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1 Introduction

Let p be a fixed prime number. Throughout this paper, Z,, Q,, and C, will, respectively,
denote the ring of p-adic rational integers, the field of p-adic rational numbers, and the
p-adic completion of the algebraic closure of Q,, respectively. Let v, be the normalized
exponential valuation of C, with |p|, = p?® = p~'. When one talks of g-extension, ¢ is
variously considered as an indeterminate, a complex number g € C, or a p-adic number
q € C,.1f g € C, one normally assume |g| < 1.If g € C,, then we assume that |1-¢|, <p_ﬁ ,
so that ¢* = exp(xlogg) for |x|, < 1. The g-number is defined by [x], = % (see [1-25]).
Note that lim,_ [x], = x.

We say that f is uniformly differentiable function at a point a € Z,, and denote this
property by f € UD(Zy,), if the difference quotient Fy(x,y) = ]%];(y) has a limit f’(a) as
(x,9) = (a,a). For f € UD(Z,), the p-adic g-integral on Z,, which is called the bosonic
q-integral, defined by Kim as follows:

-1
I(f) = pr(x)duq(m: Jim T ;f(x)q" (see [14]). (1)
From (1), we note that
’ /Z f@du,x)| <plfih (see [11-15]), (2)
/4 p
where [[fl; = sup{[£(0)], sup,.,, [F9ZL ).
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In [3], Carlitz defined g-Bernoulli numbers which are called the Carlitz’s g-Bernoulli
numbers, by

" 1 ifm=1,
Bog=1 and q(q;Bq +1)" - Bug = (3)
0 ifm>1,

with the usual convention about replacing (,B,gh))” by ﬁfjg. In [3], Carlitz also considered
the expansion of g-Bernoulli numbers as follows:

h 1 ifn=1

() _ h (h) n (h) _ ’
By, =—— and B +1) =B = (4)

04 [A]4 1 (q 1 ) 5 0 ifn>1,

with the usual convention about replacing (,Bflh))” by ,3,(,2. In [15], fora € Q and n € Z,,
q-Bernoulli numbers with weight « is defined by Kim as follows:

(@) d a la) n Na) _ ﬁ if n = L
IBO,q an q(q ﬂq + 1) - ﬁn,q - (5)
0 ifn>1,

with the usual convention about replacing (8\)" by .

Let Cn = (£ |E7" = 1} be the cyclic group of order p”, and let Ty =1imy— 00 Cpr = U, 10 Cpr
(see [8, 13, 20-24]). Note that T), is a locally constant space. For £ € T}, the twisted
Bernoulli numbers are defined by

t N
=Bt =-N"B ., 6
Eet -1 ; 5l ©
with the usual convention about replacing (B¢)” by B, (see [15, 19-24]).

In the view point of (6), we will try to study the twisted g-Bernoulli numbers with
weight «. By using the p-adic g-integral on Z,, we give some identities and relations on
the twisted g-Bernoulli numbers and polynomials with weight .

2 The twisted g-Bernoulli numbers and polynomials with weight «
Let f,(x) = f(x + n). In [15, Theorem 1], Kim proved the following integral equation:

n-1 n-1
L) 1) = -D Y df 0+ S0, o)
=0 0gq =0

In particular, when 7 = 1, we have

-1
qly(fi) = I,(f) = (g - 1)f (0) + @f'(o). 8)

Let @ € Q and # € Z,.. The nth g-Bernoulli polynomials with weight « are defined by

B ) = fZ £y + 1% djig ). )
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Then, by using the bosonic p-adic g-integral on Z,, we evaluate the above equation (9) as
follows:

B @) = /Z &y + 21l ditgy)

1 n
(- l)l alx/ %_y aly d,l,L )
S a-q Z ( ) 4
1-q ~~(n o al+1 I
= — D\ ——= 4" 10
v 5 () () w
In the special case x = 0, B2 £,,(0) = EZ,M are called the nth twisted g-Bernoulli numbers

with weight .
From (10), we note that

nit.q %)

_ 1-q < (n ~ la,x( al )
-y & (1)( DI\ g g
l-q <~ (n 1 _alx 1
"Toe 5 (1) ()

n

_ na(l-q) n-1 N 1
()

+Z<1 g q”;")"s g

(1 q m ma+m o (x+m)\ "=
(1 q )n ZS ( )) 1

+(1-q)) [x+mlE"q"

m=0
- oL ] Zémq’"a*mmm] +(1- q)Zs’"q [+ m] . (11)
9 m

From (11), when x = 0, we get

o —ho = m ma+m n— = m_ m n
vha = T, 280 I+ (A =0) D87 Il (12)

m=0 m=0

Therefore, by (10) and (12), we obtain the following theorem.

Theorem 1 Let n € N and a € C. Then we

ngq(x)
n
o0 o0
_ izsm mot+M[ ]n—l Z ]
"l q x+mlg [+ m].
m=0

m=0
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When x = 0, we can obtain some identity on the twisted g-Bernoulli numbers with
weight « as follows.

Corollary 2 Forn e Z, and o € Q. Then we have

P C )
_ﬁ Ed [a]q Zsm ma+m[m Z_ [Wl]Za

For o = 1, we note that 8} (x) are the twisted Carlitz’s g-Bernoulli polynomials and

n§,q
,3,(1 ; , are the twisted Carlitz’s g-Bernoulli numbers. By Corollary 2, we easily get
/ éxe[x]qat d//,q(x)
Zp
oo
Z (m+1 a+m [m]qozt 1 q) Zém m [Wl]qa t. (13)
m=0 -

From (13), we have

00 00

~ L o Z
z :ﬁn(jtg),q; - _¢ [a] § :%.mq(m+l)a+m [m] g Ly (1 q) émqme[m]qat (14)
n=0 : 9 m=0

m=0

Therefore, we obtain the following corollary.

Corollary 3 Let o € Q and Fé‘j’;(t) =" /3,,5 - Then we have

00 00
() _ o m (m+)a+m [m] at m _m [m]at
Fo(t)=-t— ) &"q et +(1-q) ) E"q"e" "

Let Fé"’;)(t,x) =3 ﬂ(,é . x5 -7- From Theorem 1, we have

Fo6)
:_t[_zé_-m (m+1)a+m [m+x]qut +(1 q)ng m [m+x gt
O[ 9 m=0 m=0
Zﬁ{g,,,( )—. (15)
m=0

By simple calculation, we easily get

B @) = /Z Sl dng)

n

=y ( z)W ‘g / [yl ditg)

=0

_ (’Z) [x]n ) alxﬂlé . (]_6)

=0
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Therefore, by (12), (15), and (16), we obtain the following theorem.

Theorem 4 Forn e Z, and a € Q, we have

A o _1-4 - o @41
Prea®) =2 q«>n2(>‘ Ve (l—éq“l“>

-—n Zém (m+1) oz+m[m +x]n 1

[a]q
o0
+(1-q) ) E"q" [m + ]} (17)
m=0
Moreover, ﬁné 0 =300) x];alq“l"ﬂl
By (7), we see that
annlgm £ q(”l) Igm £.q
n-1
=(q-1) Zsl A mﬁ Zslq“’”m;”a-l (18)
1 1=0
Therefore, we obtain the following theorem.
Theorem 5 Forn e Z,, n €N, and o € Q, we have
n, n (@)
& "B (m) - B,
_(q I)Zsl ozl a+mﬁzslqal+l[l]m 1
q
If we take f(x) = £%¢®!, by (8), then we have
(q-1)+—t
[a]q
:q/ $x+1e[x+1]q°‘tduq(x) _/ Exe[x]qatduq(x)
ZI’ P
~&q /Z el et (2) /Z £elert dp, ()
P P

Therefore, by Theorem 5, we obtain the following theorem.
Theorem 6 Fora € Q and n € Z,, we have
q-1 ifn=0,

ﬁ ifn=1,
0 ifn>1.

Sqﬁé?,q(l) - E((flé),q =
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Remark that when n = 0, we have B‘é‘f’;q = gqq;_ll. By (16) and Theorem 6, we get

Sa - n n—, o S
:B;g,s),q(x) = Z (1) [x]q“lq lxﬂl(,é?q
1=0
= (Il +4BLy)" (20)
with the usual convention about replacing (,3 ) by ﬂn £.q BY (20) and Theorem 6, we

obtain the following theorem.

Theorem 7 Forn € Z, and a € Q, we have

q-1 ifn=0,

2e) n a) o .
§4(0°Beq +1)" ~Breq = 1o n=1,
0 ifn>1,

with the usual convention about replacing (,3 )” by ﬂn £

From (8), we can easily derive the following equation (21). For d € N, we get

/Zéy[x+y]gad,uq(y)
d]qa an/ Sy[x+a+y]”

d
[ ]q“ anﬂngq (x+a) @)

Therefore, by (21), we obtain the following theorem.

Theorem 8 ForneZ,,deN, and a € Q, we have

~@) dle & x+a
Prial® [d]q;; 5 ( )

From (9), we note that

Bt a1-2)

VM- x4y dit g )
Zp

_ (‘anan ¢ (l’l) 1\ elx-al -y —alyd 1
7(1—41“)"; ;) /Zp%‘ q " dpg1(y)

i al+1
_an lozlx
- ((1 7 )ZZ( Jovr 1)

= " (-1)" Byt (). (22)
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Therefore, by (22), we obtain the following theorem.

Theorem 9 Forn e Z, and o € Q, we have

B -2 = (1B, ).

It is easy to show that

£ 1 = ] dpty s (3)
Zp

:/; £%(1- [xge)" dpag(x)

= (-1)"q*" /Z %o — 1o dpag(%). (23)

By (22) and (23), we obtain the following corollary.

Corollary 10 Forn € Z, and o € Q, we have

n

z s —X]Z-a A1 (%) = Z (};) (_l)lgl(;?q

=0

= (-1)"g"" By (1) = BYY 1 (2).
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