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Abstract

In this paper, we first introduce the new notion of M T -cyclic contraction and
establish some new existence and convergence theorems of iterates of best
proximity points for M T -cyclic contractions. Some nontrivial examples illustrating
our results are also given.
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1 Introduction and preliminaries

Throughout this paper, we denote by N and R the sets of positive integers and real
numbers, respectively. Let A and B be nonempty subsets of a nonempty set E. A map
S:AUB— AUB s called a cyclic map if S(A) C B and S(B) C A. Let (X, d) be a metric
space and T : AU B — A U B be a cyclic map. For any nonempty subsets A and B of X, let

dist(A, B) = inf{d(x,y) :x € A,y € B}.
A point x € A U Bis called to be a best proximity point for 7" if d(x, Tx) = dist(A, B).

Definition 1.1 ([1]) Let A and B be nonempty subsets of a metric space (X,d). A map
T:AUB — AUBis called a cyclic contraction if the following conditions hold:
(1) T(A) c Band T(B) C 4;
(2) there exists k € (0,1) such that d(Tx, Ty) < kd(x,y) + (1 — k) dist(A,B) forallx € A,
yeB.

Remark 1.1 Let A and B be nonempty closed subsets of a complete metric space (X, d)
and T: AUB — A U B be a cyclic contraction. If A N B # {J, then dist(A,B) =0 and T is a
contraction on the complete metric space (A N B, d). Hence, applying the Banach contrac-

tion principle, we know that 7 has a unique fixed point in A N B.

Recently, under some weaker assumptions over a map 7, the existence, uniqueness and
convergence of iterates to the best proximity point were investigated by several authors;
see [1-6] and references therein. In [1], Eldred and Veeramani first proved the following
interesting best proximity point theorem.
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Theorem EV ([1, Proposition 3.2]) Let A and B be nonempty closed subsets of a complete
metric space X. Let T : AU B — A U B be a cyclic contraction map, x, € A and define
%Xu1 = Txy, n € N. Suppose {xy,_1} has a convergent subsequence in A. Then there exists
x € A such that d(x, Tx) = dist(A, B).

Let f be a real-valued function defined on R. For ¢ € R, we recall that

limsup f (x) —1nf sup f(x)

x—>cC 0<|x c|<e

and

limsupf(x) = 1nf sup f(x).
x—ct 0 0<x—c<e
Definition 1.2 ([7-13]) A function ¢ : [0,00) — [0,1) is said to be an MT -function (or
R-function) if limsup,_, ,+ ¢(s) <1 for all £ € [0, 00).

It is obvious that if ¢ : [0,00) — [0,1) is a nondecreasing function or a nonincreasing
function, then ¢ is an M7 -function. So the set of M T -functions is a rich class.

Very recently, Du [10] first proved some characterizations of M7 -functions.

Theorem D ([10]) Let ¢ : [0,00) — [0,1) be a function. Then the following statements are
equivalent.

(a) @ is an MT -function.

(b) Foreach t € [0,00), there exist ril) €[0,1) and EED > 0 such that ¢(s) < ril)for all

se(tt+ EED).

(c) Foreacht e [0,00), there exist rt €[0,1) and ei )'> 0 such that o(s) <ry )for all
seltt+ EE )],

(d) Foreacht € [0,00), there exist r,f €[0,1) and ef’) > 0 such that ¢(s) < rts)for all
se(tt+ ei?’)]‘

(e) Foreach t € [0,00), there exist r,f € [0,1) and sfn > 0 such that ¢(s) < rt for all
s€E [t,t+8§ 0.

(f) For any nonincreasing sequence {x,}nen in [0,00), we have 0 < sup,, .y ¢(x,) < 1.

(g) @ is a function of contractive factor [8]; that is, for any strictly decreasing sequence

{%}nen in [0,00), we have 0 < sup, . ¢x,) < 1.

Motivated by the concepts of cyclic contractions and M7 -functions, we first introduce
the concept of MT -cyclic contractions.

Definition 1.3 Let A and B be nonempty subsets of a metric space (X,d). If a map T :
A UB — AU B satisfies

(MT1) T(A) CcBand T(B) C 4;
(MT?2) there exists an M7 -function ¢ : [0, 00) — [0,1) such that

d(Tx, Ty) < w(d(x,y))d(x,y) + (1 —go(d(x,y))) dist(A,B) foranyx € Aandye€B,

then T is called an MT -cyclic contraction with respect to ¢ on A U B.
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Remark 1.2 It is obvious that (MT2) implies that T satisfies d(Tx, Ty) < d(,y) for any
x€AandyeB.

The following example gives a map T which is an M7 -cyclic contraction but not a

cyclic contraction.

Example A Let X = {v;,v5,v3,...} be a countable set and {t,} be a strictly increasing con-
vergent sequence of positive real numbers. Denote by 7 := lim,—, o 7,. Then 73 < 7. Let
d:X x X — [0,00) be defined by d(v,,, v,;) = 0 for all n € N and d(vy,, Vi) = d(Vis, Vi) = Ty if
m > n. Then d is a metric on X. Set A = {v1,v3,vs5,...}, B={Vy,V4,Vs,...}. SO AUB = X and
dist(A, B) = ;. Now we defineamap T: AUB — AUB by

def | V25 1f n= 1,
Tv, =
Vo1, ifn>1

for n € N. It is easy to see that T(A) = B and T(B) = A, and so (MT1) holds. Define ¢ :
[0,00) — [0,1) as

) def T’I"l, if t = 7, for some n € Nwithn > 2,
QL) = "
0, otherwise.

Since {t,} is strictly increasing, limsup,_, ,+ ¢(s) = 0 < 1 for all £ € [0,00). Hence ¢ is an
MT -function. Clearly, lim,,—, oo d(Vyy, Vys1) = limy— 00 Tus1 = Too and d(Tvy, Tvp) = 15. For
m,n € Nwithm >nand m > 2, d(1v,,, Tv,,) = T,_1. So lim,,_, oo d(TV,;, TV;,11) = lim,_ o0 T, =
Too. We claim that T is not a cyclic contraction on A U B. Indeed, suppose that 7" is a cyclic
contraction on A U B. Thus there exists k € [0,1) such that

d(Tv,, Tv,1) < kd(Vy, V1) + 1= k) dist(A,B) forall n e N. ()
From (), we get 15, < 73, which is a contradiction. Therefore, T is not a cyclic contraction
on AUB.
Next, we show that T is an MT -cyclic contraction with respect to ¢. To verify (MT2),
we need to observe the following cases:
(i) Since @(d(vq,11)) = (1) = 0, we obtain
‘P(d(Vz, Vl))d(VZ»Vl) + (1 - QD(d(Vz,Vl))) dist(A, B) = 7o = d(Tv1, Tv»);

(ii) For m,n € N with m > n and m > 2, we have

(p(d(Vm Vm))d(vn: Vin) + (1 - (p(d(an Vm))) dist(A, B) = ¢(ty) T + (1 - (p(fm))fz

> Tyt = d(TVv,,, TV,).

From above, we can prove that (MT2) holds. Hence T is an M7 -cyclic contraction with
respect to ¢. Moreover, since d(vy, Tv;) = dist(A, B), v1 € A is a best proximity point for 7.
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In this paper, we establish some new existence and convergence theorems of iterates
of best proximity points for M7 -cyclic contractions. Our results include some known
results in the literature as special cases.

2 Existence and convergence theorems for best proximity points
First, we establish the following convergence theorem for M7 -cyclic contractions, which
is one of the main results in this paper.

Theorem 2.1 Let A and B be nonempty subsets of a metric space (X,d) and T : AU B —
AU B be an MT -cyclic contraction with respect to . Then there exists a sequence {x,},cN
such that lim,,_, o, d(x,, Tx,,) = inf,cn d(x,, Tx,) = dist(A, B).

Proof Letx; € AUBbe given. Define an iterative sequence {x, },cn by %41 = Tx, for n € N.
Clearly, dist(A, B) < d(x,x,.1) for all n € N. If there exists j € N such that x; = x;,; € AN B,
then limy,_, oo d(%x,, %,41) = inf,en d(x,,%,.1) = dist(4,B) = 0. So it suffices to consider the
case x,,41 # x, for all n € N. By Remark 1.2, it is easy to see that the sequence {d(x;,%,+1)}
is nonincreasing in (0, 00). Then

= lim d(x,,%,41) = 1nf d(x,,%,41) > 0. (2.1)

n—00

Since ¢ is an M7 -function, applying Theorem D, we get

0 < sup @ (d(Xn, %us1)) < L.
neN

Let X := sup,,cy @(d (%4, 441)). Then 0 < p(d(x,,, x,11)) <A <1forall m € N. If x; € A, then,
by (MT1), we have x,,_; € A and x5, € B for all n € N. Notice first that (MT2) implies that
d(xy,x3) = d(Txy, Txz)
< @(d(x1,%2))d(x1, %) + (1 - @ (d(x1,%,))) dist(A, B)
< Ad(x1,%,) + dist(A, B)

and

d(xs3,x4) = d(Txy, Tx3)
< @(d(x2,%3))d(%2,%3) + (1 = @(d(x2,%3)) ) dist(4, B)

(
(d(xg,xg)) [Ad x1,%2) + dist(4, B)] (1 - (p(d(xz,xg))) dist(A, B)
(

IA

@
0] d(xg,xg)))»d x1,%2) + dist(4, B)
< A2d(x1,%,) + dist(A, B).

On the other hand, if x; € B, then xy, € A and x,,; € B for all n € N. Applying (MT2)
again, we also have

d(x9,%3) < Ad(x1,%2) + dist(A, B)
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and
d(x3,%4) < 22d(x1,%,) + dist(4, B).
Hence, by induction, one can obtain
dist(A, B) < d(%,11,%42) < M'd(x1,%2) + dist(A,B) forallm e N. (2.2)

Since A € [0,1), lim,_, o A" = 0. Using (2.1) and (2.2), we obtain lim,_, o d(x,,X,41) =
inf,en d(xy,, %,,41) = dist(A, B). The proof is completed. O

Here we give a nontrivial example illustrating Theorem 2.1.

Example B Let X = {v1,v,,v3,...} be a countable set. Define a strictly decreasing sequence

{t.} of positive real numbers by 7, = % + % for all # € N. Then lim,,_, o T, = % Letd: X x
X — [0, 00) be defined by d(v,,v,) = 0 for all » € N and d(v,,, Vi) = AV, Vi) = Ty if m > m.

Then d is a metric on X. Set A = {v,v3,Vs,...} and B = {v5, V4, Vs,...}. SO
. . . . 1
lim d(v,,, Vyy1) = inf d(vy,, V1) = lim 1, = dist(A4,B) = —.
n—00 neN n—00 2

Let T:AUB— AU B be defined by

def
Tv, = vy, fornmeN.

It is easy to see that T(A) = B and T(B) C A and so (MT1) holds. Let x; = v; € A be given.
Define an iterative sequence {x,},en by %441 = Tx, for n € N. So {x,,} and {v,} are identical,
and hence lim,,_, o d(x,, %,41) = inf,eny d (%), %,,41) = dist(A4, B) = % Define ¢ : [0, 00) — [0,1)
as

def b, if ¢t =1, forsomen €N,

@(t)
0, otherwise.

Since limsup,_,,+ ¢(s) = 0 < 1 for all £ € [0,00), ¢ is an MT -function. Now, we verify
(MT2). For m,n € N with m > n, since {1,} is strictly decreasing and Tﬁ—;l <1,

w(d(xn,xm))d(xy,,xm) + (1 - (p(d(x,,,xm))) dist(A, B)

-z n l 1- Tn+l
n+l 2 T,

> Tpe1 = A(Txp, T ),

which prove that (MT2) holds. Hence T is an MT -cyclic contraction with respect to ¢.
Therefore, all the assumptions of Theorem 2.1 are satisfied and the conclusion can follow
from Theorem 2.1.

The following best proximity point theorem can be given immediately from Theo-
rem 2.1.
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Theorem 2.2 Let A and B be nonempty subsets of a metric space (X,d) and T : AUB —
AUB be a cyclic map. Suppose that there exists a nondecreasing (or nonincreasing) function
7 :[0,00) — [0,1) such that

d(Tx, Ty) < t(d(x,y))d(x,y) + (1 -7 (d(x,y))) dist(A,B) foranyx e A andy € B.

Then there exists a sequence {x,},en such that lim,_, o d(x,, Tx,) = inf,en d(x,, Tx,) =
dist(A, B).

Corollary 2.1 ([1]) Let A and B be nonempty subsets of a metric space (X,d) and T :
AUB — AU B be a cyclic contraction. Then there exists a sequence {x,},cn such that
lim,,_, o0 d(x,,, Tx,,) = inf,cn d(x,, Tx,;) = dist(A, B).

Here, we give an existence theorem for best proximity points.

Theorem 2.3 Let A and B be nonempty subsets of a metric space (X,d) and T :AUB —
AUB bea cyclic map. Let x, € A be given. Define an iterative sequence {x,}nen by %41 = Txy,
for n e N. Suppose that
(i) d(Ix, Ty) < d(x,y) for any x € A and y € B;
(ii) {x24-1} has a convergent subsequence in A;
(iii) 1im,,_, o0 d(x,;, %,,41) = dist(A, B).
Then there exists v € A such that d(v, Tv) = dist(4, B).

Proof Since T is a cyclic map and x; € A, x,1 € A and x,,, € B for all n € N. By (ii), {x2,-1}
has a convergent subsequence {xy,,—1} and x5,,_1 — v as k — oo for some v € A. Since

dlSt(ArB) = d(V, xz”k) = d(V) xZVlk—l) + d(x2nk—11x2nk) fOI' all k € N,

it follows from lim,,_, o d(V,%2,,-1) = 0 and the condition (iii) that lim,,_, o d(v,%2,,) =
dist(A, B). By (i), we have

dist(4, B) < d(Tv, %2n+1) < d(V,%2,,) forallk €N,
which implies d(v, Tv) = dist(A, B). O

Applying Theorems 2.1 and 2.3, we establish the following new best proximity point
theorem for MT -cyclic contractions.

Theorem 2.4 Let A and B be nonempty subsets of a metric space (X,d) and T :AUB —
AUB be an MT -cyclic contraction with respect to ¢. Let x; € A be given. Define an iterative
sequence {x,}yen by X441 = Txy, for n € N. Suppose that {x,,_1} has a convergent subsequence
in A, then there exists v € A such that d(v, Tv) = dist(4, B).

Remark 2.1 ([1, Proposition 3.2]) (i.e. Theorem EV) is a special case of Theorem 2.4.
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