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Abstract

In this paper, the famous Copson inequality has been improved. We obtain some new
results by a different method.
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1 Introduction
Suppose that a; > 0, p > 1, then we obtain the following Hardy inequality:

( 14 >piap>i<12n:a )p (1.1)
. 4 _ <] - .
p_l n=1 n=1 n k=1

Hardy’s inequality plays an important role in the field of analysis; see [1-4]. In recent
decades, some generalizations and strengthening of Hardy’s inequality have been obtained
in [1-5]. We list some previous results as follows.

Copson’s inequality [4, 5] Suppose thata, >0 (n=1,2,3...).If p>1, then
o [0 » 00 ,
If0<p<1,then
00 00 ax p 00
2(; ?) >pP ;aﬁ. (1.3)

And in [4] and [6], the authors pay much attention to the generalization of Copson’s in-
equality.

In this paper, inequalities (1.2) and (1.3) were strengthened by using a new method.

2 Relational lemmas and definitions
In this section, some relational lemmas and definitions will be introduced.

Theorem A [7, Th. 1.1] Suppose that a,b € R, a < b, c € [a,D], and f : [a,b]" — R has
continuous partial derivatives, and

D;= {(xl,xz,...,xn,l,c)| min {x)} >c¢,x; = min {y) #c}, i=1,2,...,n—-1.
1<k<n-1 1<k<n-1
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If"df—ff) >0 holds forallx e D; (i=1,2,...,n-1), then
f()’l:)/2, e Yn-1» C) Zf(ci Gy G C);
where y; € [¢,b] (i=1,2,...,n-1).

Theorem B [7, Cor. 1.3] Suppose that a,b € R, a < b, and f : [a,b]" — R has continuous
partial derivatives and

D, = {(xl,xz,...,x,,)|a < min {x¢} <x; = max {x;} < b}, i=12,...,n.
1<k<n 1<k<n

If‘gf—r) > 0 holds for all x € D;, where i =1,2,...,n, then
S 1%, 05 %) = f (Fmin Fmins - - Xmin)»

where x; € [a,b] (i=1,2,...,1), Xmin = Ming <t <, {xk}.

Definition 1 [1] Let G C R” be a convex set, ¢ : H — R be a continuous function. If
P(ax + (1-a)y) < (Z)adx) + (1 -a)p(y)

holds for all x,y € G, « € [0,1], then the function ¢ is convex (concave).

Lemma 1 (Hermite-Hadamard’s inequality) Let ¢ : [a, b] — R be a convex (concave) func-

tion. Then
o(“50) <t [(oman<®@ 120, 1)
and the equality holds if and only if ¢ is linear.
Lemma 2 Suppose that p > 0.
(1) fp>=1,0r0<p< %,then
2pP > 27; (2.2)
(2) If% <p<1,then
27 > 2p%; (2.3)
(3) If% <p<1,then
P+(p-1)2°2>0. (2.4)

Proof Set fi:p €(0,+00) = plnp +In2 — pIn2. Then we have

AP =lnp+1-In2 :ln<%>.
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Obviously, f; is monotone decreasing for p € (0, %), fi is monotone increasing for p €
(%, +00), and f1(1) = O,fl(%) = —% In2+1n2 - %an =0, then (2.2) and (2.3) hold. Let

fo:pe(0,1) > plnp—pn2 —In(1 - p).

We get

1 eof. 1
£®) = 7 [@=p)np+ (L-p)L-102) + 1] 1= h(p)

1
H(p)=-Inp+—-2+1In2
p

and
1 1
H(p)=-— - — <0.
p p
Then 4 is concave for p € (0,1). Because h(%) >0 and lim,_,;- &(p) > 0, then A(p) > 0 and
f,()>0hold for p € [%, 1). Fromfz(%) =0, we have fo(p) >0 forp € (%,1). Inequality (2.4)

is proved. O

Lemma 3
(1) If p > 1, then the equation

1\
pp(l—x)<5—x> =1 (2.5)

has only a positive root for x € (0, %).
(2) If% < p <1, then the equation

1 -r
PPl+x)= (5 +x> (2.6)

has only a positive root for x € (0, %).
Proof

(1) Letg :x €0, %] — pP(1- x)(% —x)»71 —1. Then g is monotone decreasing.
According to inequality (2.2), we have

@) =pp(§)p_l “1- <%>p_1[p” 2150

and gl(%) = -1. So, equation (2.5) has only a positive root for x € (0, %).
(2) Letg:x€[0,3] — p?(1 +x) — (3 + ). Thus,

, 1 \7” (/1 \?[1
g0 -r-a-p(3+5) > (505) |5 -a-n]


http://www.journalofinequalitiesandapplications.com/content/2012/1/305

Xu Journal of Inequalities and Applications 2012, 2012:305 Page 4 of 11
http://www.journalofinequalitiesandapplications.com/content/2012/1/305

By inequality (2.4), g, is monotone increasing. According to inequality (2.3), we get

. 1
lim g5(x) =P’ - 517 <0

and

1
3 3 [1)\?2
lim gz(x)zipp—lz—-<§> -1>0.

x—(1/2)* 2

Therefore, equation (2.6) has only a positive root for x € (0, %). O

Lemma4 Ifp>1, m>0,meNandce (0, %) is the only one positive root of equation
(2.5), then

m 00 p-1
Z[Z 71)“1} <pPlm-c)p 27)

n=1 Lk=n (k—c

and
m m 1 p m P
2\ & w2 28

Proof (1) If m =1, by Lemma 1, we get

m [ oo 1 p-1 00 1 p-1
Z [k_n (k - C)l+l/p} - [Z (k - C)1+1/pj|

n=1 k=1
o0 1 p-1 o 1 ~(p-/p
< |:/% 7(96—6)1*1/17 dx] :Pp (E —C) .

If m > 2, by Lemma 1, we get

m [ oo 1 p-1 m 00 1 p-1
Y| Y gm| Sl o)

n=1 L k=n
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So,

= 1 r 1\
Z [Z (k—c) 1+1/p} <P [(‘ - C) +p(m—c)'"? - p(1 - c)”’”] (2.9)

n

holds for every m > 0 and m € N. Since inequalities (2.9), (2.10) and

1 ~(p-1ip
(5 - C) =p(l-o)'?, (2.10)
inequality (2.7) holds.

2)
m m 1 p
— |:k_n (k _ C)l+1/pi|
i ka=n m
= ‘ ¥ Ldx
p; /0

1 1
m—c) 1+1/p _ (m—c)l*'l/p + (m—c—1)1+1/p _
:PZ[/ Ky + *ldx+ -
1

(m-c)I1/p

er:l:n k—c)11+1/p 1
+ xP— dx

Zk el )1+1/p

< 1 1 p-1 1
<p; (m_c)1+1/p . ((m_c)1+1/17) +m

1 1 p-1 m p-1
\(m = o)i+lp + (m —c—1)l+Vp e —¢)l+lip Z ¢)i+lp

k=n

~ m 1 -l m—1 1
=p (m—c)+ip  \ (m — c)l+lp * (m—c— )P \ (m — ¢)l+ilp

1 p-1 1 m 1 p-1
+ (m—c— 1)1+1/p) oot (1= c)l+lip Z KL+ 1p

k=1

m m m r-1 m p-1
1 1
:pzl kZ (k = c)l1lp (Zk (i— l+1/p> =p Z (- C)1+1/p (Z 1+1/p> :

k=n

Let g >1and 1/p + 1/q = 1. Using Holder’s inequality, we have
+1/,
n=1 L k=n (k h C)l 1

) [i ( o1 )p]up . [Xm: (ki m )(p_l)qi|1/q
|

n=1 n=1

m p 1/p m m 1 pllq
] )T

n= n=1
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Since
plip m » lp
n
|:Z <Z (k )1+1/p> :| <P|:Z (n _C)p+l:| ’
k=n n=1
inequality (2.8) holds. O

Lemma 5 If% <p<l,m>0,meNandd e (0, %) is the only one positive root of equation
(2.6), then

m

m 1 4 m "
;[,; m} >ﬁ;m' (2.11)

Proof

m

m 1 p
2\ X
n=1 |:k_n (k+d)t pi|
" ka:nﬁ
) [T
n=1 0
Zl’:’:m—2m

]1/ Z;:’ 1 ]11/

ot - e d P,

:pE |:/m+ K dx+ " xpldx+/
1 m

1 » 1
(m+d)l+1/1’ k=m-1 (k+d)1+l/p

W ldx s

er:l:n (k+d)11+1/p 1
+ xP dx

m 1
Zk:n+1 (k+d)1+1/1’

m 1 1 -(1-p)
>I921 (m + d)1+1/p ((Wl + d)l+1/p)
n=
1 i 1 ~(1-p)
+ + e
(m —1+d) P\ o= (k+d)'+1P
1 i 1 -(1-p)
+
(n+d)l+1/p — (k+d)1+1/p
m " m -(1-p)
=le (l’l + d)1+1/p (Z k + d)1+1/1’) . (212)

k=n

By Holder’s inequality, we have

" n m 1 ~1p)y P p(i-p)
; |: < (I’Z + d)1+1/p (; (k + d)1+1/p> ) (Z (k + d)1+1/p> :|

k=n

m " m 1 ~(1-p)\ » m m 1 pl-p
[l i) ) [ ie)]
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And by using inequality (2.12), we obtain

1-p

- m B pri
" 1
Xl: (r+ e (kZ (e d)“”p> [Z (Z (k+ d)1+1/p) ]
i -(-p)
" 1

” { n=1 |:<(” +d)+lp (; (k + d)1+1/p> )

i -(1-p)p
:{nl|:"1+d‘y+l<Z k+d1+1/p) (

1/p
( (n+d P+1> )
n=1

From inequality (2.12) and inequality (2.13), we get

NE

MS M§

Xm: (i 1 )p [Zn ! n+d17+1]1/p
—_— >p
n=l \k=n (k+d)1+1/p {Zn 1[Zk n (k+d) 1+1/p] } p

and

m m pylp m p
i >p — .
~ = (k + d)1+lp — (n + d)p+!
Then inequality (2.11) holds.

3 Strengthened Copson’s inequality (p > 1)

p m 1 p(A-p)y1p
I» —(k+d)1+1,p) I

(2.13)

Theorem 1 Assume thatp>1,m>0,meN,a, >0 n=1,2,...,m), c€ (0, %) is the only

one positive root of equation (2.5) and B,, = min,<,<,,{(n — ¢)"?a,}. Then

n=1 n=1 \k=n
m 1 m m 1 p
2B\ D) |

Proof Setb, = (n—-c)"?a, (n=1,2,...,m). Then inequality (3.1) is equivalent to

where B, = min;<,<n{b,}. Let

m m p
f:b=(b,by,...,by,) € [0,+OO)”’—>PpZ Z(Z (k — )1+1/p>
n=1 n=1

(3.1)

(3.2)
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and
= {(bl,bg,...,b,,)|0 < 1min {b,} <b; = max {b,,}}.

If (bl,bz,. . .,bn) € Dl‘, then

; -1
Y p gy b ’
b, U oi-c  (i- c)1+1/P — (k - c)1+1/P

k=n
: -1
Pbi?_l ( i m p
Ll n (Ea) |
: -1
Phi?_l ( y i 00 1 p
> (i_c)h]l? |:pp(l_c) v £ <k§ (k_c)1+l/p> :

By inequality (2.7), we know ;—i > 0. By Theorem B, inequality (3.2) holds, the proof is
completed. d

Corollaryl Ifp>1,m>0,meN,a,>0n=12,...,m),ce (0, %) is the only one positive
root of equation (2.5), and B,,, = min; <, <,,{(n — )V?a,}, then

k=n

m m m p m
p a3 (S) 53
n=1 n=1

Proof By (3.1) and (2.8), we can obtain

m m m P m 1 m p
ﬁ;ap—z@g) >pPBf;[Zln_C—ZI ”c)pﬂ]

(n—-cpt 0

Corollary2 Ifp>1,a,>0 (n=1,2,...), Y >0, ab < +00 and c € (0, %) is the only one posi-

n=1

tive root of equation (2.5), then

00 o) ax p %)
— ] < ar. 3.4
D) rge o

Proof Because of Zn 1 @y < +00, the infimum of {(n — )”pan} °, is zero. Then there exists
a sequence {m;|m; € N} such that {(m; — )V ?a,,, 172 decrease to zero. Since (3.3), we have

m; a p m; I’lp—(l’l—c)p+1
szap Z(; k—kc) _Pp[( —C)l/pﬂmi]p;W. (3.5)

Let i — +00 in inequality (3.5), we have m; — +00 and

mi o p_ _ +1
lim [(m - c)l/paml]p Z % =0.
i—>+00 —~ (n - C)
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Then by (3.5), we can obtain

ppzap Z(fki)pzo.

k=n

Therefore, inequality (3.4) holds.
Remark Obviously, inequality (3.4) strengthens inequality (1.2).

4 Strengthened Copson’s inequality (1/2<p < 1)

Theorem 2 If% <p<l,m>0,meN,a,>0n=12,...,m),de (O,%) is the only one

positive root of equation (2.6) and B, = miny <<, {(n + A% a,}. Then

n=1 n=1

i<ik+d> ppz ﬁz%[i<i(k+d)“””> ppzn d

:| (4.1)

Proof Let b, = (n+d)"?a, (n=1,2,...,m). Then inequality (4.1) is equivalent to

m

where B, = minj <<, {b,}. Set

m b p m hﬁ
fibeo, +oo>meZ<Zm> -y

and D; = {(bl,bz,...,bn)lo fminlfnfm{b,,} <b,‘ =max1§,,§m{b,,}}. If (bl,bz,...,

then
i -1
of b ~ (v by ! a7
ab; (i +d)" & Z (Z W) -
- Efm -(-p)
b ’
= W ; (Zn (k+d)“””b ) —pp(l+d)1/p:|
-(1-p)
) PP+ d)”"i|

~(1-p)
) —p"(i+d)1/p:|.

pbéa—l i

(l-+d)1+1/p (k+d)1+1/p

pbf_l i

[ S—
(l-+d)1+1/p

M8x

b
i

(k + d)l+l/p

-

L 1= =n

By Lemma 1, we have

v o [T
b, > (i + ) — /n,l + ) dx -pi+d)

2

Bl ‘ 1 (a-p)ip
S /- [p-“-ﬂ (n ok d) —-PPi+d)'?|.

. 1+1/p
(i+d) —~

m b]( p m bﬁ>Bp ml m m 1 p s
2N\ L gan) P liiaz P Ly L\ L) |4

bn) € Di1
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As i =1, by the definition of d, we have

of be_l _ap (1 t-=prp 1/
a—bl>mp(1p) §+d _pp(1+d)l7 =0.

As 2 < i < m, because % <p<1,0< pp%l <landg:x€(0,+00) > x1-P)VP is concave, we
have

af 248 - —a-p (1 RGN 1 i . lp
a—bl>mp §+d +n2:2: I’I—E‘I'd —pp(l‘l'd)
-1 1-p)/
> pb‘? p—(l—p)( l +d o
(l " d)1+l/p 2

i+% 1 (1-p)ip
+/3 (x—§+d> dx) —p”(i+d)1/p:|
b

-1 (1-p)/p
- A [p“”)(e + d) L pli+d)"? —p(1+d) I/P) -P +d)””}

(l + d)1+1/p
w! ( .

= (l fdl)hl/p [p—(l—p) p(l + d)l/p —Pp(l + d)l/p] =0.
Thus, for every D;, ;—jbrl > 0. By Theorem B, inequality (4.2) holds. O

Corollary 3 If% <p<l,m>0,meN,a,>0n=12,...,m),d e (0,%) is the only one
positive root of equation (2.6) and B, = minj<,<,{(n + d)"?a,}. Then

m m m P (n+d
Zl<zk+d) pPZa prBf”Zn(n_'_nd)pH : (4.3)

k=n n=1

Proof From Theorem 2 and Lemma 5, we have

i(ikm) ppZ“p>Bp[ppZ(n+d)P“ ppzn+d]

k=n

Then inequality (4.3) holds. 0

Corollary 4 If% <p<la,>0(m=12,...),de(0, 1) is the only one positive root of equa-
tion (2.6) and series Y o) (3 7o, kﬁ"d Y < +00. Then

i(ik+d) P’”Zﬂ’” (4.4)

k=n

Proof According to inequality (4.3), we obtain

(& a i " (n+dyf —-n? “
Z(m%) I eyt 2 L

The following proof is the same as the relevant proof for Corollary 2, omitted here. [
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Remark For % < p <1, there is no doubt that inequality (4.4) strengthens inequality (1.3).
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