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1 Introduction and preliminaries
The stability of functional equations was first introduced by Ulam [1] in 1940. More pre-
cisely, he proposed the following problem. Given a group Hj, a metric group (H,,d) and
€ > 0, does there exist a § > 0 such that if a mapping f : H; — H satisfies the inequality
d(f (xy),f(x)f () < é for all %,y € H;, then there exists a homomorphism T : H; — H, such
that d(f(x), T'(x)) < € for all x € H;? As mentioned above, when this problem has a solution,
we say that the homomorphisms from H; to H; are stable. In 1941, Hyers [2] gave a par-
tial solution of the Ulam problem for the case of approximate additive mappings under the
assumption that H; and H, are Banach spaces. In 1950, Aoki [3] generalized the Hyers the-
orem for approximately additive mappings. In 1978, Rassias [4] generalized the theorem
of Hyers by considering the stability problem with unbounded Cauchy differences. During
the last decades, several stability problems of functional equations have been investigated
by many mathematicians (see [5-20]).

Let n be an integer greater than one and A be a ring, and let B be an A-module. An

additive mapping D : A — B is called an #-Jordan derivation (resp. n-ring derivation) if
D(“n) =D(a)a" " + aD(a)a" % + - - + a"*D(a)a + a" ' D(a)

forallae A
(resp. D(H ai> =D(a)ay - a, +aD(ax)as ---a, + -+ + aay - - - a,_1D(a,)
i=1

for all ay,ay,...,a, € A). The concept of n-Jordan derivations was studied by Eshaghi
Gordji [21] (see also [22-25]).
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Definition 1.1 Let A bea C -algebra. A C-linear mapping D: A — A is called an n-Jordan

k-derivation if

D(a") =D(@)a" " +aD@)a" % + -+ + @ *D(@)a + a" ' D(a),
D(a*) =D(a)’
foralla € A.

ab+ba
2

A C*—algebra A, endowed with the Jordan product a o b = on A, is called a

JC’-algebra (see [26]).

Definition1.2 Let A bea/C -algebra. A C-linear mapping D: A — A is called an n-Jordan
x-derivation if

D(a")=D(@)oa" " +aoD(@)oa" >+ +a">oD(a)oa+a"" oD(a),

D(a’) =D(a)
foralla € A.

This paper is organized as follows. In Section 2, we investigate the superstability of
n-Jordan #-derivations on C’-algebras associated with the following functional inequality:

2f<x+y+z>H @)

lF@+/0)+f@)] <

We, moreover, prove the Hyers-Ulam stability of 7#-Jordan *-derivations on C"-algebras

associated with the following functional equation:

2f ( ) =f(x) +f(). 1.2)

In Section 3, we investigate the superstability of #-Jordan *-derivations on JC"-algebras
associated with the functional inequality (1.1) and prove the Hyers-Ulam stability of
n-Jordan x-derivations on JC"-algebras associated with the functional equation (1.2).

In this paper, assume that # is an integer greater than one.

2 n-Jordan %-derivations on C*-algebras
Throughout this section, assume that A is a C’—algebra, and that #, is a fixed positive

integer.

Lemma 2.1 Let f: A — A be a mapping such that

[ (6) + 1) + £ < H2f( X+ *Z)H 21)

forallpeT) :={e’ €C:0<6 < i—g} and all x,y,z € A. Then the mapping f : A — A is

C-linear.
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Proof Letting n =1and x =y =2z=0 in (2.1), we get

[37©@] = 2] @]

So, f(0) = 0.
Letting u =1,y = —x and z = 0 in (2.1), we get

[f @) +f (=0 < [2f(0)] =0

and so f(—x) = —f(x) for all x € A.
Letting 4 =1 and z = —x — y in (2.1), we get

F@) +£ @) + f(—x =) < |2/(0)] =0

and so

Sx+y)=—f(=x-y)=f(x) +f()

for all x,y € A. Hence, the mapping f : A — A is additive.
Letting y = 0 and z = —x in (2.1), we get

|1f @) +f ()| < [[2F0)] = 0

for all x € A and all & € T}, . So, f(ux) = uf (x) for all x € A and all u € T}, . By [27,
Lemma 2.1], the mapping f : A — A is C-linear. 0

We prove the superstability of #-Jordan -derivations on C -algebras.

Theorem 2.2 Let f : A — A be a mapping satisfying (2.1) and

If(z") —f (22" = 2f (2)2" % = - - - = 22 f ()2 = 2" f (2) + f (W) —f (W)
< ¢(z,w) (2.2)

forall z,w € A, where ¢ : A x A — [0, 00) satisfies

=1 S >, z w
E §¢(2lz,2’w) <00 or E 2’(,0(5, 5) <00 (2.3)
i=0 i=0

forall z,w € A. Then the mapping f : A — A is an n-Jordan x-derivation.

Proof By Lemma 2.1, the mapping f : A — A is C-linear.
Assume that ¢ : A x A — [0,00) satisfies Y ., %go(Ziz, 2iw) < oo for all z,w € A.
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It follows from (2.2) that

If (") ~f @2 = 2f (22" ~ - = 2 f @)z - 2" (2)|
-|f(2'2") - f (2'2)2" " = 2f (22) 2" = - - = 2" 2f (2'2) 2 - 2 (2'2) |

which tends to zero as i — oo for all z € A. So,

f(Zn) :f(Z)Z”—l + Zf(Z)Zn_2 +eeet Zn—Zf(Z)Z n Zn_lf,(z)

forall z € A.
Similarly, one can show that

f(w) =fwy

forallwe A.
Therefore, the mapping f : A — A is an n-Jordan *-derivation.

Assume that ¢ : A x A — [0, 00) satisfies )5 2'¢p(%, 1) < oo for all z,w € A. By the

same reasoning as in the previous case, one can prove that the mapping f : A — A is an
n-Jordan %-derivation. O

Corollary 2.3 Let p #1 and 6 be nonnegative real numbers. Let f : A — A be a mapping
satisfying (2.1) and

If (") =f@)2" " = 2f ()" % = -+ = 2" Pf(D)z = 2" f (2) + f(w) = f ()|
<0

(IIZII” + [lwll”)
forall z,w € A. Then the mapping f : A — A is an n-Jordan x-derivation.
Now we prove the Hyers-Ulam stability of 7#-Jordan derivations on C"-algebras.

Theorem 2.4 Let f : A — A be a mapping with f(0) = 0 for which there exists a function
@ : A* — [0, 00) such that

1 S
D(x,y,2,w Z 2— 2 x,2'y,2'z, 2’w) < 00, (2.4)

H 2f ( i W) wf ) — uf ) +£(2") - f(@2" " - 2f (2)2" > -

-2 @z -2 @)+ f(W) = f(w) H < o(x,y,z,w) (2.5)
forall x,y,z,w e A and all u € ']I‘i,o. Then there exists a unique n-Jordan *-derivation D :
A — A such that

|fx) - D(x) | < ®(x,0,0,0) (2.6)

forallx € A.
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Proof Letting =1, y =z =w =0 and replacing x by 2x in (2.5), we get

1

H/(x) - /@

forallx € A.
Using the induction method, we have

I
<> %q)(Zix,0,0, 0) (2.8)

i=1

- 3@

for all x € A. Replacing x by 2"« in (2.8) and multiplying by 2%,,, we have

‘ 1

l+m

<> %go(fx,o, 0,0)

i=m+1

2_mf(2mx) _ 2imf(21+mx)

for all x € A. Hence, { % f(2!x)} is a Cauchy sequence. Since A is complete,
D(x) = lim lf(2’9c)
=00 21
exists for all x € A.

Taking the limit as / — oo in (2.8), we obtain the inequality (2.6).
It follows from (2.4) and (2.5) that

xX+Yy

H2D<T> - D(x) - D(y) “ = Jim % |12/ (27 e + ) = f(2'%) = £(2y) |
< lim %(p(ﬁx, 2!y,0,0)
forall x,y € A. So,
2D<’%) - D(x) + D(»)
for all x,y € A. Since f(0) = 0, D(0) = 0. Thus, D is additive.

To prove the uniqueness, let L be another additive mapping satisfying (2.6). Then we
have, for any positive integer &,

[D@) - L@ < S (ID2%) —£ (") + [F(2%) - L(2%)|)

®(2%,0,0,0),

[ B~

<
— 2k

N

which tends to zero as k — 00. So, we conclude that D(x) = L(x) for all x € A.
On the other hand, we have

.1 . 1
D(ux) — uD(x) = 113110 2 I (2! ) — uf (2%) || < l]_l)r;lo W(p(le, 2/x,0,0) =0

forall u € TLO and all x € A. By [27, Lemma 2.1], the mapping D: A — A is C-linear.
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It follows from (2.4) and (2.5) that

||D(Zn) - D)7 - zD()Z" % — - = 2" 2D(2)z — 2" D(z) ”
1 . e "
= lim | = [F((272)) £ (272)(27) " - (272)f (272) (272) 7 -

- (272) 7 (272) (2"2) - (272) T (2"2) ]

|

< lim iﬂ(p(ooz z,0) < lim i<p(002 2,0)=0

— m—o0 QM m—o0 2M
and
. 1 T 1 ;
Ip(w) - Dy = tim | L)~ L) | = tim Lo(0,0,0.2) =0
for all z,w € A. Hence, D: A — A is a unique #n-Jordan *-derivation. O

Corollary 2.5 Let f : A — A be a mapping with f(0) = 0 for which there exist positive
constants 6 and p < 1 such that

H 2f( sty ) @) - uf6) £ () @ = 2f (D= ..
-2 f(2)z- 2" f(2) +f(W*) —f(w) ” < 6’(||?€||p + |yl + |lz|P + ||W||p) (2.9)

forall x,y,z,w € A and all u € 'Jl’ito. Then there exists a unique n-Jordan x-derivation D :
A — A such that

[f () = D@ | = 55 ll=ll”
forallx € A.
Proof Letting ¢(x,y,z,w) = 6(||x||” + [|yI” + ||z]|” + |[w||?) in Theorem 2.4, we have

270
lellp

/&) - D@ =

for all x € A, as desired. O

Theorem 2.6 Letf : A — A be a mapping for which there exists a function ¢ : A* — [0, 00)
satisfying (2.5) and

[e¢]
; X y z w

i=0

forall x,y,z,w € A. Then there exists a unique n-Jordan x-derivation D : A — A such that

If(x) -D@)|| <) 2% —xl.,o,o,o (2.11)
2
i=0

forallx € A.
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Proof 1t follows from (2.7) that

H/(x)—Zf(g) < 9(x,0,0,0)
forallx € A.
The rest of the proof is similar to the proof of Theorem 2.4. O

Corollary 2.7 Let f : A — A be a mapping with f(0) = 0 for which there exist positive
constants 0 and p > n satisfying (2.9). Then there exists a unique n-Jordan x-derivation
D:A — A such that

276
_ =7 kP
If (%) - D)|| < 55 Il
forallx € A.

Proof Letting ¢(x,y,z,w) = 6(||x||” + ||y|I” + ||z]|? + ||w||?) in Theorem 2.6, we have

r0
[l

2
If (%) - D)|| < >3

for all x € A, as desired. O

3 n-Jordan %-derivations on JC*-algebras
Throughout this section, assume that A is a JC -algebra.

We prove the superstability of #-Jordan *-derivations on JC -algebras.

Theorem 3.1 Let f : A — A be a mapping satisfying (2.1) and

If(z") =f(2) 02" —z0f(z) 02" 2 =+ = 2" 0 f(2) 02~ 2"" 0 f(2)
+f(W) =fW)'|| < oz, w)

forallz,w € A, where ¢ : A x A — [0, 00) satisfies (2.3). Then the mappingf : A — A is an
n-Jordan x-derivation.

Proof The proof is similar to the proof of Theorem 2.2. d

Corollary 3.2 Let p #1 and 6 be nonnegative real numbers. Let f : A — A be a mapping
satisfying (2.1) and

If(z") =f(2) 02" —z0f(z) 02" > =+ = 2" 0 f(2) 02~ 2"" 0 f(2)
+f (W) = fw)|| < 0(lzlI? + Iwli?)

forall z,w € A. Then the mapping f : A — A is an n-Jordan x-derivation.

We prove the Hyers-Ulam stability of #-Jordan derivations on JC"-algebras.
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Theorem 3.3 Let f: A — A be a mapping with f(0) = 0 for which there exists a function
@ : A* — [0, 00) satisfying (2.4) and
X+
H 2f( P ) ~ W)~ 1 0) +f () ~f (D) 02 —zof(z) 02" -

~ 22 of(2)oz—2" o f (D) +f(W) W) | < e,y zW) (31)

for all x,,z,w € A and all p € T), . Then there exists a unique n-Jordan x-derivation D :
A — A satisfying (2.6).

Proof By the same reasoning as in the proof of Theorem 2.4, there exists a unique C-linear
D:A — A such that

If (%) - D@)|| < @(x,0,0,0)
for all x € A. The mapping D: A — A is given by
D(x) = lim if(2’x)
>0 2!

forallx € A.
The rest of the proof is similar to the proof of Theorem 2.4. d

Corollary 3.4 Let f: A — A be a mapping with f(0) = 0 for which there exist positive
constants 0 and p < 1 such that

H 2f( P+ ) W) — f ) + () —f (D) 02 —z0f() 02"
2" of(z)oz—2""of(@) +f(W) - f(w) H

< O(Ixll” + Iy lP + llzll? + [ w]?) (3.2)

forall x,y,z,w € A and all u € 'JI‘i,O. Then there exists a unique n-Jordan x-derivation D :
A — A such that

270
If ) = D@)|| < o5 I1”
forallx € A.

Proof Letting ¢(x,y,z,w) = 0(||x||? + |[y||? + ||z||” + ||w||”) in Theorem 3.3, we have

|f (%) - D)|| <

276
llll”
2-2r
for all x € A, as desired. 0
Theorem 3.5 Letf : A — A be a mapping for which there exists a function ¢ : A* — [0, 00)

satisfying (3.1) and (2.10). Then there exists a unique n-Jordan *-derivation D : A — A
satisfying (2.11).
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Proof The proof is similar to the proofs of Theorems 2.4 and 3.3. O

Corollary 3.6 Let f : A — A be a mapping with f(0) = 0 for which there exist positive
constants 0 and p > n satisfying (3.2). Then there exists a unique n-Jordan *-derivation
D:A — A such that

£ () - D) < MZ xl?

20 —

forallx € A.

Proof Letting ¢(x,y,z,w) = 0(||x||” + |[y]|” + ||z]|” + [|w||P) in Theorem 3.5, we have

)4

2
|f () - D) | < T

llol1”

for all x € A, as desired. O
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