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Abstract

The objective of this article is to study the large time asymptotic behavior of the
nonnegative weak solution of the following nonlinear parabolic equation

ut = div
(|Dum|p−2Dum

)
+ div

(
B(um)

)
with initial condition u(x, 0) = u0(x). By using Moser iteration technique, assuming
that the uniqueness of the Barenblatt-type solution Ec of the equation ut = div(|Dum|
p-2Dum) is true, then the solution u may satisfy

t
1
μ

∣∣u(x, t) − Ec(x, t)
∣∣ → 0, as t → ∞,

which is uniformly true on the sets
{
x ∈ RN : |x| < at

1
μN , a > 0

}
. Here B(um) =

(b1(u
m), b2(u

m), ..., bN(u
m)) satisfies some growth order conditions, the exponents m

and p satisfy m(p - 1) >1.
Mathematics Subject Classification 2000: 35K55; 35K65; 35B40.

Keywords: degenerate parabolic equation, convection term, weak solution, asympto-
tic behavior.

1. Introduction
The objective of this article is to study the large time asymptotic behavior of the non-

negative weak solution of the nonlinear parabolic equation with the following type

ut = div(|Dum|p−2Dum) + div(B(um)), in S = RN × (0, ∞), (1:1)

u(x, 0) = u0(x), on RN, (1:2)

where m(p - 1) >1, N ≥ 1, u0(x) Î L1(RN), D is the spatial gradient operator, and the

convection term div(B(um)) =
∑N

i=1

∂(bi(um))
∂xi

.

Equation (1.1) appears in a number of different physical situations [1].

For example, in the study of water infiltration through porous media, Darcy’s linear

relation
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V = −K(θ)∇φ, (1:3)

satisfactorily describes flow conditions provided the velocities are small. Here V

represents the seepage velocity of water, θ is the volumetric moisture content, K(θ) is

the hydraulic conductivity and j is the total potential, which can be expressed as the

sum of a hydrostatic potential ψ(θ) and a gravitational potential z

φ = ψ(θ) + z. (1:4)

However, (1.3) fails to describe the flow for large velocities. To get a more accurate

description of the flow in this case, several nonlinear versions of (1.3) have been pro-

posed. One of these versions is

Vα = −K(θ)∇φ, (1:5)

where a ranges from 1 for laminar flow to 2 for completely turbulent flow (cf. [2-4]

and references therein). If it is assumed that infiltration takes place in a horizontal col-

umn of the medium, according to the continuity equation

∂θ

∂t
+

∂V
∂x

= 0,

then (1.4) and (1.5) give

∂θ

∂t
=

∂

∂x

(
D(θ)p|θx|p−1θx

)

with 1
p = α and D(θ) = K(θ)ψ’(θ). Choosing D(θ) = D0θ

m-1 (cf. [5,6]), one obtains (1.1)

with B(s) ≡ 0, u being the volumetric moisture content.

Another example where Equation (1.1) appears is the one-dimensional turbulent flow

of gas in a porous medium (cf. [7]), where u stands for the density, and the pressure is

proportional to um-1 (see also [8]). Typical values of p are again 1 for laminar (non-tur-

bulent) flow and 1
2 for completely turbulent flow.

The existence of nonnegative solution of (1.1)-(1.2) without the convection term div

(B(um)), defined in some weak sense, had been well established (see [9] etc.). Here we

quote the following definition.

Definition 1.1. A nonnegative function u(x, t) is called a weak solution of (1.1)-(1.2)

if u satisfies

(i)

u ∈ C(0, T; L1(RN)) ∩ L∞(RN × (τ , T)), (1:6)

um ∈ Lp1oc(0, T;W
1.p(RN)), ut ∈ L1(RN × (τ , T)), ∀τ > 0; (1:7)

(ii) ∫∫
S

[uϕt − ∣∣Dum
∣∣p−2

Dum · Dϕ − B(um) · Dϕ] dxdt = 0, ∀ϕ ∈ C1
0(S); (1:8)
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(iii)

lim
t→0

∫
RN

∣∣u(x, t) − u0(x)
∣∣ dx = 0. (1:9)

If there exist the positive constants k1, a such that∣∣B(s)∣∣ ≤ k1|s|1+α ,
∣∣B′(s)

∣∣ ≤ k1|s|α ,∀s ∈ R1 = (−∞, +∞), (1:10)

Chen-Wang [10] had proved the existence and the uniqueness of the weak solutions

of (1.1) and (1.2) in the sense of Definition 1.1.

As we have said before, we are mainly interested in the behavior of solution of (1.1)

and (1.2) as t ® ∞. According to the different properties of the initial function u0(x),

the corresponding nonnegative solutions may have different large time asymptotic

behaviors, one can refer to the references [11-17]. In our article, we are going to study

the large time asymptotic behavior for the solution of (1.1) and (1.2) by comparing it

to the Barenblatt-type solution, let us give some details.

It is not difficult to verify that

Ec = t

−1
μ

⎧⎨
⎩
⎡
⎣b − m(p − 1) − 1

mp
(Nμ)

−1
p−1

(
|x| t

−1
Nμ

) p
p−1

⎤
⎦

+

⎫⎬
⎭

p − 1
m(p − 1) − 1

is the Barenblatt-type solution of the Cauchy problem

ut = div
(|Dum|p−2Dum

)
, in S = RN × (0, ∞), (1:11)

u(x, 0) = cδ(x), on RN , (1:12)

where μ = m(p − 1) − 1 + p
N , c =

∫
RN u0(x)dx , b is a constant such that

b =
∫
RN

Ec(x, t)dx , and δ denotes the Dirac mass centered at the origin.

By using some ideas of [9,14], we have the following

Theorem 1.2. Suppose m(p - 1) >1, B satisfies (1.10) with a < p - 1 and

m(1 + α) ≥ 1 + μ = m(p − 1) + p
N . If Ec is a unique solution of (1.11) and (1.12), then

the solution u of (1.1) and (1.2) satisfies

t
1
μ |u(x, t) − Ec(x, t)| → 0, as t → ∞,

uniformly on the sets
{
x ∈ RN : |x| < at

1
μN , a > 0

}
, where c =

∫
RN u0dx as

before.

Remark 1.3. For m = 1, the uniqueness of solutions of (1.11) and (1.12) is known

(see [18]).

By assuming that the uniqueness of the Barenblatt-type solution of (1.11) is true,

Yang and Zhao [14] had established the similar large time behavior of solution of the

Cauchy problem of the following equation

Zhan and Xu Journal of Inequalities and Applications 2012, 2012:120
http://www.journalofinequalitiesandapplications.com/content/2012/1/120

Page 3 of 16



ut = div
(|Dum|p−2Dum

) − uq, in S = RN × (0, ∞), (1:13)

While Zhan [17] had considered the Cauchy problem of the following equation

ut = div
(∣∣Dum

∣∣p−2
Dum

)
− ∣∣Dum

∣∣p1 − uq, in S = RN × (0, ∞), (1:14)

and also had got the similar result as Theorem 1.2. Comparing (1.1) with (1.13) or

(1.14), the most difficulty comes from that the convection term div(B(um)). The

absorption term -uq in (1.13), or −|Dum|p1 − uq in (1.14), is always less than 0. This

fact made us be able to draw it away in many estimates in [14] or [17]. But the convec-

tion term div(B(um)) plays important role in this article, and it can not be drawn away

randomly in the estimates we needed, we have to deal with it by some special

techniques.

At the end of this introduction section, we would like to point that the condition m

(p - 1) >1 in Theorem 1.2, which means that the Equation (1.1) or (1.11) is a doubly

degenerate parabolic equation, plays an important role in the proof of the theorem. In

other words, if it is not true, (1.1) is in singular case, then the large time behavior of

the solution in this case is still an open problem.

2. Some important lemmas
Let u be a nonnegative solution of (1.1) and (1.2). We define the family of functions

uk = kNu(kx, kNμt), k > 0.

It is easy to see that they are the solutions of the problems

ut = div
(∣∣Dum

∣∣p−2
Dum

)
+ kN(1+μ)div(B(k−Nmum)), in S = RN × (0, ∞), (2:1)

u(x, 0) = u0k(x), on RN, (2:2)

where μ = m(p − 1) + p
N − 1 as before and u0k(x) = kN u0(kx).

Lemma 2.1 For any s Î (ma, m(p - 1)), the nonnegative solution uk satisfies

T∫
0

∫
BR

us−m
k(

1 + usk
)2 ∣∣Dumk

∣∣2dxdt ≤ c(s, R, |u0|L1 ), (2:3)

T∫
0

∫
BR

um(p−1)+
p
N−sdxdt ≤ c(s, R, |u0|L1 ). (2:4)

Proof. From Definition 1.1, we are able to deduce that (see [19]): for ∀ϕ ∈ C1(S̄), �

= 0 when |x| is large enough, for any t Î [0, T], 0 < h < t,

∫
RN

ukϕ(x, t)dx−
t∫

h

∫
RN

[
ukϕt − ∣∣Dumk

∣∣p−2
Dumk · Dϕ − kN(1+μ)B

(
k−Nmumk

)
Dϕ

]
dxdt =

∫
RN

ukϕ(x, h)dx. (2:5)
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Let

ψR ∈ C∞
0 (B2R), 0 ≤ ψR ≤ 1, ψR = 1on BR, |DψR| ≤ cR−1. (2:6)

By an approximate procedure, we can choose ϕ = usk
1+usk

ψ
p
R in (2.5), then

∫
RN

uk(x,t)∫
0

zs

1 + zs
dzψp

Rdx + s

t∫
h

∫
RN

us−m
k(

1 + usk
)2 ∣∣Dumk

∣∣pψp
Rdxdτ

≤ −p

t∫
h

∫
RN

usk
1 + usk

∣∣Dumk
∣∣p−2

ψ
p−1
R Duk · DψRdxdτ +

∫
RN

uk(x,t)∫
0

zs

1 + zs
dzψp

Rdx

+kN(1+μ)

∣∣∣∣∣∣
t∫

h

∫
RN

B(k−Nmumk )D
(

usk
1 + usk

ψ
p
R

)
dxdτ

∣∣∣∣∣∣ .

(2:7)

Noticing ∣∣∣∣∣∣
t∫

h

∫
RN

usk
1 + usk

∣∣Dumk
∣∣p−2

ψ
p−1
R (x)Dumk · DψRdxdτ

∣∣∣∣∣∣

≤
t∫

h

∫
RN

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ε

⎡
⎢⎢⎣ u

(s−m)
p−1
p

k(
1 + usk

)2 p−1
p

∣∣Dumk
∣∣p−1

ψ
p−1
R

⎤
⎥⎥⎦

p

p − 1

+ c(ε)

⎡
⎢⎢⎣ u

s− (s−m)(p−1)
p

k(
1 + usk

)1−2
p−1
p

|DψR|

⎤
⎥⎥⎦

p

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

dxdτ

= ε

t∫
h

∫
RN

us−m
k(

1 + usk
)2 ∣∣Dumk

∣∣pψp
Rdxdτ + c(ε)

t∫
h

∫
RN

um(p−1)+s
k |DψR|pdxdτ ,

(2:8)

kN(1+μ)

t∫
h

∫
RN

B(k−Nmumk )D
(

usk
1 + usk

ψ
p
R

)
dxdτ

= kN(1+μ)

t∫
h

∫
RN

B(k−Nmumk )
[
− Dus

(1 + us)2
ψ

p
R +

pus

1 + us
ψ

p−1
R DψR

]
dxdτ .

(2:9)

Since s >am,
∣∣B(k−Nmumk )

∣∣ ≤ k1k−Nm(1+α)
∣∣umk ∣∣1+α ,

∣∣∣∣∣ψ
p
Ru

s−m+(1+α)mp′

k(
1 + usk

)2
∣∣∣∣∣ ≤ 1

is always true, we have∣∣∣∣∣∣−
t∫

h

∫
RN

B(k−Nmumk )(
1 + usk

)2 ψ
p
RDuskdxdτ

∣∣∣∣∣∣ =
∣∣∣∣∣∣
s
m

t∫
h

∫
RN

B(k−Nmumk )u
s−m
k(

1 + usk
)2 ψ

p
RDumk dxdτ

∣∣∣∣∣∣
≤ ε

t∫
h

∫
RN

sψp
Ru

s−m
k(

1 + usk
)2 ∣∣Dumk

∣∣pdxdτ + c(ε)s

t∫
h

∫
RN

sψp
Ru

s−m
k(

1 + usk
)2 ∣∣B(k−Nmumk )

∣∣p′
dxdτ ,

≤ ε

t∫
h

∫
RN

sψp
Ru

s−m
k(

1 + usk
)2 ∣∣Dumk

∣∣pdxdτ + c(ε, R)k−Nm(1+α)p′
, p′ =

p

p − 1
,

(2:10)
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and

∫
RN

uk(x,h)∫
0

zs

1 + zs
dzψp

Rdx ≤
∫
RN

u(x, kNμh)dx. (2:11)

Noticing that the condition m(p - 1) >1 and

m(1 + α) ≥ 1 + μ = m(p − 1) +
p
N
,

then by (2.7)-(2.11), we obtain

sup
0<t<T

∫
RN

uk(x,t)∫
0

zs

1 + zs
dzdx +

T∫
h

∫
RN

us−m
k(

1 + usk
)2 ∣∣Dumk

∣∣pψp
Rdxdτ

≤ c
∫
RN

u(x, kNμh)dx + c

T∫
h

∫
RN

um(p−1)+s
k |DψR|pdxdτ + c.

(2:12)

Since uk Î L∞ (RN × (h, T)) ∩ L1(ST),

lim
R→∞

T∫
h

∫
RN

um(p−1)+s
k |DψR|pdxdτ = 0. (2:13)

Let h ® 0 in (2.12). Then

sup
0<t<T

∫
B2R

uk(x,t)∫
0

zs

1 + zs
dzdx +

∫∫
sT

us−m
k(

1 + usk
)2 ∣∣Dumk

∣∣pdxdτ ≤ c
∫
RN

u0dx. (2:14)

From this inequality, it is clear of that

sup
0<t<T

∫
B2R

uk(x, t)dx +

T∫
0

∫
B2R

us−m
k(

1 + usk
)2 ∣∣Dumk

∣∣pdxdτ ≤ c(R). (2:15)

So (2.3) is true.

Let

u1 = max
{
uk(x, t), 1

}
, w = u1

m(p − 1) − s

p .

By Sobolev’s imbedding inequality (see [19]), for ξ ∈ C1
0(B2R) , ξ ≥ 0, we have

⎛
⎝∫
B2R

ξ pwrdx

⎞
⎠

1
r

≤ c

⎡
⎣∫
B2R

∣∣D(ξw)
∣∣pdx

⎤
⎦

s
p
⎡
⎣∫
B2R

p
wm(p−1)−s dx

⎤
⎦

(1−θ)[m(p−1)−s]
p

,

where

θ =
[
m(p − 1) − s

p
− 1

r

] [
1
N

− 1
p
+
m(p − 1) − s

p

]−1

, r =
p[m(p − 1) + p

N − s]

m(p − 1) − s
.
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It follows that

∫∫
ST

ξ pwrdxdt ≤ c
∫∫
ST

∣∣D(ξw)
∣∣pdxdt sup

t∈(0,T)

⎛
⎝∫
B2R

p
wm(p−1)−s dx

⎞
⎠

(r−p)[m(p−1)−s]
p

, (2:16)

where we denote ST = RN × (0, T). Since

|Dw|p ≤ c
us−m
k(

1 + usk
)2 ∣∣Dumk

∣∣pa.e. on {uk ≥ 1} and |Dw| = 0on {uk ≤ 1},

we have∫∫
ST

∫
|D(ξw)|pdxdt ≤ c

∫∫
ST

(ξ p|Dw|p + wp|Dξ |p)dxdt

≤ c

⎡
⎣∫∫

ST

|Dξ |pum(p−1)−s
1 dxdt +

T∫
0

∫
B2R

us−m
k

(1 + usk)
2 |Dumk |pdxdt

⎤
⎦ .

(2:17)

Hence, by (2.16), (2.(17) and (2.15), we get

∫∫
ST

ξ pu
m(p−1)+

p
N−s

1 dxdt ≤ c(s, R, |u0|L1 )
⎛
⎝1 +

∫∫
ST

|Dξ |pum(p−1)−s
1 dxdt

⎞
⎠ .

Let ξ = ψb
R , ψR. be the function satisfying (2.6) and b =

N[m(p−1)+
p
N−s]

p
. Then

∫∫
sT

ψ
pb
R u

m(p−1)+
p
N−s

1 dxdt ≤ c(s, R, |u0|L1)
⎛
⎝1 +

∫∫
sT

ψ
pb
R u

m(p−1)+
p
N−s

1 dxdt

⎞
⎠

m(p − 1) − s

m(p − 1) − s + p
N
,

by Moser iteration technique, the above inequality implies (2.4) is true.

Let Qr = Br (x0) × (t0 - rp, t0) with t0 >(2r)p and uk1 = max{uk, 1}. Also by Moser

iteration technique, we have

Lemma 2.2 The nonnegative solution uk satisfies

sup
Qρ

uk ≤ c(ρ, s1)

⎛
⎜⎝∫∫

Q2ρ

um(p−1)−1+s1
k1 dxdt

⎞
⎟⎠

1/s1

, (2:18)

where c(r, s1) depends on r and s1, and s1 can be any number satisfying

0 < s1 < 1 + p
N .

Proof. For ∀ϕ ∈ C1(S̄), � = 0 when |x| is large enough, we have

∫
RN

uk(x, t)ϕdx −
T∫

0

∫
RN

[ukϕt − ∣∣Dumk
∣∣p−2

Dumk · Dϕ − kN(1+μ)B(k−Nmumk )Dϕ]dxdt

=
∫
RN

u0k(x)ϕ(x, 0)dx.

(2:19)
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Let ξ be the cut function on Qr, i.e.

0 ≤ ξ ≤ 1, ξ |Qρ
= 1, ξ |RN\Q2ρ

= 0.

We choose the testing function in (2.19) as ϕ = ξ pu2γ−1
k

, where γ > 1
2 is a constant.

Then

1
2γ

∫
B2ρ

ξ pu2γ

k (x, t)dx +
2γ − 1

m

t∫
0

∫
B2ρ

ξ pu2γ−1−m
k

∣∣Dumk
∣∣pdxds

= p

t∫
0

∫
B2ρ

ξ p−1 |Dξ | u2γ−1
k

∣∣Dumk
∣∣p−1

dxds +
p
2γ

t∫
0

∫
B2ρ

ξ p−1 |ξt| u2γ

k dxds

+pkN(1+μ)

t∫
0

∫
B2ρ

ξ p−1B(k−Nmumk )u
2γ−1
k Dξdxdt

+kN(1+μ) 2γ − 1
m

t∫
0

∫
B2ρ

ξ pu2γ−m−1
k B(k−Nmumk )Dumk dxds.

(2:20)

Using Young inequality, by (1.10),

ξ p−1 |Dξ | u2γ−1
k

∣∣Dumk
∣∣p−1 = u2γ−1−m

k ξ p−1
∣∣Dumk

∣∣p−1 |Dξ | umk
≤ u2γ−1−m

k (εξ p
∣∣Dumk

∣∣p + c(ε)ump
k |Dξ |p),∣∣∣ξ pu2γ−m−1

k B(k−Nmumk )Dumk

∣∣∣ ≤ k−Nm(1+α)
∣∣∣ξ pumα+2γ−1

k Dumk

∣∣∣
≤ k−Nm(1+α)

∣∣∣ξ pu2γ−1−m
k umα+m

k Dumk

∣∣∣
≤ k−Nm(1+α)

∣∣∣ξ pu2γ−1−m
k

∣∣∣ (c(ε)um(1+α)p′

k + ε
∣∣Dumk

∣∣p),
from (2.20), we have

1
2γ

∫
B2ρ

ξ pu2γ

k (x, t)dx+
[
2γ − 1

m
− ε

(
1 +

2γ − 1
m

)] t∫
0

∫
B2ρ

ξ pu2γ−1−m
k

∣∣∇umk
∣∣pdxds

≤ c

t∫
0

∫
B2ρ

u2γ−1+m(p−1)
k |Dξ |pdxds + p

2γ

t∫
0

∫
B2ρ

ξ p−1 |ξt| u2γ

k dxds

+c(ε)k−Nm(1+α)+N(1+μ)

t∫
0

∫
B2ρ

|uk|2γ−1−m+m(1+α)p′
dxds.

(2:21)

By the fact of that

∣∣∣∣∣∣∣D
⎛
⎜⎝ξu

2γ − 1 +m(p − 1)
p

⎞
⎟⎠
∣∣∣∣∣∣∣
p

=

∣∣∣∣∣∣∣u
2γ−1+m(p−1)

p
k Dξ +

2γ − 1 +m(p − 1)
mp

ξuk

2γ − 1 − m

p Dumk

∣∣∣∣∣∣∣
p

≤ c|Dξ |pu2γ−1+m(p−1)
k + cξ p

∣∣Dumk
∣∣pu2γ−1−m

k ,
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from (2.21), we have

sup
t0−2ρp<t<t0

∫
B2ρ

ξ pu2γ

k dxds+
∫ ∫

Q2ρ

∣∣∣∣∣∣∣∣
D

⎛
⎜⎜⎝ξu

2γ − 1 +m(p − 1)
p

k

⎞
⎟⎟⎠
∣∣∣∣∣∣∣∣

p

dxds

≤ c

t∫
0

∫
B2ρ

u2γ−1+m(p−1)
k |Dξ |pdxds + c

t∫
0

∫
B2ρ

ξ p−1 |ξt| u2γ

k dxds

+ c(ε)k−Nm(1+α)+N(1+μ) 2γ − 1
m

t∫
0

∫
B2ρ

|uk|
2γ−1−m+m(1+α)p′

dxds.

(2:22)

Let

β = max
{
1,

2γ − 1 +m(p − 1)
γ

}
,

and

w = ξβu
2γ−1+m(p−1)

p
k .

By the embedding theorem, from (2.22), we have

∫ ∫
Q2ρ

whdxdt ≤ c

⎧⎪⎨
⎪⎩ sup

t0−2ρp<t<t0

∫
B2ρ

w

2γ p
2γ − 1 +m(p − 1) dx

⎫⎪⎬
⎪⎭

2γ − 1 +m(p − 1)
2γ p

(1−δ)h

.
∫

t0−(2ρp)

⎛
⎜⎝∫
B2ρ

|Dw|pdx

⎞
⎟⎠

δh
p
dx, (2:23)

where

δ =
(
2γ − 1 +m(p − 1)

2γ p
− 1

h

)
.
(
1
N

− 1
p
+
2γ − 1 +m(p − 1)

2γ p

)−1

.

In particular, we choose

h = p[1 +
2γ p

N(2γ − 1 +m(p − 1))
],

then from (2.23), we have

∫ ∫
Q2ρ

ξβhu
2γ−1+m(p−1)+

2γ p
N

k dxdt

≤ c1

⎛
⎜⎝ sup

t0−2ρp<t<t0

∫
B2ρ

ξ

2γ pβ
2γ−1+m(p−1) u2γ

k dx

⎞
⎟⎠

p
N

.
∫ ∫

Q2ρ

∣∣∣∣∣∣∣∣
D

⎛
⎜⎜⎝ξβu

2γ − 1 +m(p − 1)
p

k

⎞
⎟⎟⎠
∣∣∣∣∣∣∣∣

p

dxdt

≤ c2

⎧⎪⎪⎨
⎪⎪⎩ sup

t0−2ρp<t<t0

∫
B2ρ

ξ

2γ pβ
2γ−1+m(p−1) u2γ

k dx +
∫ ∫

Q2ρ

∣∣∣∣∣∣∣∣
D

⎛
⎜⎜⎝ξβu

2γ − 1 +m(p − 1)
p

k

⎞
⎟⎟⎠
∣∣∣∣∣∣∣∣

p

dxdt

⎫⎪⎪⎬
⎪⎪⎭

1+
p
N

.

(2:24)
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Now, for τ ∈ [ 12 , 1], we denote that

ρ l = 2ρ

(
τ +

1 − τ

2l

)
, l = 1, 2, . . . ,

and choose the cut functions ξl(x, t) of Qrl, such that on Qr(l+1), ξl = 1.

Denote

K = 1 +
p
N
, 2γ = Kl.

and let

u1k = max{1, uk}.

Then, by (2.23) and (2.24) and the assumption of that a < p - 1, which implies

2γ − 1 +m(1 + α)p′ − m ≤ 2γ − 1 +m(p − 1),

we have∫ ∫
Qρ(l+1)

um(p−1)−1+Kl+1

k dxdt ≤
∫ ∫

Qρ(l+1)

um(p−1)−1+Kl+1

1k dxdt

≤
∫ ∫

Qρ(l+1)

um(p−1)−1+Kl+1

k dxdt + mesQρ(l+1)

≤

⎧⎪⎨
⎪⎩

ccl1
[(1 − τ )ρ]p

∫ ∫
Qρl

um(p−1)−1+Kl

1k dxdt

⎫⎪⎬
⎪⎭

K

.

Using Moser iteration technique, we have

sup
2τρ

u1k ≤
{

1[
(1 − τ )ρ

]N+p

∫ ∫
Q2ρ

um(p−1)−1+K
1k dxdt

} 1
K
.

Then, we have

sup
2τρ

u1k ≤ (sup
Q2ρ

u1k)
K−r
K .

{
1[

(1 − τ )ρ
]N+p

∫ ∫
Q2ρ

um(p−1)−1+r
1k dxdt

} 1
K
.

By Schwarz inequality,

sup
2τρ

u1k ≤ 1
2
sup
2ρ

u1k + c(r)

{
1[

(1 − τ )ρ
]N+p

∫ ∫
Q2ρ

um(p−1)−1+r
1k dxdt

}1
r
.

By the Lemma 3.1 in [19], for any τ ∈ [ 12 , 1) , we have

sup
2τρ

u1k ≤ c(r, p)

[∫ ∫
Q2ρ

um(p−1)−1+r
1k dxdt

]1
r
,
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and from this inequality, we get the conclusion of the lemma.

Lemma 2.3 The nonnegative solution uk satisfies

T∫
τ

∫
BR

∣∣Dumk
∣∣pdxdt ≤ c(τ , R). (2:25)

T∫
τ

∫
BR

|ukt|pdxdt ≤ c(τ , R). (2:26)

Proof. By Lemmas 2.1 and 2.2, {uk} are uniformly bounded on every compact set K

⊂ ST . Let ψR be a function satisfying (2.6) and ξ ∈ C1
0(0,T) with 0 ≤ ξ ≤ 1, ξ = 1 if t

Î (τ, T). We choose η = ψ
p
Rξu

m
k in (2.5) to obtain

1
m + 1

∫
RN

um+1
k (x, T)ψp

Rdx +
∫∫
ST

∣∣Dumk
∣∣pψp

Rξdxdt

=
1

m + 1

∫∫
ST

um+1
k ξ ′ψp

Rdxdt − p
∫∫
ST

umk
∣∣Dumk

∣∣p−2
Dumk · DψRψ

p−1
R ξdxdt

+kN(1+μ)
∫∫
ST

B(k−Nmumk )ξ(pψ
p−1DψRumk + ψ

p
RDumk )dxdt.

(2:27)

Noticing
∫∫
ST

umk
∣∣Dumk

∣∣p−1 |DψR|ψp−1
R ξdxdt

≤ ε

∫∫
ST

∣∣Dumk
∣∣pψp

Rξdxdt + c(ε)
∫∫
ST

upmk |DψR|pξdxdt,

∣∣∣∣∣∣
∫∫
ST

B(k−Nmumk )ξψp−1DψRumk dxdt

∣∣∣∣∣∣ ≤ c

R
k−Nm(1+α)

T∫
0

∫
Br

ξum(1+α)
k dxdτ ,

∣∣∣∣∣∣
∫∫
ST

B(k−mNumk )ξψ
p
RDumk )dxdt

∣∣∣∣∣∣ ≤ c(ε)
∫∫
ST

∣∣B(k−Nmumk )
∣∣p′

ξψ
p
Rdxdτ + ε

∫∫
ST

∣∣Dumk
∣∣pψp

Rξdxdt

≤ c(ε)k−Nm(1+α)
∫∫
ST

ump′(1+α)
k ξψ

p
Rdxdτ + ε

∫∫
ST

∣∣Dumk
∣∣pψp

Rξdxdt,

from these inequalities, by (2.18) and (2.27), one knows that (2.25) is true. (2.26) is to

be proved in what follows.

Let

v(x, t) = ukr(x, t) = ruk(x, rm(p−1)−1t), r ∈ (0, 1). (2:28)

Then

vt(x, t) = div(|Dvm|p−2Dvm) + rm(p−1)kN(1+μ)div(B(k−Nmr−mvm)), (2:29)

v(x, 0) = ruk(x, 0). (2:30)
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By (2.1) and (2.29), for any ϕ ∈ C1
0(ST) , we have

∫∫
ST

ϕ
∂

∂t
(uk − v)dxdt +

∫∫
ST

[∣∣Dumk
∣∣p−2

Dumk − ∣∣Dvm
∣∣p−2

Dvm
]
Dϕdxdt

+kN(1+μ)
∫∫
ST

[B(k−Nmumk ) − rm(p−1)B(k−Nmr−mvm)]Dϕdxdt = 0.
(2:31)

Let gn(s) = 1 when s > 1
n ; gn(s) = ns when 0 ≤ s ≤ 1

n ; gn(s) = 0 when s <0, and let �

in (2.31) be substituted by ϕgn(umk − vm) . Then

∫∫
ST

ϕgn(umk − vm)
∂

∂t
(uk − v)dxdt +

∫∫
ST

[
∣∣Dumk

∣∣p−2
Dumk − ∣∣Dvm

∣∣p−2
Dvm][g′

nD(umk − vm)ϕ + gnDϕ]dxdt

+kN(1+μ)
∫∫
ST

[B(k−Nmumk ) − rm(p−1)B(k−Nmr−mvm)][g′
nD(umk − vm)ϕ + gnDϕ]dxdt = 0.

(2:32)

Let ϕ(x, t) = θ( xk )ηj(t) . Where θ ∈ C1
0(R

N), 0 ≤ θ ≤ 1, θ(x) = 1 when x Î B1, and

ηj(t) ∈ C1
0(0, T) , 0 ≤ hj ≤ 1, which satisfies that hj ® h when j ® ∞, and h is the

characteristic function of (s1, s2), s1 < s2.

Since uk, v Î L∞ (RN × (τ, T)), Dumk , Dv
m Î Lp (RN × (τ, T)), we have

∫∫
ST

[
∣∣Dumk

∣∣p−2
Dumk − ∣∣Dvm

∣∣p−2
Dvm]g′

nθ(x)ηj(t)dxdt ≥ 0,

∣∣∣∣∣∣
∫∫
ST

[
∣∣Dumk

∣∣p−2
Dumk − ∣∣Dvm

∣∣p−2
Dvm]gnDθ

( x
k

)
ηj(t)dxdt

∣∣∣∣∣∣
≤ 1

k

∫∫
ST

[
∣∣Dumk

∣∣p−1 +
∣∣Dvm

∣∣p−1]
∣∣Dyθ(y)

∣∣
y=
x
k

ηj(t)dxdt → 0,

as k ® ∞.

If we notice that, for any i Î{1,2, ..., N},

kN(1+μ) lim
r→1

∣∣∣bi(k−Nmumk ) − rm(p−1)bi(k−Nmr−mvm)
∣∣∣

= kN(1+μ)
∣∣bi(k−Nmumk ) − bi(k−Nmvm)

∣∣
= kN(1+μ)

∣∣∣∣∣∣∣
k−Nmumk∫

k−Nmvm

b′
i(s)ds

∣∣∣∣∣∣∣
≤ kN(1+μ)

k−Nmumk∫
k−Nmvm

sαds = k1k
−Nm(α+1)+N(1+μ) k1

α + 1

∣∣∣um(α+1)
k − vm(α+1)

∣∣∣ .

then it is easy to show that

kN(1+μ) lim
r→1

∫∫
ST

[B(k−Nmumk ) − rm(p−1)B(k−Nmr−mvm)]g′
nϕ(Dumk − Dvm)dxdt = 0
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At the same time,

lim
k→∞

kN(1+μ)

∣∣∣∣∣∣
∫∫
ST

[B(k−Nmumk ) − rm(p−1)B(k−Nmr−mvm)]gnDϕdxdt

∣∣∣∣∣∣
= kN(1+μ) lim

k→∞

∣∣∣∣∣∣
∫∫
ST

[B(k−Nmumk ) − rm(p−1)B(k−Nmr−mvm)]gnDθ(
x
k
)ηj(t)dxdt

∣∣∣∣∣∣
≤ lim

k→∞
kN(1+μ)−1

∫∫
ST

∣∣∣B(k−Nmumk ) − rm(p−1)B(k−Nmr−mvm)
∣∣∣ ∣∣Dyθ(y)

∣∣
y= xk

η(t)dxdt

≤ lim
k→∞

kN(1+μ)−1−Nm(1+α)
∫∫
ST

∣∣∣um(1+α)
k + rm(p−2−α)vm(1+α)

∣∣∣ ∣∣Dyθ(y)
∣∣
y= xk

η(t)dxdt = 0.

Then, if we let k ® ∞, n ® ∞ and let r ® 1 in (2.32), since μ < a , we have

lim
r→1

∫∫
ST

ηj(t)sgn+(uk − v)
∂(uk − v)

∂t
dxdt ≤ 0,

in other words,

lim
r→1

∫∫
ST

η′
j(t)(uk − v)+dxdt ≥ 0.

Let j ® ∞. Then

lim
r→1

∫
RN

(uk(x, s2) − v(x, s2))+dx ≤ lim
r→1

∫
RN

(uk(x, s1) − v(x, s1))+dx.

Similarly, we have

lim
r→1

∫
RN

(v(x, s2) − uk(x, s2))+dx ≤ lim
r→1

∫
RN

(v(x, s1) − uk(x, s1))+dx. (2:33)

Let s1 ® 0. Then

uk ≥ lim
r→1

ukr.

It follows that

lim
r→1

uk(x, rm(p−1)−1t) − uk(x, t)
(rm(p−1)−1 − 1)t

≥ lim
r→1

r − 1
(1 − rm(p−1)−1)t

uk(x, rm(p−1)−1t),

which implies that

ukt ≥ − uk
[m(p − 1) − 1]t

. (2:34)
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Denote w = tguk(x, t), γ = 1
m(p−1)−1 . By (2.34), wt ≥ 0. By (2.1),

T∫
τ

∫
B2R

t−γwtψRdxdt = −
T∫

τ

∫
B2R

∣∣Dumk
∣∣p−2

Dumk · DψRdxdt

−kN(1+μ)

T∫
τ

B(k−Nmumk )DψRdxdt + γ

T∫
τ

∫
B2R

t−1uk(x)ψRdxdt

≤ β

τ

T∫
τ

∫
B2R

ukdxdt +

⎛
⎝ T∫

τ

∫
B2R

∣∣Dumk
∣∣pdxdt

⎞
⎠
p − 1
p

⎛
⎝ T∫

τ

∫
B2R

|DψR|pdxdt
⎞
⎠
1
p

+k−Nm(α+1)+N(1+μ)

T∫
τ

∫
B2R

um(α+1)
k |DψR|dxdt.

(2:35)

From (2.15), (2.18) and (2.35), we obtain (2.26).

3. Proof of Theorem 1.2

Proof of Theorem 1.2. By Lemmas 2.1-2.3, there exists a subsequence {ukj} of {uk}

and a function v such that on every compact set K ⊂ S

ukj → v in C(K), Dumk ⇀ Dvm in Lp1oc(ST), |ukt|L11oc(ST) ≤ c.

Similar to what was done in the proof of Theorem 2 in [9], we can prove v satisfies

(1.11) in the sense of distribution.

We now prove v(x, 0) = cδ(x). Let χ ∈ C1
0(BR) . Then we have∫

RN

uk(x, t)χdx−
∫
RN

ϕkχdx

= −
t∫

0

∫
RN

∣∣Dumk
∣∣p−2

Dumk · Dχdxds − kN(1+μ)

t∫
0

∫
RN

B(k−Nmumk )Dχdxds.

(3:1)

To estimate

∫ t

0

∫
RN

∣∣Dumk
∣∣p−2

Dumk · Dχdxds , without loss of the generality, one can

assume that uk >0. By Hölder inequality and Lemma 2.1,∣∣∣∣∣∣
t∫

0

∫
RN

∣∣Dumk
∣∣p−2

Dumk · Dχdxdt

∣∣∣∣∣∣

≤ c

⎡
⎣ t∫

0

∫
B2R

us−m
k(

1 + usk
)2 ∣∣Dumk

∣∣pdxdτ
⎤
⎦
p − 1
p

.

⎡
⎣ T∫

0

∫
BR

(
1 + usk

)2(p−1)
u(p−1)(m−s)
k dxdτ

⎤
⎦
1
p

≤ c

⎡
⎣ t∫

0

∫
BR

(
u(p−1)(m−s)
k1 + u(p−1)(s+m)

k1 dxdτ

⎤
⎦

1
p

≤ c

⎡
⎣ t∫

0

∫
BR

u
m(p−1)+

p
N−s

k1 dxdτ

⎤
⎦

1
p−d

td,

(3:2)
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where s ∈ (0, 1
N ), d = 1−Ns

m(p−1)N+p−sN < 1
P , uk1 = max(uk, 1).

Hence from (3.1), we get∣∣∣∣∣∣
∫
RN

ukχdx −
∫
RN

u0kχdx

∣∣∣∣∣∣ ≤ ctd + k−Nm(α+1)+N(1+μ)

t∫
0

∫
RN

um(α+1)
k |Dχ |dτds. (3:3)

Letting k ® ∞, t ® 0 in turn, we obtain

lim
t→0R

∫
RN

vχdx = χ(0)
∫
RN

ϕdx.

Thus

v(x, 0) = cδ(x), c =
∫
RN

ϕdx,

v(x, t) is a solution of (1.11) and (1.12). By the assumption on uniqueness of solution,

we have v(x, t) = Ec(x, t) and the entire sequence {uk} converges to Ec as k ® ∞. Set t

= 1.

Then

uk(x, 1) = kNu(kx, kNμ) → Ec(x, 1)

uniformly on every compact subset of RN. Thus by writing kx = k’, kNμ = t’ , and

dropping the prime again, we see that

t
1
μ u(x, t) → Ec(xt

1
Nμ , 1) = t

1
μ Ec(x, t)

uniformly on the sets
{
x ∈ RN : |x| ≤ at

1
Nμ

}
, a > 0. Thus Theorem 1.2 is true.
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