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Abstract
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reverse inequalities and some particular cases are given.

Mathematics Subject Classification (2000): 26D15.

Keywords: Hilbert??s inequality, weight function, H?6?Ider??s inequality

1. Introduction
One hundred years ago, Hilbert proved the following classic inequality [1]

. 1/2 1/2
ambn 2 2
ZZernfn(Zan) (an> . (1.1)
n m n n

During the past century, ever since the advent the inequality (1.1), numerous related
results have been obtained. The inequality (1.1) may be classified into several types
(discrete and integral etc.), being the following integral form:

If f, g are real functions such that 0 < [;° f2(x) dx < 00,0 < [;° g*(x) dx < oc, then

we have [1]

1
[ 17030 - g [ gl 2 (12)
0/()/ Xty dxdy <= 0/f (x)dxo/g (x)dxp

where the constant factor i is the best possible. Inequality (1.2) had been generalized
by Hardy-Riesz in 1925 as [1]:

1 1
Ifp>1, ) + 0" 1,f,8 = O such that 0 < [;° f?(x)dx, [~ g7(x)dx < oo, then
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where the constant factor sin <7T ) is the best possible. Inequality (1.3) is named as

Hardy-Hilbert’s integral inequality, which is of great importance in analysis and its
applications [2-4]. Its generalization can be seen in [5-11].

Until now, we only studied the related inequalities with pure discrete or integral
inequalities, but half-discrete inequality is very rare in the literature [12-14]. Now we
attempt investigation for it, lots of related results will appear in the coming future.

The main purpose of this article is to establish a half-discrete inequality with the
mixed homogeneous kernel of real number degree. For example: If
0 < [ xP0=2)=1fP(x)dx < 00,0 < Yoo, n1(172)=1g] < oo, then

S [T
— " (rnax{x,n})
m=l o
1p (1.4)

00 00 1/q
/xp(lfh)*lfp(x)dx {an(llz)laz} ,
0 n=1

where ot = A; + Ay, 0 <A; <or and the constant factor is the best possible. Mean-

o
A1A2
while, the extended inequality, operator expressions, reverse inequality, and equivalent
forms are given. We hope this work will expand our understanding of inequality and

the scope of the study.

2. Lemmas
LEMMA 2.1. Let o, B e R and Ay + Ay = a - B, -B <Ay <o, A, <1 - B,
1 1
k., = + define the weight function and the weight coefficient as follows
o — )\1 /3 + )\1
[ (mingx, )’
N min{x, n 1
= n'? - XM T dx, N,, .
w(n) =n (max{x, n})* X x,n e (2.1)
o0 . ﬂ
— x’\1 (mln{x, Tl}) . Az—ll 0, ) )
w (x) nZ:I: (max{x, n})° n x € (0, 00) (2.2)
then
0 <hky(l—-6.(x)) <o(x) <w(n)=rh,, (2.3)
where
1 1 1—x*
s 1
62 (1) = 1 [ (min{1,1})" patge = | R (ﬁuz e )’xe (0.1).
A . k)q (max{l,t})“ xf(ﬂ#q)

1
(B + A2k, ) O(x‘%b)/ x € 10,00).
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Proof. For fixed n, let t = , substituting into w(n) gives
n

r (min{1, t})ﬁ

-1
(max{1, t})* erde
0

w(n) =

1 [

=/‘tﬁ+)\171dt+/t7(x+)\171dt

0 1
1 1

+ =
Ol—)\,l ,B+)\,1

ks,

Inview of A, <1 -8, o -Ay =+ A, > 0, for fixed x > 0, the function

(min{x, y})? a1 _ xRl 0 <y < i,
(max{x, y})* T wfyetly > i

is monotonically decreasing with respect to y, then

[ (minfx, y))?

o V2N dy  (t=y/x)
) (max({x, y})

w(x) < &M

1 oo

o0 . ﬁ
=/ Emm{l,t}) .tlz—ldr;/tﬁ+*2_1dt+/t_“w_ldt
0 0
1

max{1, t})*
1

1 1 1

= + = + =k,.
,3+)\2 O[—)\z Ol—)\.l ,3+)\.1

oo

i B

- [y
0

~ r (min{1, t})”

~J (max{1,t))”
1/x

S2lde

1/x
(min{1, t})”
=k, —

o 2 1dr = kxl(l — H)L(.X‘)) > 0.
0

(max{1, t}

1 i/ (min{1, t})ﬂ

) (max{1, t})* ~th271de. If x € (0,1), then

where 6, (x) =

ks,
1 1/x .
1 1 1 1 —x**2
0 - tﬁ+A2—1dt /t—a+kz—ldt - ;
A(x) kll / * kll ,3 + )\2 * o — )\2
0 1
if x € [1,00), then
i (B+12)
1 x~ P2 1
0 _ tﬂ+kz—ldt — =0 i
o ks, / (B +A2)ks, (xm’\z)

0

Thus (2.3) is valid.
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In what follows, o, B will be real numbers such that A; + A, = a - B, -B <A, <o A, <
1-p.
1 1
LEMMA 2.2. Suppose that p > O(p = 1), 5 + q =1, a, >0, fix) is a non-negative mea-

surable function in (0, o), then
(a) if p > 1, then the following two inequalities hold:

[’} p 00
. . ho—1 (minx, n})” (1=21)—1
e ' (maxts mye! <, 0/ S0P (), (2.4

(max{x, n})* =

L =/w1—l[i (minfx, n))" ] de <Y 1 (2.5)
0 n=1

(b) if 0 <p < 1, then we have

12K, [ (-0t 26
0
~ v xdr1—1 ad (mln X, n}) q > a(1=r2)—1 4
_! [1 _ Q)L(X)]qil |:; (max{x Tl}) :| dx < k ;Tl day. (27)

Proof. (a) Using Holder’s inequality with weight [15] and (2.3) gives

(min{x, n})?
(max{x, n})*

00 p
i B (1—21)/ (1-22)/
(min{x, n}) |:x qf(x)i| |:n pi| dx

(max{x, n})* | n(A—*2)/p x(1=21)/q

p
flx)dx

7 (mi B p(1-12)(a-1)
2(@)dx (min{x, n})" n d
0

nl—*2 (max{x, n})*  xl=h

(max{x, n})*

mln{x n})ﬁ (1 kl)(p 1)

(max{x, n})* nl-*

1)) ()]

0
/oo (minfx, n})? x(1-*)(-1)
0
7
0

N (min{x, n})'B x(l_)\l)(p_l)

—pA2+1kP—1
n
M (max{x,n})* nl-*

1P (x)dx.
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© T mi B (1-1)(p—1)
ELD / e, P
1

(maxfx, n})* nl-*

=K / [xA Z (mins m)” }X"“‘“)‘lf"(x)dx (2.8)

(max(x, )"
= kil_l / w(x)xp(l_)‘l)_lfp(x)dx < kil /xp(l—xl)—lfp(x)dx.
0 0
Hence (2.4) is valid. By similar reasoning to the above it may be shown that
q
Z (min{x, n})
(max{x, n})
(min{x, n})‘8 x(1=2)/q | | p(1=22)/p q
Z (max{x, n})* | n(1=22)/p | | x(1=41)/q an
[w(x)xp(l —h)— - IZ (minf{x, n})ﬂ n(1=12)(q-1) q

n
B (1—2 1
ti 1 —ahi+1 Z (minfx, n})f n1=22)00= )aq
(max{x,n})® a2 "

(2.9)

IA

(maxfx, n})*  xl=*

- B (1-32)(g—1)
Lskzllfz (ming n}) " n7" - andx

(maxfx, n})*  xl=*

o0

o0 . ﬂ
=kzrlz n)\z/‘ (mm{x,n}) 1 dx nq(lf)hz)flacr]l

(max{x, n})*

n=1
o0 o0
_ 141 q(1-2ry)—1 .4 _ 14 q(1-2y)—1 4
=k, Zw(n)n (1=22) =140 - k;. Zn (1=22)=1 40,
n=1 n=1

Thus (2.5) is valid.
(b) Similarly, using the reverse Holder’s inequality with weight [15] and (2.3) gives
(2.6) and (2.7).

1 1
LEMMA 2.3. Suppose that 0 <q < 1, 5 + q =1 a, >0, flx) is a non-negative measur-

able function in (0, =), then (Let ], L be as in Lemma 2.2)

J < kzl /xﬂ(lf)q)*lfp(x)dxl (2.10)

o0
L=k Y =210 (2.11)

n=1

Page 5 of 15
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Proof. Applying Holder’s inequality [15] and (2.3), where p < 0 gives

[ (min{x, n))?
(max{x, n})"‘f(x)dx

[ (minx, n})? [x(l—m/af(x)} {n(l—m/p} @ ’

(max{x, n})* | n(—*2)/p x(1=21)/q

(min{x, n})ﬂ x(l—h)(ﬁ—l)fp(x)d / (min{x, n})ﬂ n(l—Az)(q—l)dx

/
/max{x,n})“ nl—%2 (max{x, n})* xl=h
0
[

(min{x, n})? x(1-4)(-1)
(min{x,n})* nl-*

fp(x)dxl:nq(lf)q),lw(n):lp_l

; B (1-21)(p—1)
ra+17p—1 (mln{x, Tl}) X
T, /(max{x,n})“ nl=* f(x)d

fP(x)dx

kﬁli

/oo (min{x, n})? x(1-4)(-1)
(max{x,n})* nl=*
Lo

m
max
=1

=

o0 00 5
] infx 21:|xp(1xl)1fp(x)dx (2.12)
Rt

=K 1/w(x)x”“’“)’If”(x)dx <K, /xf’“*kl)*fp(x)dx
0

0

Hence (2.10) is valid. By similar reasoning to the above, in view of 0 <g < 1, it may

be shown that
i (min{x, n})f‘a I
(max{x, n})“ "
(minfx, n w(1=2)fa | [ p(1=22)/p q
Z (rnax{x, n}) n(l—lz)/P x(l—ll)/q an

i B, (1-22)(g—1
> [ (x)a? (1) 1]a- 12 (minfx, n})# n0-72)@-1)

(2.13)

(max{x, n})*  x1=M n

T 2 (min{s ) =000
(max{x,n})*  xl=M
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i B (1-22)(a-1)
min{x, n})” n aldx
max{x, n})*  xl-M

h
\
=
0\8
M

00 o0
=ki_lz n'? (min{x, n})’ X1 dx | pd(=22) =10

— (max{x, n})*
o0 o
= kil_l Zw(n)n"(l_’m_laﬁ = kil Z nd(1=42)=1,9
n=1 n=1
Thus (2.11) is valid.
3. Main results
1 1
THEOREM 3.1. If p > 1, 5 + q =1 a, =2 0, flx) = 0 such that

0 < 320 nd(=2)=1g] < coand 0 < Y22, n1(1=%2)=147 < oo, then we have the following

equivalent inequalities

> r (min{x, n})? (min{x, n})?
) X_:a"/ (max{x, n})* o (D) = /f( )Z (max{x, n})* andx
n=l 9

00 1/p p 1/q
<k, /xﬂ(l h)— 1P (x)dx {Zna(l—kz)—lajl} ,
0 n=1
o 00 . 8 p 00
ADLE Ei;iii"éiiafmax <1, / WU (x)dx, (32)
n=1 0 ' 0
szth_l[z (min{x, n})? ] dx <! an(l ha)-140 (3.3)
) (max{x, n})* —

1 1
where the constant factor ky, = + ,kﬁ , kzl, are the best possible.
o

— )\1 ,3 + )\1

Proof. Using Lebesgue term-by-term integration theorem, there are two forms of I of

(3.1). In view of 0 < [;°x?(1=4)=1fP(x)dx < oo, (2.8) takes the strict inequality, thus
(3.1) is valid. On one hand, using Holder’s inequality [15] gives

1

1 1
—

00 1/q
=2 |n EEZ;?;ZB f@ | [0 g, <11/P={Znﬂ(w“az} SRS
0

00 —

n=1 n=1

By (3.2), (3.1) is valid. On the other hand, suppose that (3.1) is valid. Let
p—1
(mm{x, n})? F)dr e,

i Pl
ap =1
" (max{x, n})*
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then from (3.1), it follows

00 1/p

) ) 1/q
D ndT gl y =1 < hy, /xﬂ(l—m—lfﬂ(x)dx {an(l—kz)—laz} .(3.5)

n=1 0 n=1

By (2.8) and the conditions, it follows that J < . If J = 0, then (3.2) is naturally valid.
If /> 0, in view of the conditions of (3.1), then (3.5) takes the strict inequality, and

1/p

00 1/p c0
ﬂ/ﬁ{Z nq(l_“)_laﬂ} <k, /xﬂ(l—h)—lfp(x)dx
0

n=1

Hence (3.2) is valid, which is equivalent to (3.1).
On one hand, in view of the conditions, (2.9) takes the strict inequality, thus (3.3) is
valid. Using Hoélder’s inequality [15] gives

% 00

~ (min{x, n})”

- O/;a" (max{x, n})“f(x)dx
r M= (min{x, n})?
/ x4 (x) X Z (max, n})* dx (3.6)
0

00 1/p
> /xp(lfh)flfp(x) Lya.
0

By (3.3), (3.1) is valid. On the other hand, suppose that (3.1) is valid. Let

a1 (min{x, ot
flx) =x Z an ,x € (0,00).

(max({x,

Applying (3.1) gives
[e.¢]
/xf’(lfmflfﬁ’(x) =L=1I
0

" 1 (3.7)

o0 0 /q
/xp(lfh)’lfp(x)dx {Zn"(l)‘”laﬁ} .
0 n=1

By (2.9) and the conditions, it follows that L < o. If L = 0, then (3.3) is naturally
valid. If L > 0, in view of the conditions of (3.1), then (3.7) takes the strict inequality,

and
oo 1/q o 1/q
Ly = /XP(I—M)—lfP(x) <k, {an(l—kz)—lafl} .
0 n=1

Hence (3.3) is valid, which is equivalent to (3.1). Thus (3.1), (3.2), and (3.3) are
equivalent to each other.

Page 8 of 15
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F 0 <& <qhs, that ~
O Ay DS <ty SUPPOSE B ) <0, e (0,1) () =x P xe(l00)
&

-~ i . Assuming there exists a positive number k with k < k;,, such
apn=n 9 ,neN,

that (3.1) is still valid by changing k;, to k. In particular, on one hand,

o0

-3, / m”‘{’“’”” Fxd

n=1 0

o0

o0 l/p l/q
< kl/xp(l r)— lfp(x)dx} {an(lkz)lzﬂl}
0

n=1

00 1/q
k( x1 de) <1+Zn_1_£)
n=2
1/q
<k( ) (1+/ —1- fdx) =’;(s+1)1/q.
1

On the other hand, by monotonicity and Fubini theorem, it follows that

oo € £
Mm— =1 2 an- -1 : B

¥ p q (min{x, n})

I /x |:;n (max{, n})* dx

1

(3.8)

o0 & o0 &
M= -1 A -1
1p 2= (mln{x,y}) dx, (i =
z/x Lfy (max{x, y})° dy (t =y/x)
&

x X r— -1 : B
- —e—1 q (mln{xr t})
/x /t (max(z, t})adt dx.

1 1/x

& &

X L Sl (s B R o 1 (s B
_ et g (min{1,1}) 1/ g (min{1,¢})
1/x l//t (max(1,)* 9 | ¥ J ! (max{1, )"

1 00 i o0 €
. B Ao— —1 Ar— —1 i B
) (min{1, t}) /x‘s_ldx CTa 4 1 /t q (min{1, t}) dt (3.9
e

(max{1, t})* (max{1, t})*
0 1/t

1 3 00 e
B A2+ -1 r— —1 : B
_ / (min{1, t}) P dre 1 /t q (min{1,t})
&

(max{1, t}) (max({1, t})*
0

Applying (3.8) and (3.9) gives

1 & 00 &
(min{1, t})” tk2+p71dt+ / t*qul (min{1, t})”

1/q
(max(1, (})* (max{1, 1})* dt < k(e + 1)
0

Page 9 of 15
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Using Fatou theorem gives

€ 00 €
i B ra+ —1 A= =1 (mi B
k2 =/ im (mm{llt})at p dt+/ lime 9 (mln{l,t})a
¢—~0+ (max{1, t}) £—0* (max{1,t})
0

1 € 00 €
. . B a+ —1 o— —1 : B
fim /(mm{l't})ut p dt+/t q (mln{l't})adt
e — 0* (max{1,t}) (max{1,t})
0
hm0+k(s F )=,

IA

& —

Hence k = k;, is the best constant factor of (3.1). It is obvious that the constant factor
in (3.2) (or (3.3)) is the best possible. Otherwise, by (3.4) (or (3.6)), we may get a con-
tradiction that the constant factor in (3.1) is not the best possible. This completes the
proof.

Remark 1. Let ®(x) = x’(1=*)-L x € (0,00) and ¥(n) = n(1=*2)-1, n e N,, then
[B(x)]17 = 3L, [W(m)[1P = PP,

(i) A half-discrete Hilbert’s operator T : Ly, ¢(0,00) — I, w1+ is defined by:

Tf(n) = /hx(x, n)f(x)dx, n > 1.

0

(minf{x, n})‘g

where f e L;,¢(0,00), Tf € I y1-», hy(x,n) = A = a — B Then by (3.2),

(max{x, n})*’
it follows that: ||Tf||p,q,17,, <k, ||f||p,¢, ie, T is a bounded operator with || T|| = k;,. Since
the constant factor in (3.2) is the best possible, we have ||T|| = k;,.

(ii) Similarly, another half-discrete Hilbert’s operator T: lyw = Lge1-4(0, 00) is
defined by:

Ta(x) = Y hy(x, n)ay, x € (0, 00).

where gae lq,\p,i"a €Ly91-4(0,00) Then by (3.3), it follows that:
||T"a”q'¢l,q < ks, lallge. In another word, T is a bounded operator with || T|| < k;,. Since

the constant factor in (3.3) is the best possible, we obtain ||7“|| <k,

THEOREM 3.2. If 0 <p < 1,
1 1 1 .1/ (minf1, t})ﬂ o
=1,0 = -t 0, , a,, = 0, flx) > 0 such that
p * q (%) k., fo (max{1, t})* (x € (0,00)) S

0 < Y20, nd(=2)=1g] < coand 0 < Y22, n11=%2)=1g7 < oo, then we have the following

equivalent inequalities (Let I, ] be as in Theorem 3.1)

%) 1/p

00 1/q
I>k, /(1 — 0, ()22 () dxe {an(l_}‘Z)_laZ} , (3.10)
n=1

0

Page 10 of 15
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=K, / (1 — 6, ()P0 (), 3.11)
0

e 1 oo s >
L y [Z mintx. ), } de < K] Y nU=2)71a],  (3.12)
n=1

) 0 [1—6,(x)]"" (max{x, n})* " n=1

1 1
+ ’
— )\1 ,3 + )\1
Proof. Similar to (2.8), by the reverse Holder’s inequality [15], (2.3) and the condi-
tions, we have

where the constant factor ky, = kﬁl, kzlare the best possible.

J= K / @ ()PP () dx > K / (1 -6, (x)) 0771 (x)dx,  (3.13)
0 0

thus (2.11) is valid. On one hand, by the reverse Holder’s inequality [15], we obtain
the reverse form of (3.4) as follows

—X

I—i Az—; /o'o(min{x,n})ﬁf( de p 2 > Jup i q(1-22)—1 4 " (3.14)
_ n J (max{x,n})“ x) n an | = n=1n an . .

by (3.11), (3.10) is valid. On the other hand, suppose that (3.10) is valid. Let

00 p—1

_ | [ (mingxn))?
ay =1 (maxiz, n})af(x)dx neN,.

0

Applying (3.10) gives

o0
Zn"(l_“)_laz =J=1
n=1
00 1/p - 1q (3.15)
>t f [ (1= 0,00 g {an(l-M-laz} ,
0 n=1

By (3.13) and the conditions, it follows that / > 0. If ] = o, then (3.11) is naturally
valid. If J < e, in view of the conditions and (3.10), then (3.15) takes the strict inequal-
ity, and

p

n=1

o0 1/q o0
i - {Zn“”z“az} =l { [0 = @0
0

Hence (3.11) is valid, which is equivalent to (3.10).
On one hand, similar to (2.9), by the reverse Holder’s inequality [15], (2.3) and the
conditions, in view of g < 0, we have

Page 11 of 15
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(min{x, n})” I
|:Z (max{x, n})* j|

= o0 Z

- B (1-22)(a-1)
(min{x,m)"nti= 970 g (3.16)
(max{x,n})* xl=h

(mln{x n})‘3 n(l_)‘Z)(q_l) q
ne

< kN1 = 05 (x) ) Z

(max{x, n})* x1=h
Similarly, we get (3.12). Applying the reverse Holder’s inequality [15] gives

1 )»17

o0 -
) ) / . X (min{x, n})?
1-0/ (1= 6:(x)"x T f(x) (1 9())1/p2(max{x,n})

(3.17)
Up

/ (1 -6, b T
0

By (3.12), (3.10) is valid. On the other hand, suppose that (3.10) is valid. Let
xq)\lfl

(min{x, n})? -
f(x) = (1 . ek(x))qfl |:Z (max{x, n}) ] ;X € (O, OO);

applying (3.10) gives

/(1 - Ql(x))xp(lf)tl)*lfp(x) — z =]
o0 ’ o ” (3.18)
<k, / (1 — 6, (x))" =)= 1P () dx {an(uz)laz } .
0 n=1

By (3.16) and the conditions, it follows that [ < so. If T = 0, then (3.12) is naturally
valid. If T = @, in view of the conditions of (3.10), then (3.18) takes the strict inequal-
ity, and

~ 00 1/q 00 1/q
D= {F - 0,00 | = g [ S et}
0 n=1

In view of ¢ < 0, hence (3.12) is valid, which is equivalent to (3.10). Thus (3.10),
(3.11) and (3.12) are equivalent to each other.

€
F 0 v that ~ Mo ol
or any 0 <¢ <p(1; + B3), suppose tha f() 0.x € (0, 1)f(x)—x P x e, o0
&
and = . Assuming there exists a positive number K with K > k&,
n=n 9 ,ne

such that (3.10) is still valid by changing kj, to K. In particular, on one hand,
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0 1/p oo 1/q
T>K /(1 — 0, (x)) R fP (x)dx {anﬂ—m—la‘z}
0 n=1
00 1/p o 1/q
K(/ (1 —6,(x))x ' *dx (1 + Zn16>
1 n=1
- p N » (3.19)
1
= K(/ (x -0 (xﬁ+)»2+8+1 )) dx (1 + Z n1£>
1 n=2
00 1/q
o K
> K( - O(1)> 1+ /x*de - (- £0(1))P (e + 1)14.
1
On the other hand,
00 o0 B
7 < anzf -1 /.x'\ﬁ —1 (min{x, n}) de
—~ ) (minfx, n})*
= Znh_q_l n_a/x}\l+ﬁ_1’_ldx+nﬁ/xh_a_l’_ldx
= 0 n (3.20)
1 o0
—& _ 1 —1—¢
M+p—] a—A1+ )Zn ey + o ))En
r 1
< (ky, +0(1)) 1+/x+fdx = Tk, +0(1)).
e
1
By (3.19) and (3.20), it may be shown that
(1 +¢&)(ky, +0(1)) > K(1 +£0(1)) (e + 1)14. (3.21)

Let ¢ > 07, then ky, > K. Hence K =k;, is the best constant factor of (3.10). It is
obviously that the constant factor in (3.11) (or (3.12)) is the best possible. Otherwise,
by (3.14) (or (3.17)), we may get a contradiction that the constant factor in (3.10) is
not the best possible. This completes the proof.

1 1

THEOREM 3.3. If 0 <q < 1, p + q =1 a, 2 0, flx) =2 0 such that
0 < Y20 nd0=2)"1gl < coand 0 < Y2 ni1=22)-1q] < 0o, then the following
inequalities hold and are equivalent (Let I, J, L be as in Theorem 3.1):

co e 00 1/q
I>k, /x"(l_m_lf”(x)dx {an(l—m—la,‘i} ) (3.22)
0 n=1

P<H, [#0 (329
0
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(o]

L> K Y nft=r)1g] (3.24)
n=1
1 1 . ‘
where the constant factor ky, = + , k’,{ , &, are the best possible.
— )\1 ,B + )\1 1 1

Proof In view of p < 0, the proof can be completed by following the same steps as in
the proof of Theorem 3.2, thus we omit the details.

Remark 2. (1) In particular, if § = 0, 0 <A; <o, 4, < 1, A; + A5 = @, then (3.1)
reduces to (1.4), (3.2), and (3.3) reduce to the following inequalities respectively, which
are equivalent to (1.4):

Z | [ ) P L i
X;Hp (maX{x,n})“dx (MM) / HUR7 P () d, (3.25)
n= 0

0

n=1

o0 00 q
o o (1-22)-1 ‘1
O/x” {; (max{x, "})“} <Alkz> an - (3.26)

2)fa=0,-f<A <0,1;, <1-B A + Ay = -B, then (3.1)-(3.3), respectively, reduce
to the following equivalent inequalities:

an (minf{x, n})ﬁf(x)dx
-]

n=1

” (3.27)

oy 0 1/q
/x”(l_)\l)_lf”(x)dx an(l—lz)—lajl} ,
0

n=1

Klkz

i nPr2—1 / (min{x, n})ﬁf(x)dx
0

n=1

( )p/"" ORIy, (3.28)
A Ao )

o 00 q o
/x"’\l_l|:z (min{x, n})’gan:| dx < (A )\2) Z A(0=h2)=1 g0, (3.29)
0

n=1 =1

B)Ifo=p, -0 <Ay <04, Ay <1 -0, Ay + A, = 0, then (3.1)-(3.3), respectively, reduce
to the following equivalent inequalities:

x© 7 min{x, n} \*
Zla()/ (max{xm}) fed

U (3.30)

2a r > a
< 2 /xp“’m’lf”(x)dx {Zn‘i(l*z)%} ,
@A 0 n=1
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oo o4 p
e pra—1 min{x, n}
Zn /(max{x, n}) f(x)dx
0

n=1

p o0
<< - ) / I (x)dx, (3.31)
a? — A2
0

q

T 21| o ( minx, n} :
/Xq Zl(max{x,n}) n
0 n=

2a 1
dx < ( ) A2) > i)l (3.32)
o= A n=1
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