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1 Introduction
Let Rd (d = m or n), d ≥ , be the d-dimensional Euclidean space and Sd– be the unit
sphere in Rd equipped with the induced Lebesgue measure dσd . Let αd,,αd,, . . . ,αd,d be
fixed real numbers, αd,j ≥  (j = , . . . ,d). Define the function F : Rd × (,∞) –→ R by
F(x,ρd) =

∑d
j= xj ρ

–αd,j
d , x = (x,x, . . . ,xd). It is clear that for each fixed x ∈ Rd , the func-

tion F(x,ρd) is a decreasing function in ρd > . We let ρd(x) denote the unique solution
of the equation F(x,ρd) = . Fabes and Riviére [] showed that (Rd,ρd) is a metric space,
which is often called themixed homogeneity space related to {αd,j}dj=. For λ > , we letAd,λ

be the diagonal d × d matrix Ad,λ = diag{λαd, , . . . ,λαd,d }. Let φ : R+ –→ (,∞), we denote
Ad,φ(ρd(y))y

′ by Aφ

d (y) for y ∈Rd , where y′ = Ad,ρd(y)–y ∈ Sd–.
Let βd =max≤j≤d αd,j, γd =min≤j≤d αd,j. It is easy to check that

ρd(x)γd < |x| < ρd(x)βd , if ρd(x) > ;

ρd(x)βd < |x| < ρd(x)γd , if ρd(x) < ;

ρd(x) = |x|, if ρd(x) = .

The change of variables related to the spaces (Rd,ρd) is given by the transformation

x = ρ
αd,
d cos θ · · · cos θn– cos θn–,

x = ρ
αd,
d cos θ · · · cos θn– sin θn–,

· · · ,
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xd– = ρ
αd,d–
d cos θ sin θ,

xd = ρ
αd,d
d sin θ.

Thus dx = ρ
αd–
d Jd(x′)dρd dσd(x′), where ρ

αd–
d Jd(x′) is the Jacobian of the above trans-

form and αd =
∑d

j= αd,j, Jd(x′) =
∑d

j= αd,j(x′
j). Obviously, Jd(x′) ∈ C∞(Sd–) and there exists

Md >  such that

 ≤ Jd
(
x′) ≤ Md, ∀x′ ∈ Sd–.

Let 
 ∈ L(Sd–) and satisfy the following conditions:


(Ad,λx) = 
(x), ∀λ >  and x 	= ,∫
Sd–



(
y′)Jd(y′)dσd

(
y′) = .

Define the parabolic singular integral operator T by

Tf (x) := p.v.
∫
Rd


(y′)
ρd(y)αd

f (x – y)dy. (.)

As is well known, a singular integral operator of the type (.) originally arose from the
study on the existence and regularity results of the heat equation and the more gen-
eral parabolic differential operator with constant coefficients. In , Fabes and Riviére
[] showed that T is bounded on Lp(Rd) for  < p < ∞ if 
 ∈ C(Sd–). Subsequently,
Nagel, Riviére and Wainger [] weakened the regularity condition on 
 to the case

 ∈ L log+ L(Sd–). Recently, Chen, Ding and Fan [] extended further the condition to
the case 
 ∈H(Sd–).
In this paper, wewill continue the research along this line.Wewill focus our attention on

the multiple singular integrals with mixed homogeneity. Assume that 
 ∈ L(Sm– × Sn–)
and satisfies the following conditions:


(Am,sx,An,ty) = 
(x, y), ∀s, t > , (x, y) ∈ Rm ×Rn, (.)∫
Sm–



(
u′, ·)Jm(

u′)dσm
(
u′) = ∫

Sn–



(·, v′)Jn(v′)dσn
(
v′) = . (.)

We consider the multiple singular integral with mixed homogeneity defined by

T
(f )(x, y) := p.v.
∫∫

Rm×Rn


(u′, v′)
ρm(u)αmρn(v)αn

f (x – u, y – v)dudv. (.)

In , Chen and Le [] showed that if 
 ∈ L(log+ L)(Sm– × Sn–), then T
 is bounded
on Lp(Rm × Rn) for  < p < ∞. On the other hand, in the special case αm,i = αn,j = 
(i = , , . . . ,m; j = , , . . . ,n), T
 is the classical multiple singular integral, which is studied
extensively by many authors (see [, , , , , , , , ] for examples). In par-
ticular, Ying [] (also see [] for a more general case) proved that T
 is bounded on
Lp(Rm × Rn) for β/(β – ) < p < β and β >  provided that 
 satisfies the following
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condition:

sup
(ξ ′ ,η′)∈Sm–×Sn–

∫∫
Sm–×Sn–

∣∣
(
u′, v′)∣∣{G(

ξ ′,η′;u′, v′)}β dσm
(
u′)dσn

(
v′) < ∞, (.)

where

G
(
ξ ′,η′;u′, v′) = log


|ξ ′ · u′| + log


|η′ · v′| + log


|ξ ′ · u′| · log 

|η′ · v′| .

It should be pointed out that the condition (.) for one parameter case was originally
defined in Walsh’s paper [] and developed by Grafakos and Stefanov []. For the sake
of simplicity, we denote that for β > ,

Fβ

(
Sm– × Sn–

)
=

{

 ∈ L

(
Sm– × Sn–

)
:
 satisfies (.)

}
.

Employing the ideas in [], one easily verifies that for β > β > , Fβ (Sm– × Sn–) �
Fβ (Sm– × Sn–) and

⋂
β>

Fβ

(
Sm– × Sn–

)
� L

(
log+ L

)(Sm– × Sn–
)
� L log+ L

(
Sm– × Sn–

)
�

⋃
β>

Fβ

(
Sm– × Sn–

)
. (.)

Based on the above, a natural question is as follows.

Question . For the general case αm,i ≥  (i = , . . . ,m) and αn,j ≥  (j = , . . . ,n), is T


bounded on Lp(Rm ×Rn) under the condition (.) for some β > ?

One of themain purposes of this paper is to give a positive answer to the above question.
The method we use allows us to treat a family of operators broader than those given by
(.). To be precise, for suitable functions ϕ,ψ : R+ –→ (,∞) and two real polynomial
PNi on R with PNi () =  and PNi (t) >  for t 	= , where Ni is the degree of PNi (i = , ), we
define the multiple singular integral operator TP


 along surfaces S(PN (ϕ),PN (ψ)) by

TP

(f )(x, y)

= p.v.
∫∫

Rm×Rn


(u′, v′)
ρm(u)αmρn(v)αn

f
(
x –A

PN (ϕ)
m (u), y –A

PN (ψ)
n (v)

)
dudv, (.)

where

S
(
PN (ϕ),PN (ψ)

)
:=

{(
A
PN (ϕ)
m (u),A

PN (ψ)
n (v)

)
: (u, v) ∈Rm ×Rn}.

Obviously, T
 is the special case of TP

 for PNi (s) = ϕ(s) = ψ(s) = s (i = , ). Also, in the

special case αm,i = αn,j =  (i = , . . . ,m; j = , . . . ,n),

S
(
PN (ϕ),PN (ψ)

)
=

{(
PN

(
ϕ
(|u|))u′,PN

(
ψ

(|v|))v′) : (u, v) ∈Rm ×Rn}. (.)

http://www.journalofinequalitiesandapplications.com/content/2012/1/189
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Moreover, for the special case ϕ(s) = ψ(s) = s and αm,i = αn,j =  (i = , . . . ,m; j = , . . . ,n),

S
(
PN (ϕ),PN (ψ)

)
=

{(
PN

(|u|)u′,PN

(|v|)v′) : (u, v) ∈Rm ×Rn}.
Wu and Yang [] proved that if 
 ∈ Fβ (Sm– × Sn–) with β > , then TP


 is bounded on
Lp(Rm × Rn) for β/(β – ) < p < β . In this paper, we will extend the result above as
follows.

Theorem . Let PN and PN be two real polynomials onR with PNi () =  and PNi (t) > 
for t 	= , whereNi is the degree of PNi (i = , ), and letϕ,ψ ∈ F, whereF is the set of functions
φ satisfying the following properties:

(i) φ :R+ –→ (,∞) is continuous strictly increasing and φ ∈ C((,∞)) satisfying that
φ′ is monotonous;

(ii) there exist constants Cφ , cφ >  such that tφ′(t) ≥ Cφφ(t) and φ(t) ≤ cφφ(t) for all
t > .

Suppose that 
 satisfies (.)-(.) and 
 ∈ Fβ (Sm– × Sn–) for some β > . Then TP



defined as in (.) is bounded on Lp(Rm ×Rn) for β/(β – ) < p < β . The bound is inde-
pendent of the coefficients of PNi (i = , ), but depends on ϕ, ψ , N, N, m, n and β .

Remark . For any φ ∈ F, there exists a constant Bφ >  such that φ(r) ≥ Bφφ(r) for all
r > . To see this, by the mean-valued theorem, for any r > , there exists s ∈ (r, r) such
that φ(r) – φ(r) = rφ′(s). The properties (i) and (ii) of φ imply that

φ(r) – φ(r) = rφ(s) ≥ rCφ

φ(s)
s

≥ Cφ


φ(r).

Taking Bφ =  +Cφ/, this is the desired constant.

Remark . We remark that the model examples for functions φ ∈ F are tα (α > ),
t ln( + t), t ln ln(e + t) and real-valued polynomials P on R with positive coefficients and
P() =  (see []). Theorem . extends the result of [], which is the multiple-parameter
generalization of the result in [, ], to the mixed homogeneity setting, even in the spe-
cial case ϕ(s) = ψ(s) = s. Also, by (.), Theorem . is distinct from the result of [], even
in the special case PN (s) = PN (s) = ϕ(s) = ψ(s) = s.

On the other hand, we also consider the multiple Marcinkiewicz integral operatorMP



along the surfaces S(PN (ϕ),PN (ψ)) defined by

MP

(f )(x, y) =

(∫ ∞



∫ ∞



∣∣FPN (ϕ),PN (ψ)
s,t (x, y)

∣∣ dsdt
st

)/

, (.)

where

F
PN (ϕ),PN (ψ)
s,t (x, y) =

∫∫
�(s,t)


(u, v)
ρm(u)αm–ρn(v)αn–

f
(
x –A

PN (ϕ)
m (u), y –A

PN (ψ)
n (v)

)
dudv,

and �(s, t) = {(u, v) ∈ Rm ×Rn : ρm(u) ≤ s,ρn(v)≤ t}.
When PN (s) = PN (s) = ϕ(s) = ψ(s) = s, αm,i = αn,j =  (i = , . . . ,m; j = , . . . ,n), we denote

MP

 by M
, which is the classical Marcinkiewicz integral on the product domains and

http://www.journalofinequalitiesandapplications.com/content/2012/1/189


Liu and Wu Journal of Inequalities and Applications 2012, 2012:189 Page 5 of 23
http://www.journalofinequalitiesandapplications.com/content/2012/1/189

is studied extensively by many authors (see [, , , , , , –] et al.). In particular,
Al-Qassem, Al-Salman, Cheng and Pan [] showed that if 
 ∈ L log+ L(Sm– × Sn–), then
M
 is bounded on Lp(Rm × Rn) for  < p < ∞; Hu, Lu and Yan [] (also see [, ])
proved that if 
 ∈ Fβ (Sm– × Sn–) for β > /, then M
 is bounded on Lp(Rm × Rn) for
+/(β) < p < +β . For the general operatorMP


, when PNi (t) = t (i = , ) and ϕ,ψ ∈ F,
Al-Salman [] showed that MP


 is bounded on Lp(Rm × Rn) for  < p < ∞ provided that

 ∈ L log+ L(Sm– × Sn–).
A natural question which arises from the above is the following:

Question . Under the condition (.) with β > /, isMP

 also bounded on Lp(Rm×Rn)

for  + /(β) < p <  + β?

This question will be addressed by our next theorem.

Theorem . Let PNi (i = , ), ϕ, ψ be as in Theorem .. Suppose 
 ∈Fβ (Sm– × Sn–) for
some β > / and satisfies (.)-(.). ThenMP


 defined as (.) is bounded on Lp(Rm ×Rn)
for  + /(β) < p <  + β . The bound is independent of the coefficients of PNi (i = , ) but
depends on ϕ, ψ , N, N, m, n and β .

Remark . Theorem . extends the result of [] to the mixed homogeneity setting,
even for the special case PN (s) = PN (s) = ϕ(s) = ψ(s) = s. And by (.), Theorem . is
distinct from the result of [], even in the special case PN (s) = PN (s) = s.

The rest of this paper is organized as follows. After recalling some notation and estab-
lishing some preliminary lemmas, we will prove Theorem . in Section . And the proof
of Theorem . will be given in Section . We remark that our some ideas in the proofs
of our main results are taken from [, , , ], but our methods and technique are more
delicate and complex than those used in [, , , ].
Throughout this paper, the letter C or c, sometimes with additional parameters, will

stand for positive constants, not necessarily the same at each occurrence but independent
of the essential variables.

2 Onmultiple singular integrals
Let us begin with some notations and lemmas. For given positive polynomials PN (t) =∑N

i= βiti, PN (t) =
∑N

i= γiti and two smooth functions ϕ,ψ ∈ F, we set

Pl
(t) =

(
PN (t)

)αm,l :=
Nαm,l∑
i=

ai,lti for l ∈ {, , . . . ,m};

Pk
(t) =

(
PN (t)

)αn,k :=
Nαn,k∑
j=

bj,ktj for k ∈ {, , . . . ,n}.

Then for x, ξ ∈Rm; y,η ∈ Rn,

A
PN (ϕ)
m (x) · ξ =

m∑
l=

PN

(
ϕ
(
ρm(x)

))αm,l x′
l · ξl =

m∑
�=

Nαm,l∑
i=

ai,lϕ
(
ρm(x)

)ix′
l · ξl,

http://www.journalofinequalitiesandapplications.com/content/2012/1/189
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A
PN (ψ)
n (y) · η =

n∑
k=

PN

(
ψ

(
ρn(y)

))αn,k y′
k · ηk =

n∑
k=

Nαn,k∑
j=

bj,kψ
(
ρn(y)

)jy′
k · ηk .

We denote N := max{Nαm,l :  ≤ l ≤ m}, N := max{Nαn,k :  ≤ k ≤ n} and set ai,l = 
whenever i >Nαm,l ; bj,k =  whenever j >Nαn,k . So we can write

A
PN (ϕ)
m (x) · ξ =

m∑
�=

Nαm,l∑
i=

ai,lϕ
(
ρm(x)

)ix′
l · ξl =

N∑
i=

(
Li(ξ ) · x′)ϕ(

ρm(x)
)i,

where Li(ξ ) = (ai,ξ,ai,ξ, . . . ,ai,mξm). Similarly,

A
PN (ψ)
n (y) · η =

N∑
j=

(
Ij(η) · y′)ψ(

ρn(y)
)j,

where Ij(η) = (bj,η,bj,η, . . . ,bj,nηn). For μ ∈ {, , . . . ,N}, ν ∈ {, , . . . ,N}, we set

Qμ(x) =

(
μ∑
i=

ai,x′
ϕ

(
ρm(x)

)i, . . . , μ∑
i=

ai,mx′
mϕ

(
ρm(x)

)i),
Rν(y) =

(
ν∑
j=

bj,y′
ψ

(
ρn(y)

)j, . . . , ν∑
j=

bj,ny′
nψ

(
ρn(y)

)j).
Here we use the convention

∑
i∈∅ ai = . Hence,

Qμ(x) · ξ =
μ∑
i=

(
Li(ξ ) · x′)ϕ(

ρm(x)
)i, ≤ μ ≤N;

Rν(y) · η =
ν∑
j=

(
Ij(η) · y′)ψ(

ρn(y)
)j,  ≤ ν ≤N.

For any κ ,� ∈ Z and μ ∈ {, , . . . ,N}, ν ∈ {, , . . . ,N}, we define the measures {σκ ,�;μ,ν}
and {|σκ ,�;μ,ν |} as follows.

σ̂κ ,�;μ,ν(ξ ,η) =
∫∫

�κ ,�


(x, y)
ρm(x)αmρn(y)αn

exp
(
–i

(
Qμ(x) · ξ + Rν(y) · η

))
dxdy, (.)

̂|σκ ,�;μ,ν |(ξ ,η) =
∫∫

�κ ,�

|
(x, y)|
ρm(x)αmρn(y)αn

exp
(
–i

(
Qμ(x) · ξ + Rν(y) · η

))
dxdy, (.)

where �κ ,� = {(x, y) ∈ Rm ×Rn : κ– ≤ ρm(x) < κ , �– ≤ ρn(y) < �}. By (.) and Q(x) =
(, , . . . , ) ∈ Rm, R(y) = (, , . . . , ) ∈ Rn, for μ ∈ {, , . . . ,N} and ν ∈ {, , . . . ,N} we
have

σ̂κ ,�;,ν(ξ ,η) = σ̂κ ,�;μ,(ξ ,η) = . (.)

Then it is easy to see that

TP

(f )(x, y) =

∑
κ ,�∈Z

σκ ,�;N,N ∗ f (x, y). (.)

http://www.journalofinequalitiesandapplications.com/content/2012/1/189
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Lemma . (cf. [, pp.-]) Let P be a polynomial mapping R+ –→ Rd, where
P(t) = (P(t),P(t), . . . ,Pd(t)) and Pi is a real polynomial defined on R+ (i = , . . . ,d). Then
the maximal function MP (f )(x) defined by

MP (f )(x) = sup
r>


r

∣∣∣∣∫|t|≤r
f
(
x –P(t)

)
dt

∣∣∣∣
is bounded on Lp(Rd) for  < p < ∞. The bound is independent of the coefficients of Pi (i =
, . . . ,d) and f .

Lemma . Let P be a polynomial mapping R+ –→ Rd, where P(t) = (P(t),P(t),
. . . ,Pd(t)) and Pi is a real polynomial defined on R+ (i = , . . . ,d). Suppose that φ ∈ F. Then
the operator Mφ defined by

MP(φ)(f )(x) = sup
r>

∫ r

r

∣∣f (x –P
(
φ(t)

))∣∣dt
t

is bounded on Lp(Rd) for  < p < ∞. The bound is independent of the coefficients of Pi (i =
, . . . ,d) and f , but depends on φ.

Proof For any r > , by the change of variable, it can be easily seen that

∫ r

r

∣∣f (x –P
(
φ(t)

))∣∣dt
t

=
∫ φ(r)

φ(r)

∣∣f (x –P(s)
)∣∣ ds

φ′(φ–(s))φ–(s)

≤ 
Cφ

∫ φ(r)

φ(r)

∣∣f (x –P(s)
)∣∣ds

s
≤ 

Cφφ(r)

∫ φ(r)

φ(r)

∣∣f (x –P(s)
)∣∣ds

≤ φ(r)
Cφφ(r)


φ(r)

∫ φ(r)



∣∣f (x –P(s)
)∣∣ds≤ cφ

Cφ

MP
(|f |)(x).

This implies that MP(φ)(f )(x) ≤ C(φ)MP (|f |)(x). Then Lemma . follows from Lem-
ma .. �

Lemma . Let ϕ,ψ ∈ F. Suppose that 
 ∈ L(Sm– × Sn–) and satisfies (.)-(.). Then,
for μ ∈ {, , . . . ,N}, ν ∈ {, , . . . ,N}, the maximal operator defined by

σ *
μ,ν(f )(x, y) = sup

κ ,�∈Z

∣∣|σκ ,�;μ,ν | ∗ f (x, y)
∣∣

is bounded on Lp(Rm × Rn) for  < p < ∞. The bound is independent of the coefficients of
PNi (i = , ) and f , but depends on ϕ, ψ , N, N, m, n.

Proof By the definition of |σκ ,�;μ,ν |, we have
∣∣|σκ ,�;μ,ν | ∗ f (ξ ,η)

∣∣
=

∣∣∣∣∫∫
�κ ,�

|
(u, v)|
ρm(u)αmρn(v)αn

f
(
x –Qμ(u), y – Rν(v)

)
dudv

∣∣∣∣

http://www.journalofinequalitiesandapplications.com/content/2012/1/189
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≤ C
∫∫

Sm–×Sn–

∫ κ

κ–

∫ �

�–

|f (x –Qμ(Am,ρmu′), y – Rν(An,ρnv′))|
ρmρn

dρm dρn

× ∣∣
(
u′, v′)∣∣dσm

(
u′)dσn

(
v′)

≤ C
∫∫

Sm–×Sn–

∣∣
(
u′, v′)∣∣MQμ ,Rν ;u′ ,v′ (f )(x, y)dσm

(
u′)dσn

(
v′),

where

MQμ ,Rν ;u′ ,v′ (f )(x, y) := sup
s,t>


st

∫ s

s

∫ t

t

∣∣f (x –Qμ

(
Am,ru′), y – Rν

(
An,hv′))∣∣dr dh.

By Lemma ., using iterated integration, it is easy to see that

∥∥MQμ ,Rν ;u′ ,v′ (f )
∥∥
p ≤ C‖f ‖p for  < p < ∞,

where C is independent of u′, v′. Thus

∥∥σ *
μ,ν(f )

∥∥
p ≤ C

∫∫
Sm–×Sn–

∣∣
(
u′, v′)∣∣∥∥MQμ ,Rν ;u′ ,v′ (f )

∥∥
p dσm

(
u′)dσn

(
v′) ≤ C‖f ‖p,

which completes the proof of Lemma .. �

Lemma . (cf. [, p., Corollary]) Let �(t) = tα + μtα + · · · + μntαn and � ∈
C([a,b]), where μ, . . . ,μn are real parameters, and α, . . . ,αn are distinct positive (not
necessarily integer) exponents. Then

∣∣∣∣∫ b

a
exp

(
iλ�(t)

)
�(t)dt

∣∣∣∣ ≤ Cλ–ε

{
sup
a≤t≤b

∣∣�(t)
∣∣ + ∫ b

a

∣∣� ′(t)
∣∣dt},

with ε =min{/α, /n} and C does not depend on μ, . . . ,μm as long as  ≤ a < b ≤ .

Lemma . Suppose that ϕ,ψ ∈ F. Then for any μ ∈ {, , . . . ,N} and ν ∈ {, , . . . ,N},
there exist ε = /μ and ε = /ν such that for any r > ∫ r

r/
exp

(
–iQμ

(
Am,ρmx

′) · ξ)dρm

ρm
≤ C(ϕ)

∣∣ϕ(r)μLμ(ξ ) · x′∣∣–ε ;∫ r

r/
exp

(
–iRν

(
An,ρny

′) · η)dρn

ρn
≤ C(ψ)

∣∣ψ(r)νIν(η) · y′∣∣–ε .

The constant C(ϕ) is independent of the coefficients of PN but depends on ϕ; and C(ψ) is
independent of the coefficients of PN but depends on ψ .

Proof We only prove the first inequality, since a similar argument can get the second in-
equality. By the change of variables, we have∫ r

r/
exp

(
–iQμ

(
Am,ρmx

′) · ξ)dρm

ρm

=
∫ r

r/
exp

(
–i

μ∑
j=

(
Lj(ξ ) · x′)ϕ(ρm)j

)
dρm

ρm

http://www.journalofinequalitiesandapplications.com/content/2012/1/189
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=
∫ ϕ(r)

ϕ(r/)
exp

(
–i

μ∑
j=

(
Lj(ξ ) · x′)tj) dt

ϕ–(t)ϕ′(ϕ–(t))

= ϕ(r)
∫ 

ς

exp

(
–i

μ∑
j=

(
Lj(ξ ) · x′)ϕ(r)jtj)φ(t)gr,ϕ(t)dt,

where ς = ϕ(r/)/ϕ(r), φ(t) = (ϕ–(ϕ(r)t))–, gr,ϕ(t) = (ϕ′(ϕ–(ϕ(r)t)))–. Let

I(t) =
∫ t

ς

exp

(
–i

μ∑
j=

(
Lj(ξ ) · x′)ϕ(r)jsj)φ(s)ds, ς ≤ t ≤ .

By Lemma ., there exists ε = /μ such that

∣∣I(t)∣∣ ≤ C
∣∣ϕ(r)μLμ(ξ ) · x′∣∣–ε

(
sup
s∈[ς ,t]

∣∣φ(s)∣∣ + ∫ t

ς

∣∣φ′(s)
∣∣ds)

≤ C
∣∣ϕ(r)μLμ(ξ ) · x′∣∣–ε (/r + /r)

≤ C
r

∣∣ϕ(r)μLμ(ξ ) · x′∣∣–ε .

Thus by integration by parts and the fact that ϕ′ is monotonous, we have

∣∣∣∣∫ r

r/
exp

(
–iQμ

(
Am,ρmx

′) · ξ)dρm

ρm

∣∣∣∣
=

∣∣∣∣ϕ(r)∫ 

ς

gr,ϕ(t)dI(t)
∣∣∣∣

≤ ϕ(r)
(∣∣I()gr,ϕ()∣∣ + ∫ 

ς

∣∣I(t)∣∣∣∣g ′
r,ϕ(t)

∣∣dt)
≤ ϕ(r)/r

∣∣ϕ(r)μLμ(ξ ) · x′∣∣–ε{(
ϕ′(r)

)– + (
ϕ′(r/)

)–}.
Using tϕ′(t) ≥ Cϕϕ(t), we get

∫ r

r/
exp

(
–iQμ

(
Am,ρmx

′) · ξ)dρm

ρm
≤ c

Cϕ

( + cϕ)
∣∣ϕ(r)μLμ(ξ ) · x′∣∣–ε

≤ C(ϕ)
∣∣ϕ(r)μLμ(ξ ) · x′∣∣–ε .

This proves Lemma .. �

Lemma . Let ϕ,ψ ∈ F. Suppose that 
 ∈ Fβ (Sm– × Sn–) for some β >  and satisfies
(.)-(.). Then for μ ∈ {, , . . . ,N} and ν ∈ {, , . . . ,N}, there exists a constant C > 
such that

(i) if |ψ(�)νIν(η)| > , then

∣∣σ̂κ ,�;μ,ν(ξ ,η) – ̂σκ ,�;μ–,ν(ξ ,η)
∣∣

≤ C
∣∣ϕ(

κ
)μLμ(ξ )

∣∣min
{
,

(
log

∣∣ψ(
�

)νIν(η)
∣∣)–β}

; (.)

http://www.journalofinequalitiesandapplications.com/content/2012/1/189
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(ii) if |ϕ(κ )μLμ(ξ )| > , then

∣∣σ̂κ ,�;μ,ν(ξ ,η) – ̂σκ ,�;μ,ν–(ξ ,η)
∣∣

≤ C
∣∣ψ(

�
)νIν(η)

∣∣min
{
,

(
log

∣∣ϕ(
κ

)μLμ(ξ )
∣∣)–β}

; (.)

(iii) if |ϕ(κ )μLμ(ξ )| >  and |ψ(�)νIν(η)| > , then

∣∣σ̂κ ,�;μ,ν(ξ ,η)
∣∣ ≤ Cmin

{
,

(
log

∣∣ϕ(
κ

)μLμ(ξ )
∣∣)–β ,

(
log

∣∣ψ(
�

)νIν(η)
∣∣)–β}

; (.)∣∣σ̂κ ,�;μ,ν(ξ ,η)
∣∣ ≤ Cmin

{
,

(
log

∣∣ϕ(
κ

)μLμ(ξ )
∣∣)–β(

log
∣∣ψ(

�
)νIν(η)

∣∣)–β}
; (.)

(iv)

∣∣σ̂κ ,�;μ,ν(ξ ,η) – ̂σκ ,�;μ–,ν(ξ ,η) – ̂σκ ,�;μ,ν–(ξ ,η) + ̂σκ ,�;μ–,ν–(ξ ,η)
∣∣

≤ Cmin
{
,

∣∣ϕ(
κ

)μLμ(ξ )
∣∣, ∣∣ψ(

�
)νIν(η)

∣∣,∣∣ϕ(
κ

)μLμ(ξ )
∣∣∣∣ψ(

�
)νIν(η)

∣∣}. (.)

The constant C is independent of the coefficients of PN and PN .

Proof Let

Hκ ,μ
(
x′, ξ

)
=

∫ κ

κ–
exp

(
–iQμ

(
Am,ρmx

′) · ξ)dρm

ρm
;

J�,ν
(
y′,η

)
=

∫ �

�–
exp

(
–iRν

(
An,ρny

′) · η)dρn

ρn
.

By Lemma ., there exist ε, ε ∈ (, ] such that

∣∣Hκ ,μ
(
x′, ξ

)∣∣ ≤ Cmin
{
,

∣∣ϕ(
κ

)μLμ(ξ ) · x′∣∣–ε};∣∣J�,ν(y′,η
)∣∣ ≤ Cmin

{
,

∣∣ψ(
�

)νIν(η) · y′∣∣–ε}.
When |ϕ(κ )μLμ(ξ )| > , since t/(log t)β is increasing in (eβ ,∞), we have

∣∣Hκ ,μ
(
x′, ξ

)∣∣ ≤ C
(log eβ |(ϕ(κ )μLμ(ξ ))′ · x′|–ε )β

(log |ϕ(κ )μLμ(ξ )|)β .

Then

∣∣Hκ ,μ
(
x′, ξ

)∣∣ ≤ Cmin

{
,
(log eβ |(ϕ(κ )μLμ(ξ ))′ · x′|–ε )β

(log |ϕ(κ )μLμ(ξ )|)β
}
. (.)

Similarly, when |ψ(�)νIν(η)| > ,

∣∣J�,ν(y′,η
)∣∣ ≤ Cmin

{
,
(log eβ |(ψ(�)νIν(η))′ · y′|–ε )β

(log |ψ(�)νIν(η)|)β
}
. (.)

http://www.journalofinequalitiesandapplications.com/content/2012/1/189
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By the definition of σκ ,�;μ,ν , we have

∣∣σ̂κ ,�;μ,ν(ξ ,η) – ̂σκ ,�;μ–,ν(ξ ,η)
∣∣

≤ C
∫∫

Sm–×Sn–

∫ 

/

∣∣exp(–iQμ

(
Am,κρmx

′) · ξ)
– exp

(
–iQμ–

(
Am,κρmx

′) · ξ)∣∣dρm

ρm

× ∣∣J�,ν(y′,η
)∣∣∣∣
(

x′, y′)∣∣dσm
(
x′)dσn

(
y′)

≤ C
∫∫

Sm–×Sn–

∣∣J�,ν(y′,η
)∣∣∣∣ϕ(

κ
)μLμ(ξ )

∣∣∣∣
(
x′, y′)∣∣dσm

(
x′)dσn

(
y′).

Combining (.) with the fact 
 ∈ Fβ (Sm– × Sn–), we obtain (.). Similarly, we can
conclude (.). To prove (.) and (.), we write

∣∣σ̂κ ,�;μ,ν(ξ ,η)
∣∣ ≤ C

∫∫
Sm–×Sn–

∣∣
(
x′, y′)∣∣∣∣Hκ ,μ

(
x′, ξ

)∣∣∣∣J�,ν(y′,η
)∣∣dσm

(
x′)dσn

(
y′).

Then (.) and (.) follow from (.)-(.) with the fact 
 ∈ Fβ (Sm– × Sn–). Finally,
(.) follows from the inequality

∣∣σ̂κ ,�;μ,ν(ξ ,η) – ̂σκ ,�;μ–,ν(ξ ,η) – ̂σκ ,�;μ,ν–(ξ ,η) + ̂σκ ,�;μ–,ν–(ξ ,η)
∣∣

≤ C
∫∫

Sm–×Sn–

∣∣
(
x′, y′)∣∣

×
∣∣∣∣∫ 

/

∫ 

/
exp

(
–i

(
Qμ–

(
Am,κρmx

′) · ξ + Rν–
(
An,�ρny

′) · η))
× (

exp
(
–iϕ

(
κρm

)μLμ(ξ ) · x′) – 
)

× (
exp

(
–iψ

(
�ρn

)νIν(η) · y′) – 
)dρm

ρm

dρn

ρn

∣∣∣∣dσm
(
x′)dσn

(
y′).

This completes the proof of Lemma .. �

Nowwe take two radial Schwartz functions φ ∈ S(Rm) and φ ∈ S(Rn) such that φi(t) ≡
 for |t| ≤  and φi(t) ≡  for |t| >min{Bϕ ,Bψ } (i = , ), where Bϕ , Bψ are as in Remark ..
Define the measures {ωκ ,�;μ,ν} by

ω̂κ ,�;μ,ν(ξ ,η) = σ̂κ ,�;μ,ν(ξ ,η)
N∏

i=μ+

φ
(
ϕ
(
κ

)iLi(ξ )) N∏
j=ν+

φ
(
ψ

(
�

)jIj(η))

– ̂σκ ,�;μ–,ν(ξ ,η)
N∏
i=μ

φ
(
ϕ
(
κ

)iLi(ξ )) N∏
j=ν+

φ
(
ψ

(
�

)jIj(η))

– ̂σκ ,�;μ,ν–(ξ ,η)
N∏

i=μ+

φ
(
ϕ
(
κ

)iLi(ξ )) N∏
j=ν

φ
(
ψ

(
�

)jIj(η))

+ ̂σκ ,�;μ–,ν–(ξ ,η)
N∏
i=μ

φ
(
ϕ
(
κ

)iLi(ξ )) N∏
j=ν

φ
(
ψ

(
�

)jIj(η))
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for κ ,� ∈ Z, μ ∈ {, , . . . ,N} and ν ∈ {, , . . . ,N}, where we use the convention∏
j∈∅ aj = . By (.), it is easy to see that

σκ ,�;N,N =
N∑
μ=

N∑
ν=

ωκ ,�;μ,ν . (.)

Lemma . Let 
, ϕ, ψ be as in Lemma .. For μ ∈ {, , . . . ,N} and ν ∈ {, , . . . ,N},
κ ,� ∈ Z, we have

(i)

∣∣ω̂κ ,�;μ,ν(ξ ,η)
∣∣ ≤ C

∣∣ϕ(
κ

)μLμ(ξ )
∣∣∣∣ψ(

�
)νIν(η)

∣∣; (.)

(ii) if |ϕ(κ )μLμ(ξ )| > Bϕ , then

∣∣ω̂κ ,�;μ,ν(ξ ,η)
∣∣ ≤ C

(
log

∣∣ϕ(
κ

)μLμ(ξ )
∣∣)–β ∣∣ψ(

�
)νIν(η)

∣∣; (.)

(iii) if |ψ(�)νIν(η)| > Bψ , then

∣∣ω̂κ ,�;μ,ν(ξ ,η)
∣∣ ≤ C

∣∣ϕ(
κ

)μLμ(ξ )
∣∣(log∣∣ψ(

�
)νIν(η)

∣∣)–β ; (.)

(iv) if |ϕ(κ )μLμ(ξ )| > Bϕ and |ψ(�)νIν(η)| > Bψ , then

∣∣ω̂κ ,�;μ,ν(ξ ,η)
∣∣ ≤ C

(
log

∣∣ϕ(
κ

)μLμ(ξ )
∣∣)–β(

log
∣∣ψ(

�
)νIν(η)

∣∣)–β . (.)

Here and below, Bφ (φ = ϕ or ψ ) is as in Remark ., the constant C is independent of the
coefficients of PNi (i = , ).

Proof We write �(μ) =
∏N

i=μ+ φ(ϕ(κ )iLi(ξ )), �(ν) =
∏N

j=ν+ φ(ψ(�)jIj(η)). Then

ω̂κ ,�;μ,ν(ξ ,η) = σ̂κ ,�;μ,ν(ξ ,η)�(μ)�(ν) – ̂σκ ,�;μ–,ν(ξ ,η)�(μ – )�(ν)

– ̂σκ ,�;μ,ν–(ξ ,η)�(μ)�(ν – )

+ ̂σκ ,�;μ–,ν–(ξ ,η)�(μ – )�(ν – ). (.)

Thus, it is easy to see that

∣∣ω̂κ ,�;μ,ν(ξ ,η)
∣∣ = ∣∣�(μ)�(ν)

∣∣∣∣σ̂κ ,�;μ,ν(ξ ,η) – ̂σκ ,�;μ–,ν(ξ ,η)φ
(
ϕ
(
κ

)μLμ(ξ )
)

– ̂σκ ,�;μ,ν–(ξ ,η)φ
(
ψ

(
�

)νIν(η)
)

+ ̂σκ ,�;μ–,ν–(ξ ,η)φ
(
ϕ
(
κ

)μLμ(ξ )
)
φ

(
ψ

(
�

)νIν(η)
)∣∣

≤ C
∣∣σ̂κ ,�;μ,ν(ξ ,η) – ̂σκ ,�;μ–,ν(ξ ,η) – ̂σκ ,�;μ,ν–(ξ ,η) + ̂σκ ,�;μ–,ν–(ξ ,η)

∣∣
+C

∣∣ ̂σκ ,�;μ–,ν(ξ ,η) – ̂σκ ,�;μ–,ν–(ξ ,η)
∣∣∣∣ – φ

(
ϕ
(
κ

)μLμ(ξ )
)∣∣

+C
∣∣ ̂σκ ,�;μ,ν–(ξ ,η) – ̂σκ ,�;μ–,ν–(ξ ,η)

∣∣∣∣ – φ
(
ψ

(
�

)νIν(η)
)∣∣

+C
∣∣ ̂σκ ,�;μ–,ν–(ξ ,η)

∣∣∣∣ – φ
(
ϕ
(
κ

)μLμ(ξ )
)∣∣∣∣ – φ

(
ψ

(
�

)νIν(η)
)∣∣.
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Notice that

∣∣ – φ
(
ϕ
(
κ

)μLμ(ξ )
)∣∣ ≤ C

∣∣ϕ(
κ

)μLμ(ξ )
∣∣, (.)∣∣ – φ

(
ψ

(
�

)νIν(η)
)∣∣ ≤ C

∣∣ψ(
�

)νIν(η)
∣∣. (.)

Invoking Lemma ., we get (.). On the other hand, since

�(μ – ) = , if
∣∣ϕ(

κ
)μLμ(ξ )

∣∣ > Bϕ , (.)

�(ν – ) = , if
∣∣ψ(

�
)νIν(η)

∣∣ > Bψ , (.)

by (.) and (.), we have

∣∣ω̂κ ,�;μ,ν(ξ ,η)
∣∣ = ∣∣σ̂κ ,�;μ,ν(ξ ,η)�(μ)�(ν) – ̂σκ ,�;μ,ν–(ξ ,η)�(μ)�(ν – )

∣∣
≤ ∣∣σ̂κ ,�;μ,ν(ξ ,η) – ̂σκ ,�;μ,ν–(ξ ,η)φ

(
ψ

(
�

)νIν(η)
)∣∣

≤ ∣∣σ̂κ ,�;μ,ν(ξ ,η) – ̂σκ ,�;μ,ν–(ξ ,η)
∣∣ + ∣∣ ̂σκ ,�;μ,ν–(ξ ,η)

∣∣∣∣ – φ
(
ψ

(
�

)νIν(η)
)∣∣.

Then (.) follows from (.)-(.) with (.). Similarly, we get (.). Finally, (.) fol-
lows from (.), (.), (.) and (.). This completes the proof of Lemma .. �

By Lemma . and the definition of {μκ ,�;μ,ν}, it is easy to verify the following lemma.

Lemma . Let 
,ϕ,ψ be as in Lemma .. Then for μ ∈ {, , . . . ,N} and ν ∈ {, ,
. . . ,N}, we have∥∥∥ sup

κ ,�∈Z

∣∣|ωκ ,�;μ,ν | ∗ f (·, ·)∣∣∥∥∥
Lp(Rm×Rn)

≤ C‖f ‖Lp(Rm×Rn)

for  < p < ∞. The constant C is independent of the coefficients of PN and PN .

Applying Lemma . and [, p., Lemma], we can obtain

Lemma . Let 
, ϕ, ψ be as in Lemma .. Then for μ ∈ {, , . . . ,N} and ν ∈ {, ,
. . . ,N}, we have∥∥∥∥( ∑

κ ,�∈Z

∣∣ωκ ,�;μ,ν ∗ gκ ,�(·, ·)
∣∣)/∥∥∥∥

Lp(Rm×Rn)
≤ C

∥∥∥∥( ∑
κ ,�∈Z

∣∣gκ ,�(·, ·)
∣∣)/∥∥∥∥

Lp(Rm×Rn)

for  < p < ∞ and any arbitrary functions {gκ ,�}. The constant C is independent of the coef-
ficients of PN and PN .

Now we are in the position of proving Theorem ..

Proof of Theorem . Combining (.) with (.), we write

TP

(f ) =

N∑
μ=

N∑
ν=

∑
κ ,�∈Z

ωκ ,�;μ,ν ∗ f :=
N∑
μ=

N∑
ν=

TP

,μ,ν(f ). (.)

http://www.journalofinequalitiesandapplications.com/content/2012/1/189
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It suffices to show that for μ ∈ {, , . . . ,N} and ν ∈ {, , . . . ,N},
∥∥TP


,μ,ν(f )
∥∥
p ≤ C‖f ‖p for β/(β – ) < p < β . (.)

For fixed μ ∈ {, , . . . ,N} and ν ∈ {, , . . . ,N}, choose two collections of C∞ functions
{λi}i∈Z and {ηj}j∈Z on (,∞) with the following properties:

(i) suppλi ⊂ [ϕ(i+)–μ,ϕ(i–)–μ], suppηj ⊂ [ψ(j+)–ν ,ψ(j–)–ν];
(ii)  ≤ λi, ηj ≤ ,

∑
i∈Z λi(t) =

∑
j∈Z ηj(t) = ;

(iii) |λ′
i(t)|, |η′

j(t)| ≤ C/t, where C is a constant.
Define the multiplier operator Si,j on Rm ×Rn by

Ŝi,jf (x, y) = λi
(∣∣Lμ(x)

∣∣)ηj(∣∣Iν(y)∣∣)f̂ (x, y). (.)

Then

TP

,μ,ν(f )(x, y) =

∑
κ ,�∈Z

ωκ ,�;μ,ν ∗ f (x, y)

=
∑
κ ,�∈Z

ωκ ,�;μ,ν ∗
(∑
i,j∈Z

Si+κ ,j+�Si+κ ,j+�f
)
(x, y)

=
∑
i,j∈Z

∑
κ ,�∈Z

Si+κ ,j+�(ωκ ,�;μ,ν ∗ Si+κ ,j+�f )(x, y)

:=
∑
i,j∈Z

Ti,jf (x, y). (.)

Now we consider the Lp-boundedness of Ti,j. By the Littlewood-Paley theory and Lem-
ma ., we have

‖Ti,jf ‖p ≤ C
∥∥∥∥( ∑

κ ,�∈Z

∣∣Si+κ ,j+�(ωκ ,�;μ,ν ∗ Si+κ ,j+�f )
∣∣)/∥∥∥∥

p

≤ C
∥∥∥∥( ∑

κ ,�∈Z
|ωκ ,�;μ,ν ∗ Si+κ ,j+�f |

)/∥∥∥∥
p

≤ C
∥∥∥∥( ∑

κ ,�∈Z
|Si+κ ,j+�f |

)/∥∥∥∥
p

≤ C‖f ‖p,  < p < ∞, i, j ∈ Z. (.)

On the other hand, by the Littlewood-Paley theory and Plancherel’s theorem, we have

‖Ti,jf ‖ ≤ C
∥∥∥∥( ∑

κ ,�∈Z
|ωκ ,�;μ,ν ∗ Si+κ ,j+�f |

)/∥∥∥∥



= C
∑
κ ,�

∫∫
Rm×Rn

∣∣ω̂κ ,�;μ,ν(ξ ,η)
∣∣∣∣λi+κ

(∣∣Lμ(ξ )
∣∣)ηj+�

(∣∣Iν(η)∣∣)∣∣∣∣f̂ (ξ ,η)∣∣ dξ dη

≤ C
∑
κ ,�

∫∫
Ei+κ ,j+�

∣∣ω̂κ ,�;μ,ν(ξ ,η)
∣∣∣∣f̂ (ξ ,η)∣∣ dξ dη,
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where Ei+κ ,j+� = {(ξ ,η) ∈ Rm × Rn : ϕ(i+κ+)–μ ≤ |Lμ(ξ )| ≤ ϕ(i+κ–)–μ,ψ(j+�+)–ν ≤
|Iν(η)| ≤ ψ(j+�–)–ν}. Using Lemma . and Remark ., we have

‖Ti,jf ‖ ≤ C(ϕ,ψ ,μ,ν)Bi,j‖f ‖, (.)

where

Bi,j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

B–iμ
ϕ B–jν

ψ , i, j > –;

B–iμ
ϕ |j|–β , i > –, j ≤ –;

|i|–βB–jν
ψ , i≤ –, j > –;

|ij|–β , i, j ≤ –.

(.)

Interpolating (.) and (.), for any p ∈ (β/(β – ), β), we can obtain δ ∈ (, ) such
that δβ >  and

‖Ti,jf ‖p ≤ C(ϕ,ψ ,μ,ν)–δBδ
i,j‖f ‖p, β/(β – ) < p < β .

Then we have

∑
i,j∈Z

‖Ti,jf ‖p ≤ C(ϕ,ψ ,μ,ν)
(∑
i,j>–

B–iμδ
ϕ B–jνδ

ψ +
∑

i>–,j≤–

B–iμδ
ϕ |j|–δβ

+
∑

i≤–,j>–

|i|–δβB–jνδ

ψ +
∑
i,j≤–

|ij|–δβ

)
‖f ‖p

≤ C(ϕ,ψ ,μ,ν)‖f ‖qp, for β/(β – ) < p < β .

This together with (.) and (.) completes the proof of Theorem .. �

3 On themultiple Marcinkiewicz integrals
This section is devoted to the proof of Theorem .. We first introduce some notations
and lemmas. For μ ∈ {, , . . . ,N}, ν ∈ {, , . . . ,N} and i, j ∈ Z, s, t ∈ R+, we define the
measures {σμ,ν

i,j;s,t} and {|σμ,ν
i,j;s,t|} by

σ̂
μ,ν
i,j;s,t(ξ ,η) =


i+jst

∫∫
�
s,t
i,j


(x, y)
ρm(x)αm–ρn(y)αn–

× exp
(
–i

(
Qμ(x) · ξ + Rν(y) · η

))
dxdy, (.)∣∣σ̂ μ,ν

i,j;s,t
∣∣(ξ ,η) = 

i+jst

∫∫
�
s,t
i,j

|
(x, y)|
ρm(x)αm–ρn(y)αn–

× exp
(
–i

(
Qμ(x) · ξ + Rν(y) · η

))
dxdy, (.)

where �
s,t
i,j = {(x, y) ∈ Rm × Rn : i–s ≤ ρm(x) ≤ is, j–t ≤ ρn(y) ≤ jt} and Qμ, Rν were

defined as in Section . It is obvious that for μ ∈ {, , . . . ,N}, ν ∈ {, , . . . ,N}

σ̂
,ν
i,j;s,t(ξ ,η) = σ̂

μ,
i,j;s,t(ξ ,η) = , ∀(ξ ,η) ∈Rm ×Rn,
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and

F
PN (ϕ),PN (ψ)
s,t (x, y) = st

∑
i,j=–∞

i+jσN,N
i,j;s,t ∗ f (x, y). (.)

Lemma . Let s, t > , i, j ∈ Z and ϕ,ψ ∈ F. Suppose that 
 ∈ Fβ (Sm– × Sn–) for some
β > / and satisfies (.)-(.). Then for each pair μ and ν , there exists a constant C > 
such that

(i) if |ψ(jt)νIν(η)| > , then

∣∣σ̂ μ,ν
i,j;s,t(ξ ,η) – σ̂

μ–,ν
i,j;s,t (ξ ,η)

∣∣
≤ C

∣∣ϕ(
is

)μLμ(ξ )
∣∣min

{
,

(
log

∣∣ψ(
jt

)νIν(η)
∣∣)–β}

; (.)

(ii) if |ϕ(is)μLμ(ξ )| > , then

∣∣σ̂ μ,ν
i,j;s,t(ξ ,η) – σ̂

μ,ν–
i,j;s,t (ξ ,η)

∣∣
≤ C

∣∣ψ(
jt

)νIν(η)
∣∣min

{
,

(
log

∣∣ϕ(
is

)μLμ(ξ )
∣∣)–β}

; (.)

(iii) if |ϕ(is)μLμ(ξ )| >  and |ψ(jt)νIν(η)| > , then

∣∣σ̂ μ,ν
i,j;s,t(ξ ,η)

∣∣ ≤ Cmin
{
,

(
log

∣∣ϕ(
is

)μLμ(ξ )
∣∣)–β ,

(
log

∣∣ψ(
jt

)νIν(η)
∣∣)–β}

; (.)∣∣σ̂ μ,ν
i,j;s,t(ξ ,η)

∣∣ ≤ Cmin
{
,

(
log

∣∣ϕ(
is

)μLμ(ξ )
∣∣)–β(

log
∣∣ψ(

jt
)νIν(η)

∣∣)–β}
; (.)

(iv)

∣∣σ̂ μ,ν
i,j;s,t(ξ ,η) – σ̂

μ–,ν
i,j;s,t (ξ ,η) – σ̂

μ,ν–
i,j;s,t (ξ ,η) + σ̂

μ–,ν–
i,j;s,t (ξ ,η)

∣∣
≤ Cmin

{
,

∣∣ϕ(
is

)μLμ(ξ )
∣∣, ∣∣ψ(

jt
)νIν(η)

∣∣,∣∣ϕ(
is

)μLμ(ξ )
∣∣∣∣ψ(

jt
)νIν(η)

∣∣}. (.)

The constant C is independent of the coefficients of PN and PN .

Proof Set

Uμ
i,s
(
x′, ξ

)
=


is

∫ is

i–s
exp

(
–iQμ

(
Am,ρmx

′) · ξ)
dρm;

V ν
j,t
(
y′,η

)
=


jt

∫ jt

j–t
exp

(
–iRν

(
An,ρny

′) · η)
dρn.

By Lemma ., there exist ε, ε ∈ (, ] such that

∣∣Uμ
i,s
(
x′, ξ

)∣∣ ≤ Cmin
{
,

∣∣ϕ(
is

)μLμ(ξ ) · x′∣∣–ε}, (.)∣∣V ν
j,t
(
y′,η

)∣∣ ≤ Cmin
{
,

∣∣ψ(
jt

)νIν(η) · y′∣∣–ε}. (.)
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When |ϕ(is)μLμ(ξ )| > , since t/(log t)β is increasing in (eβ ,∞), we have

∣∣Uμ
i,s
(
x′, ξ

)∣∣ ≤ Cmin

{
,
(log eβ |(ϕ(is)μLμ(ξ ))′ · x′|–ε )β

(log |ϕ(is)μLμ(ξ )|)β
}
. (.)

Similarly, when |ψ(jt)νIν(η)| > 

∣∣V ν
j,t
(
y′,η

)∣∣ ≤ Cmin

{
,
(log eβ |(ψ(jt)νIν(η))′ · y′|–ε )β

(log |ψ(jt)νIν(η)|)β
}
. (.)

By the definition of σ
μ,ν
i,j;s,t , we have

∣∣σ̂ μ,ν
i,j;s,t(ξ ,η) – σ̂

μ–,ν
i,j;s,t (ξ ,η)

∣∣
≤ C

∫∫
Sm–×Sn–

∫ 

/

∣∣exp(–iQμ

(
Am,isρmx

′) · ξ)
– exp

(
–iQμ–

(
Am,isρmx

′) · ξ)∣∣dρm

× ∣∣V ν
j,t
(
y′,η

)∣∣∣∣
(
x′, y′)∣∣dσm

(
x′)dσn

(
y′)

≤ C
∣∣ϕ(

is
)μLμ(ξ )

∣∣ ∫∫
Sm–×Sn–

∣∣V ν
j,t
(
y′,η

)∣∣∣∣
(
x′, y′)∣∣dσm

(
x′)dσn

(
y′).

Combining (.) with the fact 
 ∈ Fβ (Sm– × Sn–), we obtain (.). Similarly, we can
conclude (.). To prove (.) and (.), we write

∣∣σ̂ μ,ν
i,j;s,t(ξ ,η)

∣∣ ≤ C
∫∫

Sm–×Sn–

∣∣
(
x′, y′)∣∣∣∣Uμ

i,s
(
x′, ξ

)∣∣∣∣V ν
j,t
(
y′,η

)∣∣dσm
(
x′)dσn

(
y′).

Combining (.)-(.) with the fact that 
 ∈ Fβ (Sm– × Sn–), we get (.) and (.).
Finally, (.) follows from the inequality

∣∣σ̂ μ,ν
i,j;s,t(ξ ,η) – σ̂

μ–,ν
i,j;s,t (ξ ,η) – σ̂

μ,ν–
i,j;s,t (ξ ,η) + σ̂

μ–,ν–
i,j;s,t (ξ ,η)

∣∣
≤ C

∫∫
Sm–×Sn–

∣∣
(
x′, y′)∣∣

×
∣∣∣∣∫ 

/

∫ 

/
exp

(
–i

(
Qμ–

(
Am,isρmx

′) · ξ + Rν–
(
An,jtρny

′) · η))
× (

exp
(
–iϕ

(
isρm

)μLμ(ξ ) · x′) – 
)

× (
exp

(
–iψ

(
jtρn

)νIν(η) · y′) – 
)
dρm dρn

∣∣∣∣dσm
(
x′)dσn

(
y′).

This completes the proof of Lemma .. �

Wenow take two radial Schwartz functions φ ∈ S(Rm) and φ ∈ S(Rn) such that φi(t) ≡
 for |t| ≤  and φi(t) ≡  for |t| >min{Bϕ ,Bψ } (i = , ), where Bϕ , Bψ are as in Remark ..
Define the measures {ωμ,ν

i,j;s,t} by

ω̂
μ,ν
i,j;s,t(ξ ,η) = σ̂

μ,ν
i,j;s,t(ξ ,η)�(μ)�(ν) – σ̂

μ–,ν
i,j;s,t (ξ ,η)�(μ – )�(ν)

– σ̂
μ,ν–
i,j;s,t (ξ ,η)�(μ)�(ν – ) + σ̂

μ–,ν–
i,j;s,t (ξ ,η)�(μ – )�(ν – ),
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where�(μ) =
∏N

κ=μ+ φ(ϕ(is)κLκ (ξ )),�(ν) =
∏N

�=ν+ φ(ψ(jt)�I�(η)), for i, j ∈ Z, s, t > ,
μ ∈ {, , . . . ,N}, ν ∈ {, , . . . ,N}. Here we use the convention �j∈∅aj = . It is easy to see
that

σ
N,N
i,j;s,t =

N∑
μ=

N∑
ν=

ω
μ,ν
i,j;s,t . (.)

Applying Lemma . and the same arguments as in proving Lemma ., we have

Lemma . Let 
, ϕ, ψ be as in Lemma .. Then for μ ∈ {, , . . . ,N} and ν ∈
{, , . . . ,N}, i, j ∈ Z; s, t > , there exists a constant C >  such that

(i) |ω̂μ,ν
i,j;s,t(ξ ,η)| ≤ C|ϕ(is)μLμ(ξ )||ψ(jt)νIν(η)|;

(ii) if |ϕ(is)μLμ(ξ )| > Bϕ , then

∣∣ω̂μ,ν
i,j;s,t(ξ ,η)

∣∣ ≤ C
(
log

∣∣ϕ(
is

)μLμ(ξ )
∣∣)–β ∣∣ψ(

jt
)νIν(η)

∣∣;
(iii) if |ψ(jt)νIν(η)| > Bψ , then

∣∣ω̂μ,ν
i,j;s,t(ξ ,η)

∣∣ ≤ C
∣∣ϕ(

is
)μLμ(ξ )

∣∣(log∣∣ψ(
jt

)νIν(η)
∣∣)–β ;

(iv) if |ϕ(is)μLμ(ξ )| > Bϕ and |ψ(jt)νIν(η)| > Bψ , then

∣∣ω̂μ,ν
i,j;s,t(ξ ,η)

∣∣ ≤ C
(
log

∣∣ϕ(
is

)μLμ(ξ )
∣∣)–β(

log
∣∣ψ(

jt
)νIν(η)

∣∣)–β .

Here the constant C is independent of the coefficients of PNi (i = , ).

By Lemma . and the same arguments as in proving Lemma ., we have the following
lemma:

Lemma . Let ϕ,ψ ∈ F. Suppose that 
 ∈ L(Sm– × Sn–) and satisfies (.)-(.). Then
for μ ∈ {, , . . . ,N}, ν ∈ {, , . . . ,N}, the maximal operator

σ̃ *
μ,ν(f )(x, y) = sup

i,j∈Z
sup
s,t>

∣∣∣∣σμ,ν
i,j;s,t

∣∣ ∗ f (x, y)
∣∣

is bounded on Lp(Rm × Rn) for  < p < ∞. The bound is independent of the coefficients of
PNi (i = , ) but depends on ϕ, ψ , N, N, m, n.

Applying Lemma ., we have

Lemma . Let 
, ϕ, ψ be as in Lemma .. Then for μ ∈ {, , . . . ,N} and ν ∈
{, , . . . ,N},∥∥∥sup

i,j∈Z
sup
s,t>

∣∣∣∣ωμ,ν
i,j;s,t

∣∣ ∗ f (·, ·)∣∣∥∥∥
p
≤ C‖f ‖p,  < p < ∞.

The constant C is independent of the coefficients of PNi (i = , ).
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Furthermore, applying Lemma . and [, p., Lemma], we can obtain

Lemma . Let
, ϕ,ψ be as in Lemma .. Forμ ∈ {, , . . . ,N}; ν ∈ {, , . . . ,N}, s, t > 
and any arbitrary functions gi,j , then

∥∥∥∥(∑
i,j∈Z

∣∣ωμ,ν
i,j;s,t ∗ gi,j(·, ·)

∣∣)/∥∥∥∥
p

≤ C
∥∥∥∥(∑

i,j∈Z

∣∣gi,j(·, ·)∣∣)/∥∥∥∥
p
,  < p < ∞,

where the constant C is independent of the coefficients of PNi (i = , ).

Lemma . Let 
, ϕ, ψ be as in Lemma .. Then for μ ∈ {, , . . . ,N} and ν ∈ {, ,
. . . ,N}, there exists a constant Cp >  such that for  < p < ∞

∥∥∥∥( ∑
κ ,�∈Z

∫ 



∫ 



∣∣ωμ,ν
i,j;s,t ∗ gκ ,�(·, ·)

∣∣ dsdt)/∥∥∥∥
p

≤ Cp

∥∥∥∥( ∑
κ ,�∈Z

∣∣gκ ,�(·, ·)
∣∣)/∥∥∥∥

p
,

where {gκ ,�}κ ,�∈Z are arbitrary functions defined on Rm ×Rn. The constant Cp is indepen-
dent of the coefficients of PNi (i = , ).

Proof We consider the mapping� : {gκ ,�}κ ,� –→ {ωμ,ν
i,j;s,t ∗ gκ ,�}κ ,�;s,t . By Lemma ., we have

for  < p < ∞∥∥∥sup
i,j∈Z

sup
s,t∈[,]

∣∣ωμ,ν
i,j;s,t ∗ gκ ,�(·, ·)

∣∣∥∥∥
p
≤ Cp

∥∥∥ sup
κ ,�∈Z

∣∣gκ ,�(·, ·)
∣∣∥∥∥

p
,

which implies � : Lp(Rm ×Rn)(�∞) –→ Lp(Rm ×Rn)(�∞(L∞([, ]× [, ]))).
On the other hand. By the dual argument and Lemma ., we have

∥∥∥∥ ∑
κ ,�∈Z

∫ 



∫ 



∣∣ωμ,ν
i,j;s,t ∗ gκ ,�(·, ·)

∣∣dsdt∥∥∥∥
p
≤ Cp

∥∥∥∥ ∑
κ ,�∈Z

∣∣gκ ,�(·, ·)
∣∣∥∥∥∥

p
,

which implies� : Lp(Rm×Rn)(�) –→ Lp(Rm×Rn)(�(L([, ]×[, ]))). ThenLemma.
follows from the standard interpolation arguments. �

Lemma . Let Si,j be the multiplier operators defined in (.) for any i, j ∈ Z. Then (i) for
each fixed  < p <  and for any functions {gi,j;s,t;κ ,�}

∥∥∥∥( ∑
κ ,�∈Z

∫ 



∫ 



∣∣∣∣∑
i,j∈Z

Si+κ ,j+�gi,j;s,t;κ ,�(·, ·)
∣∣∣∣ dsdt)/∥∥∥∥q

p

≤ C
∑
i,j∈Z

∥∥∥∥( ∑
κ ,�∈Z

∫ 



∫ 



∣∣gi,j;s,t;κ ,�(·, ·)∣∣ dsdt)/∥∥∥∥q

p
, ∀ < q < p; (.)
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(ii) for each fixed  < p < ∞ and for any functions {gi,j;s,t;κ ,�},
∥∥∥∥( ∑

κ ,�∈Z

∫ 



∫ 



∣∣∣∣∑
i,j∈Z

Si+κ ,j+�gi,j;s,t;κ ,�(·, ·)
∣∣∣∣ dsdt)/∥∥∥∥q

p

≤ C
∑
i,j∈Z

(∫ 



∫ 



∥∥∥∥( ∑
κ ,�∈Z

∣∣gi,j;s,t;κ ,�(·, ·)∣∣)/∥∥∥∥

p
dsdt

)q/

,

∀ < q < p′ = p/(p – ). (.)

By the arguments similar to those used in [, pp.-], we easily establish this lemma.
The details are omitted.
Now we turn to prove Theorem ..

Proof of Theorem . By (.) and (.), we can write

MP

(f )(x, y) =

(∫ ∞



∫ ∞



∣∣∣∣∣
∑

i,j=–∞
i+jσN,N

i,j;s,t ∗ f (x, y)

∣∣∣∣∣

dsdt
st

)/

≤
∑

i,j=–∞
i+j

(∫ ∞



∫ ∞



∣∣σN,N
i,j;s,t ∗ f (x, y)

∣∣ dsdt
st

)/

= 
( ∑

κ ,�∈Z

∫ κ+

κ

∫ �+

�

∣∣σN,N
,;s,t ∗ f (x, y)

∣∣ dsdt
st

)/

= 
(∫ 



∫ 



∑
κ ,�∈Z

∣∣σN,N
κ ,�;s,t ∗ f (x, y)

∣∣ dsdt
st

)/

≤ 
N∑
μ=

N∑
ν=

(∫ 



∫ 



∑
κ ,�∈Z

∣∣ωμ,ν
κ ,�;s,t ∗ f (x, y)

∣∣ dsdt)/

:= 
N∑
μ=

N∑
ν=

Mμ,ν

 (f )(x, y). (.)

It suffices to show that Mμ,ν

 is bounded on Lp(Rm × Rn) for μ ∈ {, , . . . ,N} and ν ∈

{, , . . . ,N}. By the definitions of Si,j, we can write

Mμ,ν

 (f )(x, y) =

(∫ 



∫ 



∑
κ ,�∈Z

∣∣∣∣ωμ,ν
κ ,�;s,t ∗

(∑
i,j∈Z

Si+κ ,j+�Si+κ ,j+�f
)
(x, y)

∣∣∣∣ dsdt)/

=
( ∑

κ ,�∈Z

∫ 



∫ 



∣∣∣∣∑
i,j∈Z

Si+κ ,j+�

(
ω

μ,ν
κ ,�;s,t ∗ Si+κ ,j+�f

)
(x, y)

∣∣∣∣ dsdt)/

. (.)

Case .  + /(β) < p < . Combining with (.) and Lemma ., we know that for  <
q < p

∥∥Mμ,ν

 (f )

∥∥q
p ≤ C

∑
i,j∈Z

∥∥∥∥( ∑
κ ,�∈Z

∫ 



∫ 



∣∣ωμ,ν
κ ,�;s,t ∗ Si+κ ,j+�f (·, ·)

∣∣ dsdt)/∥∥∥∥q

p
. (.)
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For fixed i, j ∈ Z, let

Mi,jf (x, y) :=
( ∑

κ ,�∈Z

∫ 



∫ 



∣∣ωμ,ν
κ ,�;s,t ∗ Si+κ ,j+�f (x, y)

∣∣ dsdt)/

.

By Lemma . and the Littlewood-Paley theory, we have

‖Mi,jf ‖p ≤ Cp

∥∥∥∥( ∑
κ ,�∈Z

∣∣Si+κ ,j+�f (·, ·)
∣∣)/∥∥∥∥

p
≤ Cp‖f ‖p,  < p < ∞. (.)

On the other hand, by Plancherel’s theorem and Lemma ., we know that

‖Mi,jf ‖ =
∑
κ ,�∈Z

∫ 



∫ 



∫∫
Rm×Rn

∣∣ω̂μ,ν
κ ,�;s,t(ξ ,η)

∣∣λ
i+κ

(∣∣Lμ(ξ )
∣∣)

× η
j+�

(∣∣Iν(η)∣∣)∣∣f̂ (ξ ,η)∣∣ dξ dηdsdt

≤
∑
κ ,�∈Z

∫ ∫
Ei+κ ,j+�

∣∣f̂ (ξ ,η)∣∣ ∫ 



∫ 



∣∣ω̂μ,ν
κ ,�;s,t(ξ ,η)

∣∣ dsdt dξ dη,

where Ei+κ ,j+� is as in the proof of Theorem .. Then

‖Mi,jf ‖ ≤ C(ϕ,ψ ,μ,ν)Bi,j‖f ‖, (.)

where Bi,j is as in (.). Interpolating between (.) and (.), there exists δ ∈
(/(β + ), ) such that

‖Mi,jf ‖p ≤ C(ϕ,ψ ,μ,ν)–δBδ
i,j‖f ‖p,  + /(β) < p < .

For fixed  + /(β) < p < , we can choose  < q < p such that qδβ > . Then

∑
i,j∈Z

‖Mi,jf ‖qp ≤ C(ϕ,ψ ,μ,ν)
(∑
i,j>–

B–iμδq
ϕ B–jνδq

ψ +
∑

i>–,j≤–

B–iqμδ
ϕ |j|–qδβ

+
∑

i≤–,j>–

|i|–qδβB–jqνδ

ψ +
∑
i,j≤–

|ij|–qδβ
)

‖f ‖qp

≤ C(ϕ,ψ ,μ,ν)‖f ‖qp,  + β < p < ,

which implies

∥∥Mμ,ν

 (f )

∥∥
p ≤ C(ϕ,ψ ,μ,ν)‖f ‖p,  + /(β) < p < . (.)

Case .  < p <  + β . By (.) and Lemma ., we have, for  < p < ∞ and any  < q <
p′ = p/(p – ),

∥∥Mμ,ν

 (f )

∥∥q
p ≤ C

∑
i,j∈Z

(∫ 



∫ 



∥∥∥∥( ∑
κ ,�∈Z

∣∣ωμ,ν
κ ,�;s,t ∗ Si+κ ,j+�f (·, ·)

∣∣)/∥∥∥∥

p
dsdt

)q/

. (.)
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Let

Ji,j;s,t f (x, y) :=
( ∑

κ ,�∈Z

∣∣ωμ,ν
κ ,�;s,t ∗ Si+κ ,j+�f (x, y)

∣∣)/

.

By Lemma . and the Littlewood-Paley theory, we have that for i, j ∈ Z and s, t ∈ [, ],

‖Ji,j;s,t f ‖p ≤ Cp

∥∥∥∥( ∑
κ ,�∈Z

∣∣Si+κ ,j+�f (·, ·)
∣∣)/∥∥∥∥

p

≤ Cp‖f ‖p,  < p < ∞. (.)

On the other hand, by the same argument as in getting (.), we have

‖Ji,j;s,t f ‖ ≤ C(ϕ,ψ ,μ,ν)Bi,j‖f ‖, (.)

where Bi,j is as in (.). By interpolating between (.) and (.), for fixed p ∈ (, +β),
we can choose q ∈ (,p′) and γ ∈ (/(β + ), ) such that qγβ >  and

‖Ji,j;s,t f ‖p ≤ C(ϕ,ψ ,μ,ν)–γBγ

i,j‖f ‖p,  < p <  + β .

Combining this with (.), we have

∥∥Mμ,ν

 (f )

∥∥q
p ≤ C(ϕ,ψ ,μ,ν)

(∑
i,j>–

B–iμγ q
ϕ B–jνγ q

ψ +
∑

i>–,j≤–

B–iqμγ
ϕ |j|–qγβ

+
∑

i≤–,j>–

|i|–qγβB–jqνγ

ψ +
∑
i,j≤–

|ij|–qγβ

)
‖f ‖qp

≤ C(ϕ,ψ ,μ,ν)‖f ‖qp,  < p <  + β .

This together with (.) completes the proof of Theorem .. �
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