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China neural networks (FCNNs) with time delays in the leakage terms and distributed delays is
formulated and investigated. By establishing an integro-differential inequality with

impulsive initial conditions and employing M-matrix theory, some sufficient conditions
ensuring the existence, uniqueness and global exponential stability of equilibrium point
for impulsive BAM FCNNs with time delays in the leakage terms and distributed delays
are obtained. In particular, the estimate of the exponential convergence rate is also
provided, which depends on the delay kernel functions and system parameters. It is
believed that these results are significant and useful for the design and applications of
BAM FCNNs. An example is given to show the effectiveness of the results obtained here.
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1 Introduction

The bidirectional associative memory (BAM) neural network models were first introduced
by Kosko [1]. It is a special class of recurrent neural networks that can store bipolar vector
pairs. The BAM neural network is composed of neurons arranged in two layers, the
X-layer and Y-layer. The neurons in one layer are fully interconnected to the neurons in
the other layer. Through iterations of forward and backward information flows between
the two layer, it performs a two-way associative search for stored bipolar vector pairs and
generalize the single-layer autoassociative Hebbian correlation to a two-layer pattern-
matched heteroassociative circuits. Therefore, this class of networks possesses good appli-
cation prospects in some fields such as pattern recognition, signal and image process, and
artificial intelligence [2]. In such applications, the stability of networks plays an important
role; it is of significance and necessary to investigate the stability. It is well known, in both
biological and artificial neural networks, the delays arise because of the processing of
information. Time delays may lead to oscillation, divergence or instability which may be
harmful to a system. Therefore, study of neural dynamics with consideration of the
delayed problem becomes extremely important to manufacture high-quality neural net-
works. In recent years, there have been many analytical results for BAM neural networks
with various axonal signal transmission delays, for example, see [3-11] and references
therein. In addition, except various axonal signal transmission delays, time delay in the
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leakage term also has great impact on the dynamics of neural networks. As pointed out by
Gopalsamy [12,13], time delay in the stabilizing negative feedback term has a tendency to
destabilize a system. Recently, some authors have paid attention to stability analysis of
neural networks with time delays in the leakage (or “forgetting”) terms [12-18].

Since FCNNs were introduced by Yang et. al [19,20], many researchers have done
extensive works on this subject due to their extensive applications in classification of
image processing and pattern recognition. Specially, in the past few years, the stability
analysis on FCNNs with various delays and fuzzy BAM neural networks with transmis-
sion delays has been the highlight in the neural network field, for example, see [21-27]
and references therein. On the other hand, in respect of the complexity, besides delay
effect, impulsive effect likewise exists in a wide variety of evolutionary processes in which
states are changed abruptly at certain moments of time, involving such fields as medicine
and biology, economics, mechanics, electronics and telecommunications. Many interest-
ing results on impulsive effect have been gained, e.g., Refs. [28-37]. As artificial electronic
systems, neural networks such as CNNss, bidirectional neural networks and recurrent
neural networks often are subject to impulsive perturbations, which can affect dynamical
behaviors of the systems just as time delays. Therefore, it is necessary to consider both
impulsive effect and delay effect on the stability of neural networks. To the best of our
knowledge, few authors have considered impulsive BAM FCNNs with time delays in the
leakage terms and distributed delays.

Motivated by the above discussions, the objective of this paper is to formulate and
study impulsive BAM FCNNs with time delays in the leakage terms and distributed
delays. Under quite general conditions, some sufficient conditions ensuring the exis-
tence, uniqueness and global exponential stability of equilibrium point are obtained by
the topological degree theory, properties of M-matrix, the integro-differential inequality
with impulsive initial conditions and analysis technique.

The paper is organized as follows. In Section 2, the new neural network model is for-
mulated, and the necessary knowledge is provided. The existence and uniqueness of
equilibrium point are presented in Section 3. In Section 4, we give some sufficient con-
ditions of exponential stability of the impulsive BAM FCNNs with time delays in the
leakage terms and distributed delays. An example is given to show the effectiveness of
the results obtained here in Section 5. Finally, in Section 6, we give the conclusion.

2 Model description and preliminaries

In this section, we will consider the model of impulsive BAM FCNNs with time delays in
the leakage terms and distributed delays, it is described by the following functional dif-
ferential equation:

m m
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fori=1,2,.,mnj=1,2,.., mt>0, where x,(t) and y;(¢) are the states of the ith
neuron and the jth neuron at time ¢, respectively; J; > 0 and 6, > 0 denote the leakage

delays, respectively; f; and g; denote the signal functions of the ith neuron and the jth

neuron at time £, respectively; u;, v; and I;, J; denote inputs and bias of the ith neuron

and the jth neuron, respectively; a; > 0, b; > 0, aj;, d;j, eij, @;j, bji, bji, Bii, Bji are constants,

a; and b; represent the rate with which the ith neuron and the jth neuron will reset

their potential to the resting state in isolation when disconnected from the networks

and external inputs, respectively; a;, b;; and Gy, Eﬁ denote connection weights of feed-

back template and feedforward template, respectively; c;, B;; and &;;, ﬁji denote connec-

tion weights of the distributed fuzzy feedback MIN template and the distributed fuzzy

feedback MAX template, respectively; Tj;, Tji and Hj;, I:Iji are elements of fuzzy feedfor-

ward MIN template and fuzzy feedforward MAX template, respectively; A and Vv

denote the fuzzy AND and fuzzy OR operations, respectively; K;i(s) and Kj(s) corre-

spond to the delay kernel functions, respectively. # is called impulsive moment and

satisfies 0 <ty <ty < lim g = +oo, xi(t;, ) and xi(t}) denote the left-hand and right-

7 k=400

hand limits at £, respectively; Py and Qy show impulsive perturbations of the ith neu-

ron and jth neuron at time #;, respectively.

We always assume x;(t}) = xi(t) and yj(¢}) = ¥j(tk), k € N . The initial conditions are

given by

{xi(t) = ¢i(t), —o0 <t <0,
yi(t) = ¢j(t), —00 <t <0,

where ¢,(2), ¢;(t) (i = 1, 2, .., n;j = 1,2, .., m) are bounded and continuous on (-eo, 0],

respectively.

If the impulsive operators Py(x;) = 0, Qx(y) = 0,i=1,2, .., n,j=1,2,..,m, ke N,

then system (1) may reduce to the following model:

xi(1) = —ai(t — 8i) + Y aygi(yi(0) + Y gy + I

= 1
+ji\l ajj / Kij(s)8j(y(t — s))ds +],l/1 jj / Kij(s)gi(yj(t —s))ds
0 0

m m
+ A Tijvj + Vv Hiji/]',
=1 j=1

Bi(0) = =biyi(t = 6) + D bifi(xi(0)) + ) byivi +J;
i=1 i=1

+00 +00
+ A [ it =90ds+ U By [ Ryt - 9)ds
0 0
n - n -
+ A Tjiui +V Hjiui.

i=1 1

System (2) is called the continuous system of model (1).
Throughout this paper, we make the following assumptions:

2)
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(H1) For neuron activation functions f; and g; (i = 1, 2, ..., n; j = 1, 2, ..., m), there
exist two positive diagonal matrices F = diag(F,, F», ..., F,,) and G = diag(Gy, Gy, ...,
G,,) such that

filx) = fi(y)
x—y

F; = sup
X7y

. Gj=sup
X7y

8j(x) — &(»)
x—y

for all x, ye R (x = y).

(H2) The delay kernels Kj; : [0, +e0) — R and I_(ﬁ : [0, +00) — R are real-valued piece-

wise continuous, and there exists ¢ > 0 such that
+00 _ +00 _
k,’j()\) =/ 6A5|Kij(5)|d5, kji()\.) =/ E)LS|K]','(S)|CIS
0 0

Are continuous for A € [0), i = 1,2, .., n,j = 1,2, ..., m.
(H3) Let Py(x) = x + Pr(x) and Qu(y) = y + Qr(y) be Lipschitz continuous in R” and
R™, respectively, that is, there exist nonnegative diagnose matrices 7'y = diag(yio ok -

) and [, = diag  yik, Yoks - - -+ Vmk) such that

|Pr(x) — Pe(y)| < Tilx—y|, forallx,y e R", keN,
|Qr(u) — Qr(v)| < Iu—v|, forallu,veR", keN,

where

Pr(x) = (P1r(x1), Par(x2), - - ., Pur(x0)) 7,
Qe(®) = (Que(r1), Que(y2), - - - Que(ym))"
Pr(x) = (P1r(x1), Par(x2), - -, P,,k(x,,))T,
Qe(¥) = (Que(1), Que(y2), -+ Quitcym))"

To begin with, we introduce some notation and recall some basic definitions.

PC[J, R = {z(t): ] > R'|(¢) is continuous at t = t;, 2(&}) = z(&), and z(1; ) exists for ¢,
tre ], ke N}, where J € R is an interval, [ € N.

PC = {y: (-0, 0] —> Rl| w(s) is bounded, and y(s*) = y(s) for s € (-, 0), y(s’) exists
for s € (-o0, 0], @(s”) = ¢(s) for all but at most a finite number of points s € (-0, 0]}.

For an m x n matrix A, |A| denotes the absolute value matrix given by |A| = (|a;|),.
wne FOT A = (@) « w» B = (bi)yy x n€ R™ ™", A2 B (A > B) means that each pair of
corresponding elements of A and B such that the inequality a; > b; (a; > by).

Definition 1 A function (x, y)” : (-0, +e0) — R™" is said to be the special solution of
system (1) with initial conditions

xX(s) = d(s), ¥(s) =¢(s) se(-00,0]

if the following two conditions are satisfied

(i) (x, y)" is piecewise continuous with first kind discontinuity at the points t;, k € K.
Moreover, (x, y)" is right continuous at each discontinuity point.

(ii) (o, y)T satisfies model (1) for t > 0, and x(s) = @(s), y(s) = ¢(s) for s € (-, O].

Especially, a point (x*, y*)" € R™" is called an equilibrium point of model (1), if (x
(1), y(t))T = (x%, y*)T is a solution of (1).

Throughout this paper, we always assume that the impulsive jumps P and Qy satisfy
(referring to [28-37])
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Pr(x*)=0 and Qr(y*)=0, keN,

Pu(x*) =x* and Q(y*)=y", keN, 3)

where (x*, y*)” is the equilibrium point of continuous systems (2). That is, if (x*, y*)”

is an equilibrium point of continuous system (2), then (x*, y*)” is also the equilibrium
of impulsive system (1).

Definition 2 The equilibrium point (x*, y*)" of model (1) is said to be globally expo-
nentially stable, if there exist constants A > 0 and M > 1 such that

[x(e) = x* [ + [1y(£) =y 1l < M(l1gp — x*|| + llg — y*1)e™™

for all t > 0, where (x(2), y(t))T is any solution of system (1) with initial value (¢(s),
¢(s)" and

|lx(t) — x*|| = Z () = x5l () — 1= () =¥,

j=1

llp — x| = sup Zm(s) L o=yl = sup Zm(s) ¥l

—oo<s<0 —00<s<0

Definition 3 A real matrix D = (d), « » is said to be a nonsingular M-matrix if d;; <
0,4,j=1,2,.,n,i=j and all successive principal minors of D are positive.
Lemma 1 [38]Let D = (dy), « n with dij < 0 (i # j), then the following statements are
true:
(i) D is a nonsingular M-matrix if and only if D is inverse-positive, that is, D™ exists
and D" is a nonnegative matrix.
(ii) D is a nonsingular M-matrix if and only if there exists a positive vector & = (&1, &,
o ET such that DE > 0.
Lemma 2 [20]For any positive integer n, let h; : R — R be a function (j = 1, 2, ..., n),
then we have
n n 1
|j£\1 ajhi(w)) -A ajhi(v)] < Zl loj | - [hj(us) — hi(w))1,
j=

| V v o) — V v ahi()] = Z logil - 1 () — ()]

j=1

Sor all o = (01, 0ty .y 0) 5, 16 = (Uny Uy ooy th) T, v = (V1, Voy ooy V)T € R

3 Existence and uniqueness of equilibrium point
In this section, we will proof the existence and uniqueness of equilibrium point of
model (1). For the sake of simplification, let

=Y a a;v; + 1 +ATUv]+vH1,v], i=1,2,...,n,

n n - n - X
]'=Z ﬁu,‘+]j+‘/\ Tﬁui+‘\/Hﬁui,]=1,2,...,m,
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then model (2) is reduced to

+00

&i(1) = —ai(t — 8;) + Y _ aygi(y(1)) +£1 aij / Kij(s)g;(y;(t — s))ds
j=1 0
+§1 & Of Kii(5)gi (v (t — $))ds + T,
100 )
0 = == 6)+ Y bifiw(®) + A B [ Kt - 9)ds
i=1 o
B [ ROt - 9)ds+;
0

It is evident that the dynamical characteristics of model (2) are as same as of model (4).

Theorem 1 Under assumptions (H1) and (H2), system (1) has one unique equili-
brium point, if the following condition holds,

(C1) there exist vectors & = (&1, Epy vy )T > 0, = (N1, Ny wor M)’ > 0 and positive
number A > 0 such that

m

()» _ aie“")éi + Z [Iaijl + (|(Xi]'| + |&ij|)kij()~)] Gjnj <0,i=1,2,...,n,
j=1
n

(r = bje* )i+ Y- [|bji| + (1Bl + |l§ji|);_3ji()\)j| F& <0.j=1,2,...,m.
i=1
Proof. Let h(xl, e X Y1 rym) = (hl, oo hy by, ., hm)T, where

" m m ~

hi = axi — ) aigi(y) — A aijkij(0)8; ;) — Y aijkij(0)g;(y) — 1
j=1
" n - n - ~

hi = by; — > bifi(xi) — A Biikii(0)fi(xi) = v Bk (0)fi(xi) —Jj
i=1

fori=1,2,..,mnj=1,2,.. m. Obviously, from assumption (H2), the equilibrium

points of model (4) are the solutions of system of equations:

h;=0,i=1,2,...,n,
{ ; i n 5)

hij=0,j=1,2,...,m

Define the following homotopic mapping:
H(X1y ooy Xy V1s vos V) = OB1s oy Xoygy V1o o V) + (L = O) (X1 vy Xy Y15 s V) ', Where 0
€ [0, 1]. Let Hi(k = 1, 2, ..., n + m) denote the kth component of H(xy, ..., X, Y1, - Vi)

then from assumption (H1) and Lemma 2, we have
m ~
[H;| = [1+6(a; — 1)]|x;| — 6 Zj=1 [laij| + (il + laii ki (0) ] Gilyl
=03, [lasl + (] +1651)ks(0)] I8 (0)1 = 1T,
n ~ -
[Fagl = 11400 = Dyl =6 Y |1yl + (1Bl + 1Bil)i(0) | Bl
—0 Y [1bil+ (183l + 1Bk (0)] i 0) | - 61
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fori=1,2,.,nj=1,2, .., m Denote

H=(IHil, Hol, ..., [Huml)', 2= (1] xal yalo- o lymD)
C =diag(ai, ..., an, b1,..., by), L=diag(Fy,...,Fn, G1,...,Gn),
P=(Tal oo AT 1 Ut Unl)T

Q= (i), .., [fa(0)1, 81 (0)1, - .-, I8m(0)N)",

A = (lagl + (1] + 1 )ks (0)),,,,, B = (1031 + (183l + 1Bil)i(0))

mxn

~
1]

0A
(BO)/ a)=(‘i:l/---l‘i:n/nlr~--rnm)T>0'

Then, the matrix form of (6) is

H>[E+6(C—E)|]z—0TLz— (P +TQ) = (1 — )z + 8[(C — TL)z — (P + TQ)].

Since condition (C1) holds, and k;(A), I_zji(k) are continuous on [0, 0 ), when A = 0 in

(C1), we obtain

m
—aigi + Y _ [lagl + (lol + &)k (0)] Gy < 0, i=1,2,...,m,
j=1
n -
—ojn; + Z I:|b]1| + (|,3]1| + |,3ji|)kﬁ(0)] Figi < 0. ] = 1,2, e, M.
i=1

or in matrix form,
(-C+TL)w < 0. (7)

From Lemma 1, we know that C - TL is a nonsingular M-matrix, so (C - TL) " is a

nonnegative matrix. Let

I = {z= (xl,...,xn,yl,...,ym)T|z§w+(C—TL)_1(P+TQ)},

then 7" is nonempty, and from (6), for any z = (x1,..., X, Y1yeer ym)T e dl', we have

H>(1-60)z+6(C—TL)[z— (C—TL) (P + TQ)]
=(1-0)w+(C—TL) Y(P+TQ)] +6(C—TL)w >0, 6 €]0,1].

Therefore, for any (xy, ..., %, ¥1, ) ym)T € ol and 0 € [0, 1], we have H =z 0. From

homotopy invariance theorem [39], we get
deg(h, I',0) =deg(H, I",0) = 1,

by topological degree theory, we know that (5) has at least one solution in /. That is,

model (4) has at least an equilibrium point.
Now, we show that the solution of the system of Equations (5) is unique. Assume
that (x%, ..., %y, ..., y5) and (&1, ..., %0 §1,...,9m)" are two solutions of the system

of Equations (5), then
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ai(xf — %) = Y _azlgi(v}) + ()]
j=1

+ (Zl aijkii(0)g (1) — jg aijkij(0)g) (?;’))
(% aiki(Og07) - Y aska(01g3) ).
by =) = D_bilfiCx) — )]

(A 8RO - A A0

RO - 9 A0 () ).

L<=

it follows that
m
ailx; =&l <Y lagllgi(v)) + ()l
j=1
m « m A
+|]_i\1 aijkij(0)8;(¥;) A aijkii(0)8; ()|
m

m " - n
+| jlfl aijkij(0)g;(v;) — ],l/l aiji(0)&; (7)1,

bilyr — 9l < Y Ibillfi(x) — fi(&))
i=1
+1 A Biki(0)fi(x) = A Bili(0)fi(G)l

+1 Y Bili(0)fi(x) = Y Bk (0)f() .

By using of Lemma 2 and hypothesis (H1), we have

m
ailx; — & =Y [lagl + (Il + 1@ )k (0)] Gylyr — 951 <0,

j=1

" (®)
bilyy =3l = >[I0l + (1Bl + 1B (0) | Fis — &l < 0.

i=1

Let Z = diag |x} — X1l,..., |x; — Xaul, [y} — P11, .-/ 1V; — Vml), then the matrix form of
(8) is (C -TL)Z < 0. Since C - TL is a nonsingular M-matrix, (C - TL) 1> 0, thus Z <
0, accordingly, Z = 0, i.e., X = X; y;“ =y(i=1,2,...,n j=1,2,...,m). This shows that
model (4) has one unique equilibrium point. According to (3), this implies that system
(1) has one unique equilibrium point. The proof is completed.

Corollary 1 Under assumptions (H1) and (H2), system (1) has one unique equili-
brium point if C - TL is a nonsingular M-matrix.

Proof. Since that C - TL is a nonsingular M-matrix, from Lemma 1, there exists a
vector @ = (&1, . & Ny s M)~ > 0 such that (C TL) o > 0, or (-C + TL) w <O0. It fol-

lows that
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m
—aiéi + Z [|aij| + (|(Xi]'| + |&ij|)ki]’(0)] ij < 0, i= 1, 2, ....n,
j=1
n -~ -
—bjn; + Z [|bji| + (1Bjil + Iﬁjil)kji(o)] Fi& <0, j=12,...,m.
i=1

From the continuity of k;(1) and I_zii(k), it is easy to know that there exists 2 > 0 such
that

m
(h — aie)»&)é:i + Z [|aij| + (|Ol,‘j| + |&ij|)kij()\)] Gnj<0, i=12,...,n
j=1
n

(A — bje*)n; + Z [|bji| + (1Bl + IBjil)l_?ji(?»)] Fi& <0, j=1,2,...,m.

i=1
That is, condition (C1) holds. This completes the proof.
4 Exponential stability and exponential convergence rate
In this section, we will discuss the global exponential stability of system (1) and give an
estimation of exponential convergence rate.
Lemma 3 Let a < b < +oo, and u(t) = (uy(2), ..., ()T € PClla, b), R"] and v(£) = (v,

®), .y V()T € PC[[a, b), R™) satisfy the following integro-differential inequalities with
the initial conditions u(s) € PC[(-o, 0], R"] and v(s) € PC[(-o, 0], R"]:

Drui(t) < —rwi(t — &) + X pivi(8) + 2o qi [ 1Kii(s) vt — 5)ds,
i1 10

D*v;(t) < —1jwj(t — ) + ;f_’ﬁ”i(t) + ;Elii Of |Kji (s)ui(t — 5)ds

fori=1,2,.,nj=1,2, ., m wherer;>0,p; >0,q;>0,7>0,pj>0,G; >0,i=
1, 2,.om,j = 1, 2, ..., m. If the initial conditions satisfy

u(s) < kge 679, 5 e (—o0,al,

(10)
u(s) < kne 679, s (—o0,a,
in which & > 0, & = (&1, &y v E)T > 0and 1 = (M, Nay oo M) > 0 satisfy
m .
()\. — rie’\‘s")éi + Z (pij + qijkij()"))ﬂj <0,1=1,2,...,n,
=1 (11)

(=7 my + Y- (ji + Giikii(R))& < 0,j=1,2,...,m.
i=1

Then

u(t) < kge =9, e a,b),

u(t) < kne =9, t e a,b).

Proof. Forie {1, 2, .., n},je€ {1, 2, .., m} and arbitrary ¢ > 0, set z,(t) = (k + &) & e

- zj(t) = (« + &)nje*(=9), we prove that

Page 9 of 18
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ui(t) <zi(t) = (k +&)&e 79, telab), i=1,2,...,n

(12)
() <Z(t) = (k +&)ne *7Y, telab), j=1,2,...,m

If this is not true, no loss of generality, suppose that there exist iy and t* € [a, b)
such that

uiy (%) = 23, (¢°), D uiy (£°) = 2, (¢%), wit) < zi(t), vi(t) < Z(t) (13)

forte [a,t,i=1,2,.,nj=1,2,., m
However, from (9) and (12), we get

D*u; (%)

IA

—Tighiy (* = 8iy) + D pigg (1) + Y i / IKioj () v (£* — s)ds
j=1 0

j=1

m
< —7ig (1 + )i, 0D N " (i + 8)mye M
j-1

+00

m
+Zqi0j(/c+s)nje’“‘*’“)/e“IKin(s)lds

j=1 0

[_riogioewiU + Z(pioj + qiojkioj()t))nj](/( + 8)6_)“(':*_“).

j=1

Since (11) holds, it follows that —r,-ogf,-oe”io + Z]rzl (Pioj +qi0]’ki0]’(}\))ﬂj < —)\.’;:,'0 < 0.

Therefore, we have
D*u;, (t*) < —A&;, (i + €)e =9 =z (1),

which contradicts the inequality D*u;, (t*) > z;,(t*) in (13). Thus (12) holds for all ¢
€ [a, D). Letting ¢ — 0, we have

ui(t) < kge ™9, telab), i=1,2,...,n

vi(t) <kmpe ™79, telab), j=1,2,...,m

The proof is completed.

Remark 1. Lemma 3 is a generalization of the famous Halanay inequality.

Theorem 2 Under assumptions (H1)-(H3), if the following conditions hold,

(C1) there exist vectors & = (&1, &y vy E)T > 0,1 = (M1, Ny oor M)~ > 0 and positive
number A > 0 such that

(r—ai@®)e + Y [lagl + (Il + |@5))k(A)] Gy < 0, i=1,2,...,m,
j=1
(= by + 3 103 + (1Bl + 1Bl Fisi < 0, j=1,2,...,m;

i=1

! o = Y
(C2) 1 = iup{t;:;:il} <X where M= max L Vi Vid ke N,
eN

1<i<n,1<j<m
then system (1) has exactly one globally exponentially stable equilibrium point, and
its exponential convergence rate equals A - p.
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Proof. Since (C1) holds, from Theorem 1, we know that system (1) has one unique
equilibrium point (x*,...,x%,y%,...,y%)T. Now, we assume that (x,(), ..., x,(2), y1(2), ...
i =1, 2, ., n
yi(t) =y(t) =¥, j = 1, 2, .., m. It is easy to see that system (1) can be transformed

*
17

Ym(®)” is any solution of system (1), let Xi(t) =xi(t) —x

into the following system

%(0) = —afi(t —5) + Y ay (5170 + 7)) — 507))
j=1

+00 +00
m _ " m *
Ry [ K509 +7)ds = Ray [ K07
0 0
+00 +00
m _ m _
Y G / Kij(s)gi(y;(t — s) + ] )ds pAAl / Kij(s)8;(y; )ds,
0 0
tF t,
xi(4) = Pu(xi(t,)), keN

V() = =bpi(t — 6) + Y bulfi(E(1) +x7) — fi(x]))

i=1
e A [ K9 +xt)ds = A gy [ Kot
0 0
+ ii Bii / Ky (s)fi(Fi(t — ) + 7 )ds — ii B / Ki(s)fi(x)ds,
0 0

tF b,
7i() = Qi) keN,

where Py(%(1)) = Pr(Fi(1) +x7) — Pa(x}), Que(¥i(1)) = Qu(F;(1) +¥7) — Que(y}), and
the initial conditions of (14) are
B(s) = x(s) —x* = ¢p(s) —x*, se(—00,0],
@(s) =y(s) =y =0(s) =", se (00,0l

From (H1) and Lemma 2, we calculate the upper right derivative along the solutions

of first equation and third equation of (14), we can obtain

m
D% ()] < —ail%i(t — &)1 + ) _ lagGilf;(2)]
j=1

+ > el + 135106 [ IO - 9ids,
j=1 0

n

DY IF(0)] < =bilpi(t = 6)1 + Y Ibjil Fl%(1)]

i=1

-3 081 + BE: [ IR - 5
i=1 0
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fori=1,2,.,mnj=12,.. m

Let wi(0) = (0l v(6) =5 ri = aw py = lay|G;, i = (legl +1251)Gj 75 = by
Gi = (Bl +1BilFi(i=1,2,...,mj=1,2,...,m),
Gi = (1Bl + 1Bil)Fi(i=1,2,...,mj = 1,2,...,m), then we have

D+ui(t) < —rl-ui(t — (31') + Zpijv]'(t) + Zqij / |Ki]~(s)|vj(t — S)dS,
j=1 =10

oo (15)
D+vj(t) < —;‘jv]'(t - 9]') + Zﬁjiui(t) + Z(_]]‘i / |I_(]-i(s)|ui(t - S)dS
i=1 i=1 0

fori=1,2,..,nj=1,2, .., m and from (C1), there exist vectors & = (&}, &, ..., é,,)T

> 0,1 = (N1, N2 oo Ny)” > 0 and positive number A > 0 such that

()» — rie”*')f;‘i + Z [Pij + Qijkij()\)] Gjnj <0,i=1,2,...,n,
£l B (16)
(= 1*%)n; + 3 [ﬁji + ﬁjikji(?»)] Fi& <0,j=1,2,...,m.

i=1

=

Taking E,?ILH”‘&I&!,W}, it is easy to prove that

1<i<n1<j<m

u(t) < kge™, —co <t <0=t, (17)
v(t) <kne ™, —co <t <0 =t.

From Lemma 3, we obtain that
u(t) < kke ™, 1 <t <, (18)
v(t) < kne ™, 1o <t < .

Suppose that for / < k, the inequalities

{u(t) < Kpof1 ... pi—ée ™ g St <, (19)

u(t) < kpofr ... pi—ne ™, 4oy <t <.

hold, where o = 1. When [ = k + 1, we note that
u(te) = Pe(u(ty ) < Dty ) < kppopts - - w1 Ti€ lim e
t—)tk (20)

< KoM - . . W1 ke,
and
v(te) = |Qe(v(t;)| < Div(ty) < kpokts - . fe—r Ten lim e
t— 1,
& (21)
< KoM - - - -1 pane .

From (20), (21) and p; > 1, we have

u(t) < kpops - re—1prEe ™, —oo <t <t (22)
u(t) < kpoftt - .. pr—1ukne M, —oo <t < .
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Combining (15),(16),(22) and Lemma 3, we obtain that

u(t) < KUOMT - - - MkEe_M, b <t < lpe1, (23)
v(t) < Kitopty - .. e, b <t < b

Applying the mathematical induction, we can obtain the following inequalities

u(t) < kpopty ... urEe ™, t € [t re1), k € N,
v(t) < kpopdy ... wene ™, t € [ty trar), k € N.

According to (C2), we have y;, < et(te—t-1) < e*t=ti-1), s0 we have

u(t) < wethretla=h) | erllir—ta) gt

= kgeMte™™ < e WLt e h_1, 1), keN,

and
u(t) < celtipi(—t) eﬂ(tk—l_lk—Z)ne_)‘l

= kneti-te™ < kpe” =Lt e g1, 1), ke N.

That is

{u(t) < kge W t e (—oo, 1), k€N, (25)

v(t) < kne= =1 t e (—oo, 1), k € N.

It follows that

n

Yo la() = x5+ Y (0 =yl = Y w6+ Y u(o)
i=1 j=1 j=1

i=1

n m
< Z e Ot Z Kn],e*(/\fu)t
i=1 j=1

Zn=15'+221 nj ~ o
= (111 + ll@1)e G-
mlnlfign,lgjfm{fi, 77]'}

= M(Jl¢ — x*|] + [lg — y*[])e” =1,

Y &

minlgign,lgjgm {Ei:’]i}

() =11+ 11y(2) = 11 < M (19 =271 + [l = y*[1) e 7

where M = , then we have

The proof is completed.

Remark 2. In Theorem 2, the parameters y; and g4 depend on the impulsive distur-
bance of system (1), and A is actually an estimate of exponential convergence rate of
continuous system (2), which depends on the delay kernel functions and system para-
meters. In order to obtain more precise estimate of the exponential convergence rate

of system (1) (or system (2)), we suggest the following optimization problem:

max A,

(OP) s.t. (C1) holds.
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Obviously, for continuous system (2), we can immediately obtain the following
corollaries.

Corollary 2 Under assumptions (H1) and (H2), if condition (C1) holds, then system
(2) has exactly one globally exponentially stable equilibrium point, and its exponential
convergence rate equals A.

Corollary 3 Under assumptions (H1) and (H2), system (2) has exactly one globally
exponentially stable equilibrium point if C - TL is a nonsingular M-matrix.

Remark 3. Note that Lemma 2 transforms the fuzzy AND (A) and the fuzzy OR (V)
operation into the SUM operation (X). So above results can be applied to the following
classical impulsive BAM neural networks with time delays in the leakage terms and
distributed delays:

%) = —aii(t — &) + Y aggi(y(1)
j=1

+00

+) f Kij(s)gi(yj(t —s))ds + i, t#t
j=1 0

xi(tT) = xi(t7) + Pik(xi(tn_)), t=t, keN, %
¥i(1) = =byy;(t — 6) + D bfi(i(1))
i=1

oo}

Y b [ Rifate—ds gt
i=1 0

Yi(t") = yi(t7) + Qur(yi(t 7)), t=t, keN

fori=1,2,.,mj=12,.. m

For model (26), it is easy to obtain the following result:

Theorem 3 Under assumptions (H1)-(H3), if the following conditions hold,

(CI’) there exist vectors & = (&1, &y vy E)T > 0,11 = (M1, Moy e M)~ > 0 and positive
number A > 0 such that

m
(}\ _ {/liem")‘i:i + Z (|{,lij| + |Otij|kij()u)) Gj?)j <0, i=12,...,n
j=1
n

(A — be" )y + Z (|bji| + |ﬁji|’_€ji()»)> Fi& <0, j=1,2,...,m;

i=1

(C2) p = sup { t,ff;fﬂ } < A, where Mk = 1<i<I¥11211)<(j<m{1' Yik: Vieh ke N,
keN =i=nl5j=
then system (26) has exactly one globally exponentially stable equilibrium point, and

its exponential convergence rate equals A - j.

5 An illustrative example

In order to illustrate the feasibility of our above-established criteria in the preceding
sections, we provide a concrete example. Although the selection of the coefficients and
functions in the example is somewhat artificial, the possible application of our theoreti-
cal theory is clearly expressed.
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Example. Consider the following impulsive BAM FCNNs with time delays in the

leakage terms and distributed delays:

xi(t7) = x(17) + Pre(xi(t7)) = () — (1 + 2P0 (wi(17) — 1), £ = 1,

2 2
xi(t) = —axi(t — &) + Z aiigi(yi(1)) + Zaijl’j +1;

j=1 j=1

+00 +00

- A / KOy Oyl = s+ ¥y [ KySdgyto = 9)es

0

2 2
+ ATy + vV Hyy;, t#14
; P

j=1

(kij(A))2x2 = (kji(2))2x2 = ( 174 174 ) , =Ty =

) 2 (27)
Bi(0) = =biyi(t = 6) + D bfi(wi(0)) + Y by +
i=1 i=1
+00 +00
2 _ 2 - [ -
e A [ Rose =0 ds+ O By [ Ryt - 9)ds
0 0
2 - 2 -
A Tiiu; + v Hjiui, t 7t
i= i=
_ _ _ 125k _
B(E) =y() + Quly(t)) = 7i(t7) = (L + ™) () = 1), L=t
forke N,i=1,2,j=1,2,t>0,t =0, ty = 1.1 + 0.5k, k € N, where
a1=45 ay=45 6 =02, 86=03, an=3 dan=-—,,
an =), dap=3, an=1, an=-2, an=-2, an-=1,
h=% L=7, oan= yoon=—l an=, op= §,
an=3 an=y, an=-—, ap=3 Tn=1, T;p=0,
Tn =0, Typ=1, Hpy=1, Hy;3=0, Hy;y =0, Hy;p=1,
=1 wvr=2;
by =45, by=45 6=02 6,=01, by-= _3,/ by = —§,
bu=14, bn=1) bu=1 bn=3 bu=2 bn=-2
Ji=—3 h={ Bu=3 PBa=—{ Ba=3 Bu=3
Bu=1 Bo=4 PBu=3 Bn=1 Tu=1 Tin=0
Ty=0 Tn=1 Hy=1 H;p=0 Hy=0 Hy=1,
up=1, u=1;
Kij(s) = Ky(s) =™, fi(s) =g(s) = "5, qj=1,2.
From above parameters, we have F;, = F, = 1, G, = G, = 1, and

1 1

e0.125k
e0.125k "

1-A 1-4

Solving the following optimization problem

max A

0> (A —a1e®)& + (lan| + (lan |+ 16@u )kn (2))Gim
+(lai2] + (lorz| + l@121)k12(2))Gana,

0 > (A — a2e*)&; + (lan | + (loan | + &1 k21 (A))Gim
+(lazal + (lo2a | + 6221)k22 (1)) Gana

0> (A —b1e*)ny + (Ibu| + (18ul + 1B )ku (1))F1&1
+(Ib12l + (1812l + 1Br2)ki2 (1)) Fa8s

0> (A — b)Yy + (Iban| + (1B21] + | Bar e (1)) 161
+(Ib2a| + (1Baal + 1Ba2 oz (1)) Faa,

2>0, E=(5,6)' >0, n=(mm)" >0
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We obtain that A ~ 0.3868 > 0, § = (1082041, 1327618)" > 0 and n = (716212,
1050021)” > 0, so (C1) holds. From Theorem 1, we know system (27) has a unique
equilibrium point, this equilibrium point is (1, 1, 1, 1), Also,

pe=  max {1,y 7 = e>12F,
1<i<2,15j<2
Inw,  0.125k
W = sup = =0.25 < 0.3868 = A.
keN T — lr—1 0.5k

That is, (C2) holds. From Theorem 2, the unique equilibrium point (1, 1, 1, 1) of

system (27) is globally exponentially stable, and its exponential convergence rate is

about 0.1368. The numerical simulation is shown in Figure 1 and 2.

6 Conclusions

In this paper, a class of impulsive BAM FCNNs with time delays in the leakage terms
and distributed delays has been formulated and investigated. Some new criteria on the
existence, uniqueness and global exponential stability of equilibrium point for the net-
works have been derived by using M-matrix theory and the impulsive delay integro-dif-
ferential inequality. Our stability criteria are delay-dependent and impulse-dependent.
The neuronal output activation functions and the impulsive operators only need to are
Lipschitz continuous, but need not to be bounded and monotonically increasing. Some
restrictions of delay kernel functions are also removed. It is worthwhile to mention
that our technical methods are practical, in the sense that all new stability conditions
are stated in simple algebraic forms and provided a more precise estimate of the expo-
nential convergence rate, so their verification and applications are straightforward and

15 C T T T T T T T ]
: %
B X2
_1 0 ) :: 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35
Time: t
Figure 1 Behavior of the state variable x(t) with time impulses.

\
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141 M

0.4

0.2

0 5 10 15 20 25 30 35
Time: t

Figure 2 Behavior of the state variable y(t) with time impulses.
A\

convenient. The effectiveness of our results has been demonstrated by the convenient
numerical example.
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