where c is a constant. Chen et al. [6] discussed the following inequalities:
y(x) 8(y)
vty =cs [ [ flsoputs o)
¥ (x0) 8(yo)
a(x) B(y)
Yu(x,y)) <c+ / / g(s, t)u(u, s)dtds
a(xo) B(yo)
y(x) 8(y)
+ / / (s, u(s, t)e(u(s, t))deds,
¥ (x0) 8(yo)
a(x) B(y)
Yu(xy)) <c+ / / (s, w(u(s, t))dtds
a(x0) B(yo)
y(x) 8(y)
+ / / (s, w(u(s, t))e(u(s t))dds,
¥ (x0) 8(vo)

where ¢ is a constant.
In this article, motivated mainly by the works of Agarwal et al. [3] and Chen et al. [6],
Cheung [7], Pachpatte [19], we discuss more general forms of following integral inequalities:

a4 W)
Y(uy) < a(wy) vy Y / / w(u(s, D) e (uls 1)

=1 (x0) filyo)
+ gi(s, t)]dtds,

1.1)
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ai(x) Bi(y)
V) <) +ben Y [ [ w0 e s )

i1 (1.2)
a;(xo0) Bi(yo)
+8i(s, t)p2 (log(u(s, t)))]dids,
o i) B0
v (u(xy)) <a(xy)+bxy) Y / / w(u(s, O)[fi(s, O)L(s, t, u(s, t) w3

=1 gi(x) Bilo)
+ &i(s, u(s, t)]dtds,

for (x, ) € [x0, x1) X [¥0, ¥1), where a(x, ¥), b(x, y) are nonnegative and nondecreas-
ing functions in each variable. In inequalities (1.1)-(1.3), we generalized the constant ¢
in [1,5] to the function a(x,y), the function u(x) in [1] to the u(x,y) with two variables.

2 Main result
Throughout this article, xg, x1, yo, y1 € R are given numbers. [ := [x,x1), ] := [yo.)1),
A= [xg,x1) x [Yoy1), R, := [0,0). Consider (1.1)-(1.3), and suppose that

(Hy) w e C(R,, R,) is a strictly increasing function with y(0) = 0 and w(f) — o as
t — oo

(Hy) a, b: A — (0, =) are nondecreasing in each variable;

(Hs3) w, @, o1, ¢ € C(R,,R,) are nondecreasing with w(0) > 0, ¢(r) > 0, ¢;(r) > 0 and
@5(r) > 0 for r > 0;

(Hy) oy € C(IID) and B; € C'(J,]) are nondecreasing such that o(x) < x, ot(xo) = %0, B;
) < yand Bi(yo) = yo, i = 1, 2, 13

(Hs) fiy gie C(AR,), i=1.2,.,n

Theorem 1. Suppose that (H,-Hs) hold and u(x,y) is a nonnegative and continuous
function on A satisfying (1.1). Then we have

u(ey) <y~ (W@ (B(x 1)), (2.1)

for all (x,y) € [x0,X1) x [y0,Y1), where

r

ds
W(r) := - , 7>0, W(0):= lim W(r), (2.2)
1/ w(y=1(s)) =0

D(r) := / (p(1//—1((\1:/—1(s)))' r>0, &(0):= TIER D(1), (2.3)
ai(x) Bi(y)

B(x,y) :== ®(A(x,y)) + b(x, y) Z / / fi(s, t)dtds, (2.4)

=ai(x0) Ai(10)

ai(x) Bi(y)

A(x,y) == W(a(x,y)) + b(x,y) Z f / gi(s, t)dtds, (2.5)

i=1 a;i(xo) Bi(yo)
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v, W and ® denote the inverse function of y, W and ®, respectively, and (X,Y1)
€ A is arbitrarily given on the boundary of the planar region

R :={(x,y) € A : B(x,y) € Dom(® '), "' (B(x,y)) € Dom(W1)}. (2.6)

Proof. From assumption H, and the inequality (1.1), we have

.l AW
w(u(x,y))sa(x,y)w(x,y)z[ /w(u(s,t))[ﬁ(s,t)w(u(s,t))+gl-(s,t)1dtds, (2.7)
i=1 ai(xo) Bi(yo)

for all (x,y) € [x0,X] X [y0,¥1), Where x5 < X < Xj is chosen arbitrarily. Define a func-
tion 7(x, y) by the right-hand side of (2.7). Clearly, n(x, y) is a positive and nondecreas-
ing function in each variable, 1(x0,y) = a(X,y) > 0. Then, (2.7) is equivalent to

u(x,y) < v '(n(x ), (2.8)

for all (x,y) € [x0,X] x [¥0,y1)- By the fact that o;;(x) < x for x € [xox1), Bi(y) <y for y
€ [yoy1)si = 1,2,..,n, and the monotonicity of w,y",n, we have for all (x,5) € [x0,X] x
[)’00’1),

n Bi(y)
nx(x,y) = b(X,y) Za’,-(x) / w(u(ei(x), ) [fi(ei(x), o (ulei(x), 1)) + giei(x), 1)]dt
=1 Bilro)
n Bi(y) (2.9)
< w(y " (n(x1)b(X, y) Zﬂl'i(x) / [fi(ei(x), o (¥~ (n(i(x), 1)))]
=1 Bi(vo)
+ gi(wi(x), t)]dt.

From (2.9), we get

. Bi(y)
nx(x, ) < ’ 1o -1 )
Wy (n(xy) b(XIY);a 1(@/3({) [iei(x), )~ (n(ai(x), 1))
+ gi(ai(x), t)]dt,

for all (x,9) € [x0,X] x [y0,y1). Integrating (2.10) from x¢ to x, by the definition of W

(2.10)

in (2.2), we get for all (x,y) € [x0,X] x [Yoy1),

ai(x) Bi(y)
W) = Wit ) b0 Y [ [ Tt 0000 (r6s,0)) + s )] s
i=1 ai(xo) Bi(yo)
n ai(x) Bi(y)
- W) o) Y [ [ 100w s 0) + 65 0] duds
i=lai(xo)ﬂx(}’o)
LX) AQ)
§W(a(X,y))+b(X,y)Z/ fgi(s,t)dtds (2.11)
=10 (x0) Bi(vo)
ol AQ)
Y [ [ s et s o)
=1 g4(x0) Bi(ro)
L@ B
)b Y [ [ A 0o ots 0))dds,
=1 g (x0) Bi(yo)
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where
a %) AW
c(X,y) =W(a(X,y)) +b(X,y) Z / / gi(s, t)dtds. (2.12)
=1 4(x0) Bi(0)
Now, define a function I'(x,y) by the right-hand side of (2.11). Clearly, I'(x,y) is a

positive and nondecreasing function in each variable, I'(xo,y) = ¢(X, y) > 0. then, (2.11)
is equivalent to

n(xy) < W (T(xy)), (2.13)

for all (x,9) € [x0,X] x [yo,Y1), where Y] is defined in (2.6). By the fact that oy(x) < x
for x € [xox1), Bi(y) <y for y € [yoy1), i = 1, 2,...,n, and the monotonicity of ¢, 1//’1, w
1T, we have for all (x,9) € [x0,X] X [y0,Y1),

n Bi(y)

To(xy) =b(X,y) Y ai'(x) / filei(x), (¥ (n(ei(x), 1)))dt
i=1 v
ﬂx()’O) (214)
" Bi(y)
<X e (W (T (x))) D e (%) / filei(x), t)dt.
=1 Bi(yo)
From (2.14), we have for all (x,) € [x0,X] x [¥0,Y1),

n Bi(y)

Fx(x/ Y) < O[‘/ (o
o W () =TT 2 (x)ﬁ,({ | et ot o

Integrating (2.15) from x, to x, by the definition of @ in (2.3), we get
ai(x) Bi(y)
o) = o)) XN Y [ [ A o

i=1 ai(xo) Bi(yo)
ai(x) Bi(y)

= ®(c(X,Y)) +b(X,y) Y f / fi(s, t)dids,

=1 4i(x0) Bilr0)

(2.16)

for all (x,y) € [x0,X] x [y9,Y1). From (2.12) and (2.16), we find

ai(x) Bi(y)
C(x,y) <d! <I>(c(X,y))+b(X,y)Z/ /ﬁ(s,t)dtds
=L ai(x0) Bilro)
ai(X) Bily)
=o' | o[ W(a(X,y) +b(X, )Y / / i(s, t)dtds (2.17)
=1 6 (x0) Bilro)
n i) B
(X)) > / / fi(s, t)duds |,

=1 o (x0) Bi(o)
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for all (x, y) € [xo, X] x [y, Y7). From (2.8), (2.13), and (2.17), we get

u(xy) < v 'mxy) < v (W H(T(x )
. ¥ B
<y 'wWl(e (@ W(a(X,y))+b(X,y)Zf /gi(s,t)dtds
=L i) ilyo) (2.18)
ai(x) Bi(y)
D(X,y) Y / / fi(s, t)dtds ,

=1 ,(x0) Bilro)
for all (x, y) € [x0,X] x [y0,Y1). Let x = X, from (2.18), we observe that

w(X) A
uX,y) <yt (W@ (@ | W(a(X,y)) +b(X.y) ) / / 8i(s t)dtds|

i=1 )
i(x0) Bi(yo) (2.19)

L k) )
(X,y) Y / / fils, t)drds ,
=1 ai(x0) Bilro)

for all (X, y) € [x0, X1) x [y0, Y1), where X, is defined by (2.6). Since X € [xo, X7) is
arbitrary, from (2.19), we get the required estimations
. wX) B
u(x,y) <yt (W (@ (@ | W(a(x,y)) +b(x,y) Z / / gi(s, t)dids
=L ay(xo) filro)
ai(x) Bi(y)
+b(x,y) Y / / fi(s, t)dds )
= i) Biv0)
for all (x,y) € [%0,X1) X [¥0,Y1). Theorem 1 is proved.
Remark that Theorem 1 generalizes Theorem 2.1 in [3].
Theorem 2. Suppose that (H,-Hs) hold and u(x,y) is a nonnegative and continuous
Sfunction on A satisfying (1.2). Then
(@) if p1(u) = po(log(u)), we have

u(xr,y) <y~ W (v (Da(x )] (2.20)

for all (xy) € [%0,X2) x [¥0,Y2),
(@0) if o1(u) <@o(log(u)), we have

u(ey) <y~ (W (W (Da(x7)))], (2.21)

for all (x,y) € [x0,X3) x [y0,Y3), where W is defined by (2.2) in Theorem 1,

Ll AW
Do) = BWals ) +oan Y [ [ s+l 0] ds
=Ly, (x0) Bi(yo) (2.22)
T ds .
¥O= [ gy YO IR

1
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j=1,2 ", W, W land Wy 'denote the inverse function of y, W, ¥, and ¥,

respectively, (X,,Y,) is arbitrarily given on the boundary of the planar region
Ry :={(x,y) € A:Di(x,y) € Dom (¥;"), ¥ (Di(x,y)) € Dom(W 1)}, (2.23)
and (X3,Y3) is arbitrarily given on the boundary of the planar region
Ry :={(x,y) € A:Dy(x,y) € Dom (¥, '), ;' (Da2(x,y)) € Dom(W1)}. (2.24)

Proof. From the inequality (1.2), we have
.l AR
Vs ) a0+ Y [ [ s ) [iGs e uts )
i=1 ai(x0) Bi(yo)
+ &i(s, t)pa (log(u(s, t)))] dtds,

(2.25)

for all (x,y) € [x0,X] x [y0,¥1), where x5 < X < X is chosen arbitrarily. Let Z(x,y)
denote the right-hand side of (2.25), which is a positive and nondecreasing function in
each variable, Z(xo,y) = a(X,y). Then, (2.25) is equivalent to u(x,y) < v '(Z(x,y)). By the
fact that o;(x) < x for x € [xg, x1), Bi(y) < y for y € [y, y1), i = 1, 2,..., n, and the mono-
tonicity of w,y L,E, we have for all (x,9) € [%0,X] X [Yo,y1)s

. Bi(y)
Ex(xy) =b(X,7) Y e (x) / w(u(ai(s), 1)) [filai(x), 1) o1 (u(ei(x), 1))
= Bilvo)
+i(ei(x), t) 2 (log(u(wi(x), 1)) ] dt
n Bi(y)
<X Yw " (E(x 1) Yo (x) [ [fili(x), )1 (¥ (E(il(x), 1))
i=1 Bi(yo)
+8i(ai(x), g2 (log(¥ ' (E(ei(x), 1))))] dt,

(2.26)

for all (x,9) € [x0,X] x [yo,y1)- From (2.26), we have

Bi(y)

Ex(xr)/) < . ai (o 1= o
NORTEMINEL VDY Ax)ﬂ ({ | [fi ), D (" (B(ei(), 1))

+8i(cri(x), )2 (log(¥ ™! (E(ei(x), 1))))] dt,

(2.27)

for all (x,y) € [%0,X] X [y0,y1). Integrating (2.27) from x, to x, by the definition of W
in (2.2), we get
ai(x) Biy)
W(E ) < WEEo) + b Y [ [ e @6 0)
=L g x0) Bi(ro)
+8i(s, g2 (log(y 1 (E(s, 1))))] duds
a 4@ AW
- W)+ ben Y [ [ [0 e @60)
=1 ai(x0) Biro)
+8i(s, )2 (log(¥ ' (E(s, 1))))] deds,

(2.28)
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for all (x,9) € [x0,X] X [yoy1)-
When ¢;(u) > @o(log(n)), from the inequality (2.28), we have
n ) Bi)
Wz ) < wax ) s by [ [ T
=Lai(x0) Ailyo)
+8i(s, )] o1 (1 (E(s, 1)))duds,

(2.29)

for all (x,y) € [x0,X] x [¥0,y1)- Now, define a function ®(x,y) by the right-hand side of
(2.29). Clearly, ©(x,y) is a positive and nondecreasing function in each variable, @(x,,y)
= Wl(a(X,y)) > 0. Then, (2.29) is equivalent to

E(xy) =W (O(xy), Y(x) € [x0,X] x [yo, Y2), (2.30)
where Y, is defined by (2.23). Differentiating ®(x,y) in x for any fixed y € [y,,Y), we
have
n Bi(y)
Ox(x,y) = b(X,y) Za/(x) / [filei(x), £) + gili(x), )] o1 (¥~ (E(i(x), 1)))dt
=1 Biro)
. ) (2.31)
<X e (v (WH(O(x,1)))) Za/(x) / [fili(x), 1) + gi(ei(x), )] dt,
=1 Bi(ro)
for all (x,9) € [x0,X] x [y0,Y5). From (2.31), we have
Oul,) n Bi(y)
X x/ y i
b(X, i i(ei(x), i(ai(x), t) | dt, (2.
PR D I 3 (/ [ sttt @52
ilYo

for all (xy) € [x0,X] X [y0,Y>). Integrating (2.32) from x, to x, by the definition of ¥,
in (2.22), we obtain
ai(x) Bi(y)
(O ) = MO +bn) Y [ [ 0+ 0]

=1 ay(x0) Bilyo)

ai(x) Bi(y)

=y (W(a(X, y))) +b(X,y) Z f f [ﬁ(s, t) + gils, t)] dtds.
=L ai(x0) Bi(vo)

(2.33)

From (2.30) and (2.33), we conclude
uxy) <y HE@Y) <y (WO ) < v W (W
ai(x) Bi(y)

n W) N Y [ [ o s olaas] ||,
=L ai(x) Bilro)

(2.34)

for all (x,y) € [x0,X] X [yo,Y2). Let x = X, from (2.34), we get
uX,y) = v W (W (W(W(a(X, 1))
n X Bl

+h(Xy) Y / / [fi(s, 1) + gi(s, )] deds

=1 4i(x0) Biyo)

(2.35)
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Since X € [x,X5) is arbitrary, from the inequality (2.35), we obtain the required
inequality in (2.20).
When ¢;(u) < @,(log(n)), from the inequality (2.28), we have
n @il B
W(EE ) = wa ) sbeen Y [ [ T
=1 gi(x0) Bily0)
+8i(s. 1) ] @2 (log(v ™" (E(s, 1)) )duds,
n i) B
=wa Ny [ [ [
=L gi(x0) Bilr0)
+8i(s, )] w2 (W~ (E(s, 1)) )deds,

(2.36)

for all (x,9) € [x0,X] X [yo,y1), where xg < X < X3. Similarly to the above process from
(2.29) to (2.35), from (2.36), we obtain

uX,y) <y [WH(¥; ! (W2(W(aX. 1)
ai(X) Bi(y)
(X)) / / [fi(s, £) + gi(s, )] deds

=1 gi(x0) Bi(yo)

(2.37)

Since X € [x0,X3) is arbitrary, where X3 is defined by (2.24), from the inequality
(2.37), we obtain the required inequality in (2.21).

Theorem 3. Suppose that (H,-Hs) hold and that L, M € C ([Rf, [R+) satisfy
0 <L(st,u) —L(s, t,v) <M(s, t,v)(u —v), (2.38)

fors, t, u, ve R, with u >v 2 0. If u(x,y) is a nonnegative and continuous function on
A satisfying (1.3), then we have

u(xy) <y~ W (w5 (E(x9)))] (2.39)

for all (x,y) € [x0,X4) x [y0,Ys), where W is defined by (2.2),

A ds .
W5 (r) := 1/ I (W-1(s)’ r>0, W;3(0):= Tlir&\lfg(r), (2.40)
ai(x) Bi(y)
E(x,y) := W3 (F(x,y)) + b(x,y) Z / / [ﬁ(s, t)M(s, t, 0) + gi(s, t)]dtds,
=1is1 Biw)

ai(x) Ai(y)
F(x,y) .= W(a(x,y)) + b(x,y) Z / / fi(s, t)L(s, t, 0)dtds,
=1 (%) Bilyo)

w W and W} tdenote the inverse function of y, W and Vs, respectively, and (X4,Ya)

€ A is arbitrarily given on the boundary of the planar region

Page 9 of 14
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R :={(x,y) € A:E(x,y) € Dom(¥; "), ¥; ! (E(x,y)) € Dom(W 1)} (2.41)

Proof. From the inequality (1.3), we have
o wl®) B
V) <an) +b0n Y [ [ wuts o) [ 0L 6 uts )
=1y, (x0) Bi(yo)
+8i(s, u(s, t)] dtds,

(2.42)

for all (x,y) € [x0,X] x [¥0,y1), where xq < X < X, is chosen arbitrarily. Let P(x,y)
denote the right-hand side of (2.42), which is a positive and nondecreasing function in
each variable, P(xo,y) = a(X,y). Similarly to the process in the proof of Theorem 2 from
(2.25) to (2.28), we obtain

ai(x) Bi(y)
W(eG ) = Waten) o) Y [ [ T ot v e o)
i=1 ai(xo) Bi(yo)
+8i(s, )Y (P(s, )] deds,  ¥(x,y) € [x0X] x [yo. 1)

(2.43)

From the inequality (2.38) and (2.43), we get

@i(X) Bi(y)
W(P(x,y)) < W(a(X,y)) +b(X,y) Z / / fi(s, £)L(s, t, 0)dtds
i=1 ai(xo) Bi(yo)
A CON:10))

+b(X,y) Z / / [fi(s, OM(s, t, 0) + gi(s, )] ¥ " (P(s, 1)) deds,
=1 ai(x0) Bilr0)

for all (x, y) € [x0,X] x [y0,y1). Similarly to the process in the proof of Theorem 2
from (2.29) to (2.35), we obtain

. w0 AW
u(X,y) <y {w-l (w; (W (W(a(x,y))w(x,y)z |/ ﬁ(s,t)L(s,t,O)dtds)

=L ai(x0) Bi(v0) (2.44)
o 00 () '
+h(X,y) Y / / [fi(s, )M(s, £, 0) + gi(s, £)] deds ,
=L ai(x0) Biv0)

where W3 is defined by (2.40). Since X € [x,X,) is arbitrary, where X, is defined by
(2.41), from the inequality (2.44), we obtain the required inequality in (2.39).

3 Applications to BVP
In this section we use our result to study certain properties of solution of the following

boundary value problem (simply called BVP):

2
TV < e () B 0 e (0) 20D, ) B

z(x,y0) = a1(x),  z(x0,y) = a2(y), a1 (xo) = a2(yo) = 0,

for x € Ly € ], where xo,50,x1,51 € R, are constants, I := [xo,x1), / := [Yoy1), F€ C x
J x R"R), y: R — R is strictly increasing on R, with w(0) = 0, |w(r)| = w(|r]) > 0, for |
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r| > 0 and () — o as t — oo; functions o; € C'(ID);B; € C'(J,)),i = 1,2,....,n are nonde-
creasing such that o;(x) < x, Bi(y) < y,0(x0) = %o, B:iYo) = Yo |@1| € C'(LR,), |az| € C*
(J,R,) are both nondecreasing. Though this equation is similar to the equation dis-
cussed in Section 3 in [3], our results are more general than the results obtained in [3].
We first give an estimate for solutions of the BVP (3.1) so as to obtain a condition
for boundedness.
Corollary 1. Consider BVP (3.1) and suppose that F e C(I x ] x R",R) satisfies

FCx,y s )| < w () [filx y)e (i) + gi(x,y)],  (xy) € IxJ, (3.2)
i=1

where f,g; € C( x J,R,) and w,p € C(R,,R,) are nondecreasing such that w(u) > 0,¢
(#) > 0 for u > 0. Then all solutions z(x,y) of BVP (3.1) have the estimate

)| <97 (W (@7 (B1), 3)

for all (x,y) € [x0,X1) x [y0, Y1), where

n ai(x) Bi(y)
B(xy) = DG ) + 3 /

=1 (%) Biyo)

fi (“ifl(s)/ﬁiil(t)) dt
ail (o7 1()) B (B7H(1)

o A

Ay =W (@) v ()Y
= ay(x0) Bivo)

’

A C OO I
ai (o' () B (B (1)) t

’

for all (x,y) € [%0,X1) X [y0,Y1), where functions W, W, ®, @ and real numbers X;,
Y, are given as in Theorem 1.

Proof. The equivalent integral equation of BVP (3.1) is

x )y
(1)) = ¥r(ar () + v (aa(y)) + / / F (s, 2(en (8), B1 (), 2(02(5), Ba(0))

Fars (3.4)
2(an(s), (1)) dtds.
By (3.2) and (3.4), we get that
¥ (J2(xv)])
=¥ (la@)]) + v (la2(»)])
x Y
+_// [F (s, t.2(er1 (s), B1(0)), 2(e2(s), Ba(1)), . 2(e2 (s), Bu(t)))| deds
Xo Yo
< ¥ (Ja@)]) + v (Ja2()])
x Y n
o [ [ 3w et 0D [ o (eten(s), A + i )] s (3:5)
X yo =1
n ai(x) Bi(y)
SCCIRACDIES
i=1 ai(xo0) Bi(yo)

w (|z(s1, 0)|) [fi (e " (51), B (1)) @ (|21, 1) ]) + & (o (1), B (11)]

dtidsy,
(o (1) B 6 (0) "
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where a change of variables s; = o; (s), t; = Bi(£),i = 1,2,...,n are made. Clearly, the
inequality (3.5) is in the form of (1.1). Thus the estimate (3.3) of the solution z(x,y) in
this corollary is obtained immediately by our Theorem 1.

Our Corollary 1 actually gives a condition of boundedness for solutions. Concretely, if
v (|a@)]) + v (Ja2)]) < o0,

Xn: oz,/-(x) Bi(y) f1 (a;I(S), ﬂ;l(t))
o (o () B (7' (1)

=1 ,(x0) Bi(10)
a w®) B

dtds < oo,

8i (o' (), 7 (1))
af (7 1(s)) B (7 (1))

dtds <oo,
=g, (x0) Bi(vo)

on [x0,X1) x [y0,Y1), then every solution z(x,y) of BVP (3.1) is bounded on [x(,X;) x
oY1)

Next, we discuss the uniqueness of solutions for BVP (3.1).

Corollary 2. Consider BVP (3.1) and suppose that F e C(I x ] x R",R) satisfies

|F(x,y,u1,u2, coo ) — Fx,y, 01,02, . ..,v,,)} < Zﬁ(x,y) |w(u,') — ¥ (vi)

i=1

, (3.6)

for all (x,y) € I x ]Jand u;, vie R, i=1,2,., n where I = [x9, 1], ] = [0, y1] are two
finite intervals, and f; € C(I x |R,),i = 1,2,..,n. Then BVP (3.1) has at most one solu-
tion on I x J.

Proof. Assume that both z(x,y) and Z(x,y) are solutions of BVP (3.1). From the
equivalent integral Equations (3.4) and (3.6), we have

¥ (2(x,7)) — v (E(x )|

x Yy
< [ [ 1@ b2, 1(0) o), B20)- . 2 (s) A1)

Xo Yo

—F(s,t, 21 (5), B1(0)),@a(s), B2 (1)), - - Zan(s), Bu(1)))]| dids

x Y n
< / / 3" il ) | (=@ (s), Bi())) — W (Ele(s), Bi(0)))| deds

X0 Yo i=1
ai(x) Bi(y) f(a_l(sl) ﬂ—l(tl))}w(z(sl t1)) — ¥ (Z(s: tl))} (3.7)
R ' N ds,,
- +a-£) 5.({) ; ai’(afl(sﬂ)ﬁ/(ﬂ;l(t])) 1

for all (x,y) € I x J, where changes of variables s; = ¢; (s), t; = fBi(¢) are made, ¢ > 0 is an
arbitrary small number. Clearly, the inequality (3.7) is in the form of (1.1). Suitably apply-
ing our Theorem 1 to (3.7), we get an estimate of the form (2.1) for all (x,y) € I x J;

w(®) AG) ,

) filo (), 87 )
, — , <e dids | . 3.8
| (2 ¥)) — ¥ (2(x,7))] < £ exp | (/ . 4) D ey i) 69
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Letting ¢ — 0,, since dtds is finite on

oti(X)/‘ﬂi(Y) no file (), B7N(D)
o) =L i (o () B (87 (0)

o (JCo)

finite intervals I and J, y is a strictly increasing function, from (3.8), we conclude that

|¥(2(x,y)) — ¥ (Z(x,))| <0, implying that z(x,y) = Z(x,y) for all (x,y) € I x J. The
uniqueness is proved.

Remark Suppose that Fe C(I x J x R",R) in BVP (3.1) satisfies
ai(x) Bi(y)
[F(x,y,ur,ua, ... un)| < Z / f w(u(s, 1)) [fi(s )er (u(s, 1))
=L a(x0) Aiv0)
+8i(s, )2 (log(u(s, 1)) ] dtds.
By using Theorem 2, we can give an estimate for solutions of the BVP (3.1).
Suppose that Fe C(I x J x R",R) in BVP (3.1) satisfies
ai(x) Ai(y)

|F(x, Yy, Uy, U, ..., un)| < Z / / w(u(s, t)) [fi(S, t)L(s, t, u(s, t))
=1, (x0) Bil0)
+8i(s, t)u(s, t) | duds.

By using Theorem 3, we can give an estimate for solutions of the BVP (3.1) too.
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