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In this paper, we investigate the Berry-Esséen bound of the sample quantiles for the
negatively associated random variables under some weak conditions. The rate of
normal approximation is shown as O(n"""?).
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1 Introduction

Assume that {X,},-; is a sequence of random variables defined on a fixed probability
space (€2, F, P) with a common marginal distribution function F(x) = P(X; < x). F is a
distribution function (continuous from the right, as usual). For 0 <p < 1, the pth quan-
tile of F is defined as

&, = inf{x : F(x) > p}

and is alternately denoted by F'(p). The function F(t), 0 <t < 1, is called the inverse
function of F. It is easy to check that &, possesses the following properties:

(i) F(&-) < p < F(&)
(i) if &, is the unique solution x of F (x-) < p < F(x), then for any ¢ >0,

F(5 —¢) <p <F(& +¢).

For a sample X3, X5, .., X,,, n > 1, let F,, represent the empirical distribution function
based on X;, Xj,...,, X,,, which is defined as F,(x) = 711 YL I(Xi < x), x € R, where I(A)
denotes the indicator function of a set A and R is the real line. For 0 <p < 1, we define
F,;1(p) = inf{x : F,(x) > p} as the pth quantile of sample.

Recall that a finite family {Xj,..., X,,} is said to be negatively associated (NA) if for any
disjoint subsets A, B € {1, 2,.., n}, and any real coordinatewise nondecreasing functions

fon R, gon R5,
Cov(f(Xp k € A),g(Xi, k € B)) < 0.

A sequence of random variables {X}};.; is said to be NA if for every n > 2, X;, Xy,...,
X,, are NA.

From 1960s, many authors have obtained the asymptotic results for the sample quan-
tiles, including the well-known Bahadur representation. Bahadur [1] firstly introduced
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an elegant representation for the sample quantiles in terms of empirical distribution
function based on independent and identically distributed (i.i.d.) random variables. Sen
[2], Babu and Singh [3] and Yoshihara [4] gave the Bahadur representation for the
sample quantiles under ¢-mixing sequence and o-mixing sequence, respectively. Sun
[5] established the Bahadur representation for the sample quantiles under a-mixing
sequence with polynomially decaying rate. Ling [6] investigated the Bahadur represen-
tation for the sample quantiles under NA sequence. Li et al. [7] investigated the Baha-
dur representation of the sample quantile based on negatively orthant-dependent
(NOD) sequence, which is weaker than NA sequence. Xing and Yang [8] also studied
the Bahadur representation for the sample quantiles under NA sequence. Wang et al.
[9] revised the results of Sun [5] and got a better bound. For more details about Baha-
dur representation, one can refer to Serfling [10].

For a fixed p e (0, 1), let &, = F'(p), &,n = F; }(p)and ®(¢) be the distribution func-
tion of a standard normal variable. In [[10], p. 81], the Berry-Esséen bound of the sam-
ple quantiles for i.i.d. random variables is given as follows:

Theorem A Let 0 <p < 1 and {X,},=1 be a sequence of i.i.d. random variables. Sup-
pose that in a neighborhood of &, F possesses a positive continuous density f and a
bounded second derivative F". Then

nl/z(gp,n - Sp) ) ' —1/2
P <t]—-®(t)|=0 , — 00.
([p(l — () O =0t n= e

In this paper, we investigate the Berry-Esséen bound of the sample quantiles for NA

su
—00<<00

random variables under some weak conditions. The rate of normal approximation is
shown as O(n'"®).
Berry-Esséen theorem, which is known as the rate of convergence in the central limit

theorem, can be found in many monographs such as Shiryaev [11], Petrov [12]. For the

. . . . 1 .
case of i.i.d. random variables, the optimal rate is Oo(n~2) and for the case of martin-

gale, the rate is O(n_éll log n) [[13], Chapter 3]. For other papers about Berry-Esséen

bound, for example, under the association sample, Cai and Roussas [14,15] studied the
Berry-Esséen bounds for the smooth estimator of quantiles and the smooth estimator
of a distribution function, respectively; Yang [16] obtained the Berry-Esséen bound of
the regression weighted estimator for NA sequence; Wang and Zhang [17] provided
the Berry-Esséen bound for linear negative quadrant-dependent (LNQD) sequence;
Liang and Baek [18] gave the Berry-Esséen bounds for density estimates under NA
sequence; Liang and Ufia-Alvarez [19] studied the Berry-Esséen bound in kernel den-
sity estimation for o-mixing censored sample; Lahiri and Sun [20] obtained the Berry-
Esséen bound of the sample quantiles for a-mixing random variables, etc.

Throughout the paper, C, C;, C,, Cj,..., d denote some positive constants not
depending on n, which may be different in various places. | x| denotes the largest inte-
ger not exceeding x, and the second-order stationarity means that

d .
(X1/X1+k) =(Xi/Xi+k)l 1> 1/k > 1

Inspired by Serfling [10], Cai and Roussas [14,15], Yang [16], Liang and Ufia-Alvarez

[19], Lahiri and Sun [20], etc., we obtain Theorem 1.1 in Section 1. Two preliminary
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lemmas are given in Section 2, and the proof of Theorem 1.1 is given in Section 3.
Next, we give the main result as follows:

Theorem 1.1 Let 0 <p < 1 and {X,},=1 be a second-order stationary NA sequence
with common marginal distribution function F and EX,, = 0 forn =1, 2, . . .. Assume
that in a neighborhood of £,, F possesses a positive continuous density f and a bounded
second derivative F". If there exists an gy >0 such that for x € [§, - &0, £, + &0l,

Z}Z JICou[I(X, < x), I(X; < x)]| < o0, (1.1)
and
Var[I(X, < &)] +2 Z:; CovlI(X1 < &), 1(X; < §)] = 0?(§) > O, (1.2)
then
n'/? (&pn — &) _ —1/9
7021<1tp<oo P( o (6,)/(5) <t]—-®()|=0n"""), n— oo (1.3)

Remark 1.1 Assumption (1.2) is a general condition, see for example Cai and Roussas
[14]. For the stationary sequences of associated and negatively associated, Cai and
Roussas [15] gave the notation u(n) = Z;fn |Cov(X1,Xj+1)|1/ 3 and supposed that (1) <
. In addition, they supposed that y(n) = O(n™¥) for some o >0 or (1) < o, where
8(i) = Zfzol 1(j), then obtained the Berry-Esséen bounds for smooth estimator of a dis-

tribution function. Under the assumptions Z]-Ofml {Cov(Xl,Xj)}l/3 = O(n~(=1) for
some r >1 or Y o2, n’Cov(X;,X,) < oo, Chaubey et al. [21] studied the smooth esti-
mation of survival and density functions for a stationary-associated process using Pois-
son weights. In this paper, for x € [, - &y, &, + €], the assumption (1.1) has some

restriction on the covariances of Cov[/(X; < x), I(X; < x)] in the neighborhood of &,.

2 Preliminaries
Lemma 2.1 Let {X,)},»1 be a stationary NA sequence with EX,, = 0, |X,,| < d < for n =

1,2,. .. There exists some B > 1 such that 35 |Cov(Xy, Xj)| = O(by*Yor all 0 <b,, —

o0 as n— oo, If

n
.. _ 2
liminfn 1Var(Z:i:lX,-) =04 >0,

n—o0

then

n

X
sup |P L Xi <t|-o@)|=0n""), n- . (2.1)
—esteoo | Var(2, X))

Proof We employ Bernstein’s big-block and small-block procedure. Partition the set
{1, 2,.., n} into 2k, + 1 subsets with large blocks of size 4 = y,, and small block of size

v = v,. Define

pn = [173], v = [1Y3], T =Ry = { " J - [0, (2.2)

MUn + Vp
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and Z,; = ,~/\/Var(2?=1 X;). Let mj;, &, {; be defined as follows:

jpav) e
= Y. Zni 0<j<k-—1, (2.3)
i=j(pu+v)+1
G+1) ()
§:= Y Zn, 0=j<k-1, (2.4)

i=j(p+v)+p+l

n
Qo= Y Zni (2.5)
i=k(pu+v)+1
Write
(l_ X k—1 k—1 7 "
Sy = i Xi =D 0+ Z'=o E+0, =8, +S,+8,. (2.6)
Var(ZLXi) ! :

By Lemma A.3, we can see that

sup |P(Sy <t) — (1)

—00<I<00
= sup [P(Su+S8"+S" <t)—®() < sup |P(Sn=<t)— (1)
—00<t<00 —00<t<00 (2.7)
1
2n_9 4 *1 i *1
+\/2 +P(1S"y] > n"9)+ P(IS"ul > n"9).
g

Firstly, we estimate E(S,)? and E(S,’)? which will be used to estimate P(IS!| > nié)

and P(1S!| > n_;) in (2.7). By the conditions |X;] < d and
lim inf n~'Var(}1L, X;) = og > 0, it is easy to see that |Zy] < =

n->00 Jn
n follows from EZ,; = 0 and Lemma A.1. Combining the definition of NA with the
definition of &, j = 0, 1, ..., k - 1, we can easily prove that {&y, &, .., &1} is NA. There-
fore, it follows from (2.2), (2.4), (2.6) and Lemma A.1 that

. And E(&)* < Cuv,/

k—1 kv n v v
ES//2<C E2<Cnn<c n<C n=O 71/3' 2.8
(Sp)” = 12]‘:0 § =G n SO, un =9y, (n=7"7) (2.8)

On the other hand, we can get that

C5 n 2 C6 n
/"2 . 2
E($7n)" = n E(Zi:k(;HV)HXl) = Zi=k(u+V)+1 EX,

(2.9)
C; Mn + Vp -1/3
o (—ka(pn+va)) =Cg 7T =O(n)

IA

from (2.5), ligglfn*IVar(ZL Xi) =05 > 0, |X;| < d and Lemma A.1. Consequently,
by Markov’s inequality, (2.8) and (2.9),

1 2
P <|s”,,| > n9> <nd -E(S))? = 0o(n 1), (2.10)

Page 4 of 14
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1 2
P <|S’”,,| > n9> <nd -E(S))? =0(n ). (2.11)
In the following, we will estimate _OSUIP o IP(S, = 1) = @()|. Define

s2 = Z]:l Var(n;), Ty := Zog<jgk—1 Cov(ni, nj).
Here, we first estimate the growth rate |s2 — 1. Since ES? = 1 and
E(S,)? = E[Su — (S + $,))]* = 1+ E(S; + §;')* — 2E[Su(S;; + S;)],
by (2.8) and (2.9), it has

E(S,)? = 11 = E(Sy, +S1)? = 2E[Su(S, + S
< E(S;)” + E(Sy)? + 2[E(S;)* /2 [E(S))* 12
+ 2[E(S)HIPES)* 1 + 2[E(S)] P E(S) )]
=0~ Py +0om %) = O(n~V°).

(2.12)

Notice that
s2 = E(S,)* — 2T, (2.13)

With 4; = j(u, + v,,),

Hn  Hn

y=2 Y Y Y CoVZuast Zuiysiy),

0<i<j<k—11l=1 =1

but since i = j, [A; - A; + Iy - | = v, it has that

C
12D, <2 Z ICov(Znis Znj)l < Z |Cov(X;, X))
1<i<j<n 1<i<j<n

j—i=vy j—i>vy (2.14)
=G ka |Cov(X1, Xi)| = O(n—ﬂ/S) - O(n_l/s)

following from (2.2) and the conditions of stationary,
lim infn~!Var(3_i; Xi) = 0g > 0and 3%, |Cov(X1,X;)| = O(b,"), B = 1. So, by (2.12),
(2.13) and (2.14), we can get that

Is2— 1] = O(n~ %)+ O(n~3) = O(n~V°). (2.15)

For j = 0, 1,.., k - 1, let nj be the independent random variables and

Is2 — 1] = O(n~ %) + O(n3) = O(n°). have the same distribution as 7, j = 0, 1,...,

k - 1. Define Hy, = Y"I)' o’

j- It can be found that

sup |P(S'y <t) — (1)

—00<I<00
< sup [P(S'n<t)—P(H,<t)|+ sup [P(H,<t)— ®(t/sy)| (2.16)
—00<t<00 —0o0<t<00

+ sup |P(t/sn) — P(t)] := D1+ Dy + Ds.

—00<t<00

Let @(¢) and w(¢) be the characteristic functions of S;, and H,, respectively. By Esséen
inequality [[12], Theorem 5.3], for any T >0,

Page 5 of 14
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T —
D1§f CO=VO 0t sup f o P(Hy < u+ 1) = P(H, < 0)|du
- ui<$

T t —00<t<00 (217)
= Dln + D2n~
With 4; = j(u, + v,) and similar to the proof of Lemma 3.4 of Yang [16], we have
that
k-1 k-1
lp(t) =¥ (1)l = |E exp | it Y n; | =[] E exp(itn;)
j=0 j=0
MUn  Hn
a2 Y S (CovZunn Zuns)
0<i<j<k—1I1;=1 =1 (218)
C1t2
=7, 2 ICov(XixX)
1<i<j<n
j=izva
< G’ Y |Cov(Xy, Xj)| < CstPn PP
jZvn

by (2.2) and the conditions of stationary, ligglfn”Var(Z:.’:lX,-) =03 >0 and

>, 1Cov(Xy, Xj)| = O(b,?). Set T = n ®P - V18 for B > 1, we have by (2.18) that
T o) —y(t
Dy, = / |(/)( ) ) I//( )|dt < Cnfﬂ/3 . TZ _ O(nfl/S). (219)
-T
It follows from the Berry-Esséen inequality [[12], Theorem 5.7], that

C k—1 C k—1
sup (P(Hafsn <0) = (0 < 53 WP = 33 Ell (2.20)
n n

—o0<t<0o0

By (2.3) and Lemma A.1,

. 3
k—1 k—1 J(p+v)+u
3 = .
Zj:o E|7]]| Zj:o E‘ Zi:j(u-pu)-p] Zﬂ,l{

C1 k-1 i) P
= n3/2 Zj:() E‘Zi:j(u+v)+1 Xl|

(2.21)
C2 le—1 Jlm+v)+u 3 J(m+v)+u 243/2
= n3/2 Zj=0 {Zi=j(u+v)+l E|X1| * (Zi=j(,u_+v)+1 E|Xl| )
Cs k—1 3/2 C4k,u3/2 ~1/6
= n3/2 Zj:0 (w+p7) = w32 - O(n="7).
Combining (2.20) with (2.21), we obtain that
H
sup [P(C " <t)— (1) = O(n V%), (2.22)
—oo<t<oo Sn

Page 6 of 14
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since s,, > 1 as n — o by (2.15). It follows from (2.22) that

sup |P(H, <u+t)—P(H, <t)|

—00<t<00

< sup ‘P(H" - u+t> _q)(u+t)‘
—00<t<00 Sn Sn Sn
H, t t u+t t
+ sup [P < —®( )|+ sup |P -
—oo<t<00 Sn Sn Sn —oo<t<00 Sn Sn
u+t t
Sn Sn

A

—00<I<00 n —00<I<00

-om % +0 ('”') ,

which implies that

Hy
<2 sup ‘P( §t)—d>(t)|+ sup
s

—00<I<00

Dy, =T sup / |P(Hy, <u+t)— P(H, <t)|du
hl=C/T (2.23)
C G _ -1/6 -1/9y _ -1/9
§n1/6+ T =0(n ")+ 0(n "7)=0(n"""),

where T = n ®# -~ V18 [t is known that [[12], Lemma 5.2],

_ _(=DIp=1) (' =DIO0<p<1)
S 1) et = g2 (27e)'? '

Thus, by (2.15),
D3 = sup |®(t/sp) — D(t)]

—00<l<00

< (2me) Y2 (sy — DI(sy = 1) + (2me) V2(s; 1 = 1)I(0 < 5, < 1)
< (2me) 2 max(|s, — 1|, |5, — 1|/5n) (2.24)
< Cymax(|sy, — 1|, sy — 1|/sn) - (s + 1) (note thats, — 1)

< Cyls2 — 1] =0(n V),
and by (2.22),

t

D, = sup IP (Ij < ) - (St )‘ =0(n~Y%). (2.25)

—o0<t<00 n Sn

Therefore, it follows from (2.16), (2.17), (2.19), (2.23), (2.24) and (2.25) that

sup |P(S, < t) — ®(t)| = O(n~°) + O(n™/®) = O(n~'P°). (2.26)

—00<I<00

Finally, by (2.7), (2.10), (2.11) and (2.26), (2.1) holds true. ©

Lemma 2.2 Let {X,}},-1 be a second-order stationary NA sequence with common mar-
ginal distribution function and EX,, = 0, |X,,| < d< e, n = 1,2,.... We give an assumption
such that ) jlCov(X1, Xj)| < oo. If Var(Xy) + 2 )75, Cov(X1, Xj) = o > O, then

sup ‘P (Zi:lxi < t) — <I>(t)‘ =0o(n ), n— oo (2.27)
Jn

—00<t<00 01

Proof Define 02 = Var(Y_1L, X;), 02(n, o) = no? and ¢(k) = Cov (X;,4 X)) for k =0, 1,

2,.... For the second-order stationarity process {X,},-; with common marginal
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distribution function, it can be found by the condition Z]O:l ily (j)| < oo that

|0,% — az(n, 012)| =

w23 (1-1) v =@ -2 7 )

- ‘2” Z;_ll i’/(j) -my V(j)’ (2.28)
<23 " v+ " Iy G)
<a) " ilv(i)I = o).

On the other hand,

(55 =) oo

—00<I<00
< ap [p(TE Lot g ()
—oo<t<o0 On On On (2.29)
n, ol
+ sup ‘dJ (G( 7 )t> - Cb(t)‘
—oo<t<oo On
= D] +D2.

Obviously, if b, — o as n — oo, then it follows from Z]o:z jlCov(X1, Xj)| < oo that
oo 1 S -1
2, |CovxL Xl = D jiCov(Xy, X))l = (b ).

(2.28) and the fact 02(n, 0?) = no — oo yield that JLIEIO o2/o?(n,0f) =1 Thus, by

Lemma 2.1,
Dy = O(n~ 7). (2.30)
By (2.28) again and similar to the proof of (2.24), it follows

n

D, <C —
2= o n o)

2
C
o ‘ - |02 — 0%(n,02)| = O(n™). (2.31)

" o2(n,0?)
Finally, by (2.29), (2.30) and (2.31), (2.27) holds true. ©
Remark 2.1 Under the conditions of Lemma 2.2, we have (27). Furthermore, by the
proof of Lemma 2.2, we can obtain that

sup ‘P(%ﬂlxi < t) —®(1)

- < C(af)n_l/g, n— 0o, (2.32)
—00<t<00 noi

where C(o) is a positive constant depending only on o

3 Proof of the main result
Proof of Theorem 1.1 The proof is inspired by the proofs of Theorem A and Theorem
C of Serfling [[10], pp. 77-84]. Denote A = o (§,) / f (§,) and

Gn(t) = P(”l/z(fp,n —&)/A <)

Page 8 of 14
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Let L, = (log n log log n)"’?, we have

sup |Gy (t) — ®(t)| = max | sup |G, (t) — P(t)], sup |Gy (1) — (1)

[t|>Ly t<—Ly, t>L,
< max{Gy(—Ly) + ®(=L,), 1 — Gu(Ly) + 1 — ®(L,)}  (3.1)
< Gu(=Ly) +1 = Gu(Ly) + 1 — ®(L,)
< P(|&n — & = AL;n 2) + 1 — ®(L,).

Since 1 — @(x) < (2”3);1/2 e 12, x > 0 it follows

-1/2
1— (D(Ln) < (27TL) e log n log log n/2 _ O(n_l). (3‘2)

n

V2 512 where 0 <go <A. Seeing that

Let &, = (A - &) (log 1 log log 1)
P(I5pn — | = A(log n log log n)'/2n™"%) < P(1§n — & > n)
and
P(&pn — &l > ) = P& > & + &) + PEpn < & — &),
by Lemma A.4 (iii), we obtain
P(Epn > & +2n) = P(p > Fa(§ + ) = P(1 = Fa(& + 1) > 1 =)
=P (Y 106 > &+ 5) > n(1—p))
=P (Vim BVi) > s ),
where V; = I (X; > &, + &,) and 0,1 = F(¢, + ,) - p. Likewise,
P(gon < & — £a) < P(p < Falp — ) = P (D2 (Wi — EW) = nidna),

where W; =1 (X; > &, - &,) and 0,p, = p - F(§, - ¢,). It is easy to see that {V; - EV}}
1<i<n- and {W; - EV;}i., are still NA sequences. Obviously, |V; - EV,| < 1,
SIUE(Vi—EV)? <n |W,; - EW,;| <1, YL, E(W; — EW;)> < n. By Lemma A.2, we

have that
né2
P(Epln > Ep + 8”) < 2 eXp {_2(2 +n;nl) } ,
né2
P —g) <2 - n2 .
(Ep,n < Ep Sﬂ) — eXp { 2(2 + 5712) }

Consequently,

. 2
n[min(8,1, 8n2)] } ' (3.3)

P(|&pn — &l > €4) < 4exp {_2(2 +max(8n1, 6n2))

Since F (x) is continuous at &, with F’ (,) > 0, &, is the unique solution of F (x-) < p
< F (x) and F (§,) = p. By the assumption on f(x) and Taylor’s expansion,
F(& +&n) —p = F(& + en) — F(§) = f(&)en + 0(&n),
p—F(& — en) = F(&) — F(§ — &n) = f(&p)en + 0(&n).

Page 9 of 14
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Therefore, we can get that for n large enough,

f(&)en ) f(&)(A — g0)(log n log log )2 < F(& + ) — P,

2 2nl/2
— 1/2
f)en _SE)A—co)llog log log m'™ )y

Note that max(d,1, d,2) = 0. as n — . So with (3), for n large enough,

_f*(&)(A —e0)*log n log log n

8(2 + max(8n1, 62)) } =0(n™). (34)

P(|&pn — &p| > &) < dexp {

Next, we define
oo
o%(n,t) = Var(Z,) + 2 Z;ez Cov(Z1,2),
where Z; = I [X; < &, + tAn?] - EI [X; < & + tAn"?. Seeing that
(&) = Varll(Xy = )]+ 23 CovlI(X1 = &) 1(X; < &)]

we will estimate the convergence rate of |6° (, t) - 0~ (€,)]- By the condition (1.1),
we can see that 6° (§,) < oo. Since that F possesses a positive continuous density f and
a bounded second derivative F’, for |¢| < L, = (log n log log 1n)"'?, we will obtain by
Taylor’s expansion that

|Var(Z,) — Var[I(X; < &)]l
= [Var[I(X; < &, + tAn~Y2)] — Var[I(X; < &,)]|
= [F(& + tAn™1%) — F(&) + [ (&) — F*(& + tAn” "))

3.5
< f(&) - 1tlAn™"2 + o(lt|An~'1?) &)
+|F(&,) + F(& + tAn2)| - [f (&) - ItIAn™ + o(|t|An~1?)]
= O((log n log log n)'?n=1/2).
Similarly, for j = 2 and |t| < L,
IE[[(X1 < & + tAn"2)I(X; < & + tAn~Y2)] — E[I(X; < & + tAn"V2)[(X; < &)
< EI(X; < & +tAn ) — I(X; < &)
= [F(& + tAn™"?) — F(&)I(t = 0) + [F(&) — F(& + tAn™?)]I(t < 0)
= 0O((log n log log n)"/2n=1/2),
Therefore, by a similar argument, for j > 2 and |t| < L,,
|Cov(Z1, Zj) — Cov[I(X1 < &), 1(X; < &)]I
< [E[I(X1 < & +tAn™)I(X; < § + tAn™ %) = E[I(X1 < §)I(X; < &)]|
B[ < & + tAn™ ) JE[I(X) < & + tAn™7)] = E[1(X, < &)]E[I(X; < &)
< |E[I(X1 < & +tAn"?)I(X; < &, + tAn~1/?)]
—E[I(X, <& +An" )X < &) 3.6)

+E[I(X; <& + tAn™2)I(X; < &)] — E[I(X1 < &)I(X; < &)]I

+E[I(X; < & + tAn ') |E[I(X; < & + tAn~'/?)]

—E[I(Xy <& + tAn” ) [E[I(X; < &)]|

+E[I(X1 < & + tAn™ ) [E[I(X; < &)] — E[I(X1 < &)IE[I(X; < &)]|
= 0O((log n log log n)?n=12).
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Consequently, by the conditions (1.1) and (3.5), (3.6), for |f]| < L,

lo?(n,t) — 02 (&)
< |Var(Z;) — Var[I(X; < &)

nl/S]

23" Cov(z1,2)) - Covli(i = &), 1% < &)1

oo oo
+2 ZFW gt 1COV(Z1, )] +2 Z[j:nl por 1COVIXs = ) 1(X; < &)
< C;(log n log log n)?n=? + C,n'(log n log log n)?n=Y2 + o(n™'/*)

=o(n~').

(3.7)

By Lemma A.4 (iii) again, it has
Ga(t) = P(§pn < & +1An~"1%) = P[p < Fu(§y + tAn™'1?)]
n
= p[mp < 3 106 <8+ 1an )]

_p [n'2(p — F(& + tAn~1?2)) - Y Zi :| .
o(n,t) = /no(n 1)
Thus,
carer] By o] oo Fiy )
where
o n'2(F(&, + tAn=11?) — p)'

o(n,t)

It is easy to check that

(1) — Gu(t) = D(1) — 1 + p[ Yt Zi cmi|

/no (n, t) =
- > Zi
=r |:\/no*(ln, t) = _C"t] —[1 =21 (3.8)
_ Y Zi
-’ [wa(ln, 0~ ‘] = (=) + @ (1) = Slen).
o?(nt)

By (3.7), it has that lim — 1as n — oo, which implies that 0 <6® (1, t) for |t| <

a?(&)
L, and n large enough. Obviously, {Z;} is a second-order stationary NA sequence.
Thus, for a fixed ¢, |t| < L,, by the Lemma 2.2, (2.32) in Remark 2.1 and (3.7), it has
for n large enough that

B ] ot
=P IP [ﬁ; (1nZt) < ’“] — ()

< C(o?(n, ))n~ 1 = C(a?(&) + o(n~1*))n~1/°

=< C] n71/9/

Page 11 of 14
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where C; does not depend on ¢ for |¢] < L,. Therefore, for n large enough, we have

Y Zi
P[Jno(ln, n ="

By (3.8) and the inequality above, we can get that for # large enough,

sup <Cin P,

[tI<Ly

cm] — O(—cu)

sup |Gp(t) — ®(1)]

[t|<Ln

Z?—] Zi i|
= sup P[ B} < —Cpt | — P(—cne)| + sup |P(t) — P(cne)] 39
S 1L o n,y = o] T P x b 1900 = 06 39
<Cn 4 sup |®(t) — D(cne)l-
[tI<Ly

On the other hand,

sup (00~ o(a) = _sup o —o( 7))

lt|<Ly —co<(<00 o(n,t) (3.10)
+ sup |® ( o (&) t) — O(cp)| = Hy + Ha.
=L, | \o(n1)
By (3.7) again and similar to the proof of (2.31), we have
o?(n, 1) 2 2 2 1/5
= c| 70 1)< oot ) — o)1 = o) G.11)
o2(&)
By Taylor’s expansion again, we obtain that
oA F(&, + tAn~Y?) — F(&,)
C = . .
" o(n, 1) tAn—1/2
4 — 1o —
_t. A . F (SP)tAn 1/2 + ZF (sp/t)(tAn 1/2)2 (312)
o(n,t) tAn—1/2
_¢ a (&) + tzAZF”(Sp/t) n12
o(n,t) 20(n,t)
where &, lies between &, and £, + At 1t is known that [[12], Lemma 5.2],
sup [®(x +¢) — S(x)| < Iq| - (27) 712, for everyq. (3.13)

Therefore, by (3.12), (3.13) and the condition that F’ is bounded in a neighborhood
of &,, we get for n large enough that

o ( o (&) t) oo

< CL2n™ Y2 = O(log n - log log n-n~Y?), (3.14)
o(n,t)

H; = sup

[tl<Ly

since 6> (§,) < = and lim (1) _ 9 for || < L,. Therefore, it follows from (3.9),
n—oo

02(5{7)
(3.10), (3.11) and (3.14) that

sup |Gy (t) — @(t)| = O(n™'7). (3.15)

[tl<Ly

Finally, the desired result (1.3) follows from (3.1), (3.2), (3.4) and (3.15) immediately.
O
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Appendix
Lemma A.1 [[22], Theorem 1] Let {X,},=1 be NA random variables, EX; = 0, E|X,|? <
o, where i = 1, 2,.., n and p > 2. Then, there exists some constant c,, depending only on
p such that

n n n
By Xl <o) EXP+(_ EX))).

Lemma A.2 [[16], Lemma 3.5] Let {X,,},=1 be a NA sequence with EX; = 0, |X;| < b,
as. i =1, 2,., Denote A, =Y L, EX?. Then for ¥ ¢ > 0,

2

P(l Z;X“ > €)= 2exp{—2(2:n + be) b

Lemma A.3 [[23], Lemma 2] Let x and Y be random variables, then for any a > 0,

Slip [PX+Y <t)— (1) < Sl?p [P(X <t)— ®(1)] + «/[;n +P(lY] > a).

Lemma A.4 [[10], Lemma 1.1.4] Let F(x) be a right-continuous distribution function.
The inverse function F'(t), 0 <t < 1, is nondecreasing and left-continuous, and satisfies

(i) F* (F(x)) <, - 00 <x < oo;
@ FEFE @) =2¢40<t<1;
(ii) F (x) > t if and only if x > F' (¢).
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