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1 Introduction
In 1960, the stability problem of functional equations originated from the question of
Ulam [1, 2] concerning the stability of group homomorphisms. The famous Ulam sta-
bility problem was partially solved by Hyers [3] in Banach spaces. Later, Aoki [4] and
Bourgin [5] considered the stability problem with unbounded Cauchy differences. Ras-
sias [6—9] provided a generalization of Hyers’ theorem by proving the existence of unique
linear mappings near approximate additive mappings. On the other hand, Rassias [10,
11] considered the Cauchy difference controlled by a product of different powers of norm.
The above results have been generalized by Forti [12] and Gavruta [13], who permitted the
Cauchy difference to become arbitrary unbounded. Gajda and Ger [14] showed that one
can get analogous stability results for subadditive multifunctions. Gruber [15] remarked
that Ulam’s problem is of particular interest in probability theory and in the case of func-
tional equations of different types. Recently, Baktash et al. [16], Cho et al. [17-20], Gordji
et al. [21-24], Lee et al. [25, 26], Najati et al. [27, 28], Park et al. [29], Saadati et al. [30]
and Savadkouhi et al. [31] have studied and generalized several stability problems of a large
variety of functional equations.

The most famous functional equation is the Cauchy equation

fx+y)=fx)+f)

any solution of which is called additive. It is easy to see that the function f : R — R defined
by f(x) = cx?, where c is an arbitrary constant, is a solution of the functional equation

S +y) +flx—y) = 2f (x) + 2f (y). (1.1)
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Thus it is natural that each equation is said to be a quadratic functional equation. In par-
ticular, every solution of the quadratic equation (1.1) is said to be a quadratic function.
Lee et al. [32] considered the following functional equation:

SQx+y) +f(2x —y) = 4f (x + ) + 4f (x — ) + 24f (x) — 6f (y). (1.2)

The functional equation (1.2) clearly has f(x) = cx* as a solution when f is a real valued
function of a real variable. So, it is said to be a quartic functional equation.

Before we present our results, we introduce here some basic facts concerning quasi- 8-
normed space and preliminary results. Let 8 be a real number with 0 < 8 <1, and K be
either R or C. Let X be a linear space over C. A quasi--norm || - || is a real-valued function
on X satisfying the following:

(1) |lz|l = 0 for all x € X and ||x|| = 0 if and only if x = 0;

(2) lIax]l = |8 - |x|| forall A e R and x € X;

(3) There is a constant K > 1 such that ||x + y|| < K(||x]| + ||ly||) for all x,y € X.

Then (X, || - ||) is called a quasi- 8-normed space if || - || is a quasi-B-norm on X. The smallest
possible K is called the module of concavity of || - ||. A quasi-B-Banach space ia a complete
quasi-B-normed space.

A quasi-B-norm || - || is called a (8, p)-norm (0 < p <1) if ||x + y||P < ||x||? + ||y||? for all
%,y € X. In this case, a quasi-8-Banach space is called a (8, p)-Banach space.

In [33], Tabor investigated a version of the Hyers-Rassias-Gajda theorem in quasi-
Banach spaces. For further details on quasi-8 normed spaces and (8, p)-Banach space,
we refer to the papers [34—37].

In this paper, we consider the following functional equations:

F(Va2 +9?) =f(x) + (), (1.3)
FV/*+22) +£ (182 = 92]) = 2F @) + 21 ), (1.4)

and discuss the generalized Hyers-Ulam-Rassias stability problem in quasi-S-normed
spaces and then the stability by using subadditive and subquadratic functions for the func-

tional equations (1.3) and (1.4) in (8, p)-Banach spaces.

2 Stability of radical functional equations
Using an idea of Gévruta [13], we prove the generalized stability of (1.3) and (1.4) in the
spirit of Ulam, Hyers and Rassias.

In [38], Khodaei et al. proved the following result:

Lemma 2.1 Let X be a real linear space and f : R — X be a function. Then we have the
following:

(1) Iff satisfies the functional equation (1.3), then f is quadratic.

(2) Iff satisfies the functional equation (1.4), then f is quartic.

Proof We will only prove (2). Letting x = y = 0 in (1.4), we get f(0) = 0. Setting x = —x in
(1.4), we have

F(V22+52) + £ (/2 = 92]) = 2f (=) + 2£ () 2.1)
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for all x,y € R. If we compare (1.4) with (2.1), we obtain that f(—x) = f(x) for all x € R.
Letting y = x in (1.4) and then using (0) = 0 and the evenness of f, we have f(+/2x) = 4f (x)
for all x € R. Putting y = +/2x in (1.4) and using f(v/2x) = 4f (x), we get f(+/3x) = 9f (x) for
all x € R. By induction, we lead to f(/nx) = n’f(x) for all x € R and n € Z*. We obtain
f(%) = n%f(x), and sof(\/%x) = ’;‘—;f(x) for allx € R and m, n € Z*. So, we have

f(Wrx) =r’f(x) (2.2)

for all x € R and all r € Q*. Replacing x and y by x + y and x — y in (1.4) respectively, we

obtain

F(V227 +252) + £ (/1dxy]) = 2f (x+9) + 2f (e — ) (23)

for all v,y € R. Setting y = /2 + 2 in (1.4) and using the evenness of f, we get

PB4 (S5 7) =21 0) 24

for all x,y € R. Putting x = 2x in (2.3) and using (2.2), we get

2f (vV4® + %) + 32f(\/@) =f2x+y) +f(2x - y) (2.5)

for all x,y € R. Setting x = /2xin (1.4) and using (2.2), we get

FV&E+32) = 2f (V22 +57) = 8 (x) () (2.6)

for all x,y € R. It follows from (2.2), (2.3), (2.4) and (2.6) that

F(Vax> +y%) +16f (y/1ayl) = 2f (x + y) + 2f (x — ) + 12f (x) — 3£ () (2.7)

forall x,y € R. So it follows from (2.5) and (2.7) that f satisfies (1.2). Therefore, f is quartic.
This completes the proof. O

Let X be a quasi-fB-Banach space with the quasi-8-norm || - || x and K be the modulus

of concavity of || - || x. Let ¢, ¢ : R — R* U {0} be functions. A function f : R — X is said

to be ¢p-approximatively radical quadratic if

If (Va2 +92) —f@) £ O] < dx.9) (2.8)

and a function f : R — X is said to be yr-approximatively radical quartic if

I 57) £yl 7)) 20 - O] < ) @9)

forall x,y e R.
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Theorem 2.2 Let f : R — X be a ¢p-approximatively radical quadratic function with
£(0) = 0. If a function ¢ : R* — R* U {0} satisfies

- (KN, i o
P(x) = Z(%) (#(22x,22x) + $(2 7 %,0)) < 00

j=0
and lim,,_, » 2ﬁ%gp(ﬁx,z%y) =0 for all x,y € R, then the limit F(x) := lim,_, o zl,,f(Z%x)

exists for all x € R and a function F : R — X is unique quadratic satisfying the functional
equation (1.3) and the inequality

K ~
If ) - F@) |, < 279 (2.10)
forallx e R

Proof Replacing x and y by ’f;f' and ’i/f in (2.8) respectively, we get

pn (7)), = (7 %)

for all x,y € R. It follows from (2.8) and (2.11) that

ot () AR srlweroi2))

for all x,y € R. Setting y = x in (2.12), it follows from f(0) = 0 that

—

2.11)

|12 (%) = f(V2%) || ,, < K($(x,x) + $(+/2,0)) (2.13)

and so

K
25 (P00 + ¢(v/2x,0)) (2.14)

H/(x) -S| =
X

for all x € R. For any integers m, k with m > k > 0,

- K5 <§> (¢(2%x,2%%) + (2% x,0)) (2.15)

| eh - st <

for all x € R. Then a sequence {%,,f(ﬁx)} is a Cauchy sequence in a quasi-8-Banach space
X and so it converges. We can define a function F : R — X by F(x) := lim,— Zinf (27x)
for all x € R. From (2.8), the following inequality holds:

||f(m) - F@) - FO)|
= lim (VPR ) - f(2h) -f (28]

n—oo0 2PN

< lim —¢(22x,22y) =

n—o0 2Bn
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for all x,y € R. Then ]-'(\/m) — F(x) — F(y) =0 and, by Lemma 2.1, F is a quadratic
function. Taking the limit m — oo in (2.15) with k = 0, we find that a function F satisfies
(2.10) near the approximate function f of the functional equation (1.3).

Next, we assume that there exists another quadratic function G : R — X which satisfies
the functional equation (1.3) and (2.10). Since G satisfies (1.3), it easy to show that G (23x) =
2"G(x) for all x € R and # > 1. Then we have

|7 - 6| = ‘ LF@i) - Lot
I( n n n n
= o5 (17 (22%) =1 (229 + |1 (22%) - (22 ) )
2-n k B . .
< (%) (6(25525%) + 6(2%,0))

k=n

for all x € R. Letting n — o0, we establish F(x) = G(x) for all x € R. This completes the
proof. O

Theorem 2.3 Letf :R — X be a ¢p-approximatively radical quadratic function. If a func-
tion ¢ : R? — R* U {0} satisfies

$) =3 (K2P) (¢(2 752,27 5x) + $(2 7 %,0)) < 00

j=1

and lim,,_, 5, 2P"¢(2" %2 x,27%y) = 0 for all x,y € R, then the limit F(x) := lim,_, o, 2"f (2”2 x)
exists for all x € R and a function F : R — X is unique quadratic satisfying the functional
equation (1.3) and the inequality

K ~
lfx) - F@)| , < 279
forallx e R.

Proof Ifxis replaced by 2-2xin the inequality (2.13), then the proof follows from the proof
of Theorem 2.2. O

Corollary 2.4 Letr,s € R* U{0} and ¢ > 0. If a function f : R — X satisfies the following
inequality:

(V2 +7) ~f@ -1 0] = |7

elx|"lyl

for all x,y € R, then there exists a unique quadratic function F : R — X satisfying the
functional equation (1.3) and the following inequality:

e K <25;
@ -F@le ="

eK|x|"*S

T g THs< 2B —2log, K

forallx e R
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Corollary 2.5 Letr,s € R* U{0} and ¢ > 0. If a function f : R — X satisfies the following
inequality:

(Va2 +32) ~f@ ~F O] <e(lal + o)

for all x,y € R, then there exists a unique quadratic function F : R — X satisfying the
functional equation (1.3) and the following inequality:

(1+ /27" |xf*
Hf(x)—f(x)“X§81(< P K> +2ﬂ—K«/§

), r,s<2f —2log, K

forallx e R

Now, we give an example to illustrate that the functional equation (1.3) is not stable for
r =2 =sina quasi-1-Banach space with K =1.

Example 2.6 Let ¢ : R — R be defined by

) = for x| <1;
1 for|x|>1.

Consider the function f : R — R by the formula

— 1
@)=Y ot (2")
m=0
for all x € R. It is clear that f is bounded by % on R. We prove that

If (Va2 +92) = f(x) = )| <16(Ix1* + |y1*) (2.16)

for all x,y € R. To see this, 1f x> + [y|? = 0 or |x|? + |y|> > 1, then we have (2.16). Now

suppose that 0 < |x|? + |y|? < Z' Then there exists a positive integer k such that

<lx?+ Y2 < — (2.17)

4k+1 4k’

so that 2 |x|, 2" |y|, 2" /x> + y* € (-1,1) for all m = 0, 1,...,k — 1. It follows from the defi-
nition of f and (2.17) that

If (Va2 +5?) = f(x) = f )|

=Y Lo ) - o(2) - 0(2)

j=k

<3Z 4k+1 <16(Jxl* + |y1?)

for all %,y € R with |x[*> + |y|? < 1. Thus, the condition (2.16) holds true.
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Next, we claim that the quadratic equation (1.3) is not stable for r = 2 = s. Assume that
there exist a quadratic function F : R — R and a positive constant p such that |f(x) —
F(x)| < u|x|? for all x € R. Then there exists a constant ¢ € R such that F(x) = cx? for all
x € R. So we have

[f@)] < (1 +lel) (2.18)

for all x € R. But, we can choose a A € Z* with A > u + |c|. If x € (0,27%), then 2x € (0,1)
forallj=0,1,...,A — 1. For this x, we obtain

A-1

2
> Z ¢(4Jx) =’ > (,u + |c|)|x|2,

@)=

o P(2x)
2y

j=0

which contradicts (2.18). Therefore, the quadratic equation (1.3) is not stable for r =2 = s
in Corollary 2.5.

Theorem 2.7 Letf:R — X be a y-approximatively radical quartic function with f(0) =
0. If the function ¥ : R* — R* U {0} satisfies

-~ > (KY i 1 jl
¥ (%) :=Z<4—ﬁ> (w(zzx,zzx)+ 5w(z ? x,O)) <00

j=0
and lim,,_, o 4%1&(2%96,2%)1) = 0 for all x,y € R, then the limit H(x) := lim,_, %nf(Z%x)

for all x € R exists and a function H : R — X is unique quartic satisfying the functional
equation (1.4) and the inequality

K?
Ifx) - 1), < V@ (2.19)
forallx e R.

Proof Replacing x and y by +/2x and +/2y in (2.9) respectively, we have

If (V2% +292) + £(y/ |262 = 22

) - 2f(V2x) - 2f(\/§y)||;( <v(V2x,v2y)  (2.20)
for all x,y € R. Again, replacing x and y by x + y and x — y in (2.9) respectively, we get
[ (V257 + 297) + £ (V1ax]) = 2 (x4 9) = 2f (= 9) | < V(x4 3, - 9) (2.21)

for all x,y € R. It follows from (2.20) and (2.21) that

|12F(v/2%) + 20 (V2y) + £ (V14y1) = £ () [222 = 292]) = 2f (x + ) = 2 (= )|
< K(w(«/ix, V) + Yx+y,x -)) (2.22)

for all x,y € R. Setting y = 0 in (2.22) and f(0) = 0, we have

|2f(V25) = f(V242) = 4f ()| , < K (¥ (%) + ¥ (v/2,0)) (2.23)
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for all x € R. Setting y = x in (2.9), we have
If (vV222) — 4f )], < ¥r(x,) (2.24)
for all x € R. It follows from (2.23) and (2.24) that
|2f(v2x) - 8f ()|, < K29 (x,%) + ¥ (v/2%,0)) (2.25)

for all x € R. Since f(0) = 0, it follows from (2.24) and (2.25) that

2

T
x 2%

)~ 4f (/2

(w(x,x) e ,0)) (2.26)

for all x € R. Hence we have

1 1 m
K2 2k i 1, jn
< 2 (35) (v@Hn2n) + u2¥0)) 27

=k

for all x € R and m > k > 0. Then a sequence {%nf(Z%x)} is a Cauchy sequence in X,

and so it converges to a point in X'. We can define a function H : R — & by H(x) :=

lim,, s oo %,,f (23x) for all x € R. From (2.9), the following inequality holds:

[H(/32 5 92) + H( |2~ 32]) - 2H) — 2HO)| , < lim —y (282,285) = 0

~ n—oo 4.8n

for all x,y € R. Then, we have H(\/m) + ’H(\/W) —2H(x) — 2H(y) = 0, and by
Lemma 2.1, H is quartic. Taking the limit m — oo in (2.27) with k = 0, we obtain that
a function H satisfies (2.19) near the approximate function f of the functional equation
(1.4). The remaining assertion is similar to the corresponding part of Theorem 2.2. This
completes the proof. d

Corollary 2.8 Ifthere existr,s,t € R* U{0} and ¢ > 0; ifa function f : R — X satisfies the
inequality

&
(Va2 +22) +£(/ |42 = 92]) = 2 @) = 2 0] < | elsl’ Iy
e(lxl” + yI*)

forall x,y € R, then there exists a unique quartic function H : R — X which satisfies (1.4)
and the inequality

36K .
23/58,2/31(’ K < 4‘3,
2| THS
lf@ -HW = | 5 r+s<4p —2log, K;
KZ 2 /2r—2| |r ||s
s ( Zﬂ_K\/zir + 4ﬂ_91€<\/§)’ r,s<4B —2log, K

forallx e R

Page 8 of 13
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We recall that a subadditive function is a function ¢ : A — B having a domain A and a

codomain (B, <) that are both closed under addition with the following property:

P(x +y) < Px) + P(y)

for all x,y € A. Also, a subquadratic function is a function ¥ : A — B with ¥(0) = 0 and
the following property:

Yx+y) + Y —y) <29 x) + 29 ()

for all x,y € A.
Let ¢ € {-1,1} be fixed. If there exists a constant L with 0 < L < 1 such that a function
¢ : A — B satisfies

Lp(x+y) < LL (%) + 9())

for all x,y € A, then we say that ¢ is contractively subadditive if £ = 1 and ¢ is expansively
superadditive if £ = —1. It follows by the last inequality that ¢ satisfies the following prop-

erties:
$(2'%) <2'Lox),  ¢(2%x) < (2°L) p)

forallx € A and k > 1.
Similarly, if there exists a constant L with 0 < L <1 such that a function ¢ : A — B with
¥ (0) = 0 satisfies

P (x+y) + 0 (v —y) < 20L (Y (x) + ¥ (9))

for all x,y € A, then we say that v is contractively subquadraticif £ = 1 and v is expansively
superquadratic if £ = 1. It follows from the last inequality that i satisfies the following

properties:
v(2) < 4Ly, w(2%) < (4L yw

forallx € A and k > 1.
From now on, we establish the modified Hyers-Ulam-Rassias stability of the equations
(1.3) and (1.4) in a (B, p)-Banach space ).

Theorem 2.9 Let f: R — Y be a ¢-approximatively radical quadratic function with
f(0) = 0. Assume that the function ¢ is contractively subadditive with a constant L sat-
isfying 212 L < 1. Then there exists a unique quadratic function F : R — Y which satisfies
(1.3) and the inequality

D (x)

Hf(x) - Fx) ”y = W

(2.28)
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for all x € R, where
(x) := K2(2° (¢(x,%) + $(v/2,0)) + P(v/2x,v/2%) + $(2x, 0)).

Proof Using (2.13) in the proof of Theorem 2.2, we get

1~
’ < 4—ﬁ<I>(x) (2.29)

H/(x) - 2f0x)

for all x € R. Thus it follows from (2.29) that

m-1

Loty - L rmg| < 2 ! jp(2L)"’”5( )
30 =2 \z x
-~ m-1
- CI:;L(;CP)P 2(21_2/3L)/'P (2'30)
jok

for all x € R and integers m > k > 0. Then a sequence {4% f(2"x)} is a Cauchy sequence
in a (B,p)-Banach space )J*, and so we can define a function F : R — )Y by F(x) :=
lim,_, o %nf (2"x) for all x € R. Then, we get

|F (V2 +y%) = F(x) —}'(y)Hl;

< lim ——¢(2"%,2"y)" < ¢(x,p) lim (2"2L)" =0
n—00

n—o0 4.81p

for all x,y € R, and so, by Lemma 2.1, F is a quadratic function. Taking m — 0o in (2.30)
with k = 0, we have

D (x)

YaPr 2Ly

Next, we assume that there exists a quadratic function G : R — ) which satisfies the

lf ) - F@) |, <

functional equation (1.3) and (2.28). Then we have

P . . P(x)
= 19@) -f@)3 < m—ary

(21-2,3 L)np

1
Hg(x) - @)
for all x € R. Letting n — oo, we have the uniqueness of F(x). This completes the proof. [J

Theorem 2.10 Let f : R — Y be a ¢p-approximatively radical quadratic function with
f(0) = 0. Assume that the function ¢ is expansively superadditive with a constant L satis-
fying 2*71L < 1. Then there exists a unique quadratic function F : R — ) which satisfies
(1.3) and the inequality

D (x)

-7y < ==

forallx e R
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Proof From (2.29) in the proof of Theorem 2.9, we get
4/( 2—kx _ 4k+1 2—k—lx S 4/3/(6 2—/(—lx
4 f y

for all x € R. For integers k, m with m > k > 0, we get

| 4%F (27%x) — a7 (27 |, < CI;(ZC,ZP 3 (@ L)”.
j=k+1

The remaining part follows as the proof of Theorem 2.9. This completes the proof. d

Theorem 2.11 Let f : R — Y be a -approximatively radical quadratic function with
f(0) = 0. Assume that the function V is contractively subquadratic with a constant L sat-
isfying 22~**L < 1. Then there exists a unique quartic function H : R — ) which satisfies

(1.4) and the inequality
U (x)
(x) —H(x e 2.31
“f ) )Hy 98 p/16ﬂp_(4L)p ( )
where
~ 1 1
U (x) = 2K° (4’5 (w(x,x) + Ew(ﬁx, 0)> + Y (vV2x,+/2x) + SV (2%, 0)>
forallx e R
Proof Using (2.26) in the proof of Theorem 2.7, we get
1 W (x)
fo-en| =5 32
for all x € R. Then it follows from (2.32) that
E )|
—f (2%) - —f(2"x
16X 16™ v
m-1
1 1 - lIJ(x) 2-48 7 \JP
= 55 Zk: 16/6r V(@) < 956p Xk:(z L) (2.33)
= j

forallx € R and m > k > 0. Then {m%f(?’x)} is a Cauchy sequence in )/, and it converges
to a point in Y. We can define a function # : R — X by

1
= 1 —f(2"x
H(x):= lim n o —f(2"x)
for all x € R. From (2.9), the following inequality holds:

”3‘-[(\/x2 +y2) + 7—[(,/ ’xQ —yQ‘) —2H(x) — 27—[@)”1;

< Y(x,y) lim (22_4’3L)"p =0
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for all x,y € R. Thus the function H is quartic. Taking the limit m — oo in (2.33) with
k =0, H satisfies (2.31) near the approximate function f of the functional equation (1.4).
The remaining proof is similar to that of Theorem 2.9. This completes the proof. d

Theorem 2.12 Let f : R — Y be a -approximatively radical quadratic function with
f(0) = 0. Assume that the function \r is expansively superquadratic with a constant L sat-
isfying 2*%~2L < 1. Then there exists a unique quartic function H : R — ) which satisfies
(1.4) and the inequality

T (x)

28/ (4L1)p - 16Pr

I -1l <

forallx e R
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