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Abstract
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1 Introduction

1 1
Assuming that p > 1, p+q=1, f (= 0) e L (R,), g(=z 0) € L7 (R,),

1
”f” - {/Oofp(x)dx} p ~ 0s || &1l4 >0, we have the following Hardy-Hilbert’s integral
P
0

inequality [1]:

[oele e}

[ [0

dy < f 11118114, (1)

X+y sin(w/p)
0 0

T
where the constant factor sin(z/p) is the best possible. If a,, b, = 0,

1
b={bu}2, €, b={b}2, €lf, lally - {Zoolagn}p >0 |l b|l; >0, then we still
m=

have the following discrete Hardy-Hilbert’s inequality with the same best constant fac-

T

O sin(x/p)’
ii b Tl b )
Lsiemn  sin(m/p) pra

For p = g = 2, the above two inequalities reduce to the famous Hilbert’s inequalities.
Inequalities (1) and (2) are important in analysis and its applications [2-4].

In 1998, by introducing an independent parameter A € (0, 1], Yang [5] gave an
extension of (1) for p = g = 2. Refinement and generalizing the results from [5], Yang
[6] gave some best extensions of (1) and (2) as follows: If ;, Ay € R, Ay + Ay = A, Ky (v,
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y) is a non-negative homogeneous function of degree - A satisfying for any x, y, t >0, k,

(tx, ty) = t* k. (x, y), k(M)=/ookx(t,1)t“*1dteR+, P(x) = ()71
0
[e%e) 1
£(= 0) € Lyg(R.) = {f11lfllp = { /0 $()If () Pdx) P < oo,

00 1
f(z0) € Lyp(Ry) = {flllfllpe = {fo P )If (x)IPdx}P < oo}, g(2 0) € Ly || £ pg ]

€ |4y >0, then we have
[ [ sy < ko)l 5
0 0

where the constant factor k(),) is the best possible. Moreover, if k, (x, y) is finite and

Ry (%, )%™ 7 (R (x, y)y*2 1) is decreasing with respect to x >0(y >0), then for a,,,b, >

oo 1 o0
0, a={anlpry € lpg = (alllallpg = (Y d(m)lanl’}? < c0)> U= Onkuzy € Ly, | a ]

o || b ||gw >0, we have

o0 o0
DO k(mon)ambn < k(x1)llally g 1Bl 4,y (4)
m=1 n=1
1 1
with the best constant factor k(X;). Clearly, for A = 1, ki(x,y) = x4y’ A o= 7

1
Ay = 5 (3) reduces to (1), and (4) reduces to (2). Some other results about Hilbert-

type inequalities are provided by [7-15].

On half-discrete Hilbert-type inequalities with the non-homogeneous kernels, Hardy
et al. provided a few results in Theorem 351 of [1]. But they did not prove that the
constant factors are the best possible. And, Yang [16] gave a result by introducing an
interval variable and proved that the constant factor is the best possible. Recently,
Yang [17] gave the following half-discrete Hilbert’s inequality with the best constant
factor B(A1, o)X, A1 >0, 0 <Ay < 1, &g + Ay = A):

ff(x) 3 « i‘"n)xdx < B, 22) [l llall gy - (5)
0 n=1

In this article, using the way of weight functions and the technique of real analysis, a
half-discrete Hilbert-type inequality with a general homogeneous kernel and a best

constant factor is given as follows:

n=1

f @) o (3, m)andx < kO)Ifl Nl ©)
0

which is a generalization of (5). A best extension of (6) with two interval variables,
some equivalent forms, the operator expressions, the reverses and some particular
cases are considered.
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2 Some lemmas
We set the following conditions:

Condition (i) v(y)(y € [ng - 1, )) is strictly increasing with v(ny - 1) > 0 and for any
fixed x € (b, ¢), fix, y) is decreasing for y € (ng - 1, o) and strictly decreasing in an

interval of (g - 1, ).

1
Condition (ii) v(y)(y € [no — ;, 00)) is strictly increasing with v (no — 2) > 0 and

1
for any fixed x € (b, ¢), flx, y) is decreasing and strictly convex for y € (no 5 oo) .

Condition (iii) There exists a constant § > 0, such that v(y)(y € [ng - B, )) is
strictly increasing with v(ny - §) > 0, and for any fixed x € (b, ¢), flx, y) is piecewise
smooth satisfying

RW:= [ Sy = fsno) = [ oGy = o,
no—p 1o

where p(y)(=y—[y] — ;) is Bernoulli function of the first order.

Lemma 1 If Ay, Ay € R, Ay + Ay = A, ky(x, ) is a non-negative finite homogeneous
Sfunction of degree - ). in R?, u(x)(x € (b,c), —00 < b < ¢ < co)and v(y)(y € [no, =), ny
€ N) are strictly increasing differential functions with u(b*) = 0, v(ng) >0, u(c’) = v(e)
= oo, setting K(x, y) = k. (u(x), v(y)), then we define weight functions w(n) and ®(x) as

follows:
w(n) : = [v(n)]> / K(x, n)[u(x)]™ "/ (x)dx, n > no(n € N), )
b
@ (%) : = [u@)]" Y K(xn)[v(n)] ' (n),x € (b o). ®)
It follows
w(n) =k(r): = /kx(t,l)txl_ldt. 9)
0

Moreover, setting f(x,y) : = [u(x)|" K(x, y)[v(y)]> 'V (), if k1) € R, and one of the
above three conditions is fulfilled, then we still have

@ (x) < k(M)(x € (b, c)). (10)

)

)

u(x
Proof. Setting t = v((n in (7), by calculation, we have (9).
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(i) If Condition (i) is fulfilled, then we have

@(x) =) flon) < [u@)]" / K )v)]™ "' (y)dy
u(x) i
v(no—1)
z:u(ﬁg/v(y) / k)\(t, l)t)\lildt < k()\-l)

0

(ii) If Condition (ii) is fulfilled, then by Hadamard’s inequality [18], we have

n=ngp

o) = 2 fem < [ Sy

u(x)
v(no— ; )

=) / ko (t, 1) de < k(h).
0

(iii) If Condition (iii) is fulfilled, then by Euler-Maclaurin summation formula [6], we
have

w(x) =Y f(xn)

- [ Sty rma)s [ o0y
- [ feonar - R
no—p
u(x)
v(no — B)
= / Ry (t, 1)t~ 1dt — R(x)
0

IA

k(1) — R(x) < k().

The lemma is proved. ®

Lemma 2 Let the assumptions of Lemma 1 be fulfilled and additionally, p >0(p = 1),
1 1

+
p q
Then, (i) for p >1, we have the following inequalities:

=1,a,20,n=nyne N),f(x)is a non-negative measurable function in (b, c).

1

00 ¢ Yo
L= v,(n) X, n X )dax
(B o]

n=n,
0 d

1 1)

p

| 6 p(1—21)—1
< [k()] [ [ = [”([’;),](x)]pl f”(x)dx] ,
d



Yang and Chen Journal of Inequalities and Applications 2011, 2011:124
http://www.journalofinequalitiesandapplications.com/content/2011/1/124

n=ng

1
o q(1-22)—1 q
{k(“)z [V([?gn)l‘“ az} ;

n=ng

[ mrwm [ N
Ly:= [b/ ()]~ |:ZK(x,n)an:| dxl

IA

(ii) for 0 < p <1, we have the reverses of (11) and (12).
Proof (i) By Holder’s inequality with weight [18] and (9), it follows

c P c
~ ()] [ (n)] '
{ bf K(x, n)f(x)dxi| = ’ b/ K(x,n) [[u(n)]“**z)/ﬂ [u/(x)]l/qf(x)
[ [ )] )
) [[u(x)]mn/« e | &

PN ) bl O P
= /K(’”’)[()]l . e

b
[v(n ](1 *2)(9-1) u(x)d !
/ K g e

_ [yt 1}"7 PN e R O
{ o b/ ©

[u(x)](l_)“)("_l)i/(n)
[(m]* 2w ()

= [k()\nl )Jp_l K(x,n)

[U(n)]p"z 11/(71) / fp(x)dx

Then, by Lebesgue term-by-term integration theorem [19], we have

1
o R (1-21)(p-1) P
Ji < [R(M)]9 {Z/K(x' [u(f)(]n)]l “[u Z’x()];)f](x) }

1

PRI I N 1160 I O I
_[km]q[ D I

1
p

[w(x)]! f”(x)dx} ,

/
o u@P
[

- [k(m];{

and (11) follows.
Still by Holder’s inequality, we have
q _
S S ()] (o ()P
[,;;, K(x, n)an] = L;m K(x,n) |:[v(n)](1’“)/” ()]

L[ e 1)
()] [ )]

@] () a1
2 K i

n=ng

IA

> [v(n)](lsz)(q—l) ' (x) .
x E}K(x, n) W@
_ (@)™ & u(x) [v(m)] D02 \
- ZK( W@ ) an.

[ ()]~ (x) 1t
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Then, by Lebesgue term-by-term integration theorem, we have

1
P / (g-1)(1-22) q
L < H/ZK(’C'”) w(x) [u(n))@HO ade]
b

[u@)]' ™ ()]

1
o0 - / qi-r)-1 |9
_ Z [v(n)]M/K(x, Tl) u(x)ldji [U(n)] . aiil
J P P er |
1
o0 a1-12)-1 q
=13 o) emI™ =
et [v(m)]
and then in view of (9), inequality (12) follows.
(ii) By the reverse Holder’s inequality [18] and in the same way, for g <0, we have
the reverses of (11) and (12). =

3 Main results

[uGopPt 0 [p(m]

We set @(x):= (x € (b,c)), Y(n):= (n > ng,n € N),

[ () v (m))!
_ ! _ v
wherefrom [®(x)]'~ = [u&)ﬁ’ﬁw @] - [v(n)(llzz””'

Theorem 1 Suppose that Ay, hy € R, Ay + Ay = A, k%, y) is a non-negative finite
homogeneous function of degree - A, in R%, u(x)(x € (b,c), —00 < b < ¢ < c0) and v(y)

(y € [ng, ), ng € N are strictly increasing differential functions with u(b") = 0, v(n,)
1 1
>0, u(c’) = V() = o0, W(x) < k (X)) € Ri(xe (b, 0). If p>1, y + q =1, f(x),a,>0f

[ Lo (b, ¢), a=Aan}py, €lgw, || f||po >0 and || a || pw > 0, then we have the follow-

ing equivalent inequalities:

n=ng n=ng (13)

I:= ian/K(x, n)f (x)dx =/f(x) iK(x, n)apdx
b b

< kO)IIfllp,0llallgw,

1

00 c P p
J:= Z [W(n)]'” |:/ K(x, n)f (x)dx } < RODIIf 1,0 (14)
n=ny i |
1
c - q .
L= /[cb(x)]lq[z K(x,n)an} det < k(h1)llallgw. (15)
b n=ng
Moreover, if l;((;:)) (y > no) is decreasing and there exist constants 6 < A, and M >0,

M 1
such thatk, (t, 1) < 5 (t € (O, o )]), then the constant factor k(1) in the above
0

inequalities is the best possible.
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Proof By Lebesgue term-by-term integration theorem, there are two expressions for / in
(13). In view of (11), for @(x) < k(A1) € R,, we have (14). By Holder’s inequality, we have

o0 -1 ¢
1=y |w’ (n)/K(x, n)f (x)dx [W’l’(n)an] <Jllallg- (16)
n=no .
Then, by (14), we have (13). On the other hand, assuming that (13) is valid, setting
c p—1
ap = [W(n)]'* /K(x, nf(x)dx | ,n>no,
b

then 7' = || a ||, - By (11), we find J <. If ] = 0, then (14) is naturally valid; if /
>0, then by (13), we have

\lall] = ]p—1<k()\l)“f”pd)“a”q\llz||a||q\p =] < k(M)IIfllp, o

and we have (14), which is equivalent to (13).
In view of (12), for [w(x) ' >[k(L1)]"%, we have (15). By Holder’s in equality, we find

1=/[<D”(x)f(x)] [‘D p (x)ZK(x/n)ani| dx < [IfllyeL. (17)
b

n=ng

Then, by (15), we have (13). On the other hand, assuming that (13) is valid, setting

o0 q-1
fx) = [@(x)]l{z K(x, n)an] x e (bo),

n=np

then L7, = || f||,0 - By (12), we find L <eo. If L = 0, then (15) is naturally valid; if L
>0, then by (13), we have

1o =L7=1< k()\l)||f||p¢||a||q\Pr||f||pq> =L < k(:)llallgw,

and we have (15) which is equivalent to (13).
Hence, inequalities (13), (14) and (15) are equivalent.
There exists an unified constant d € (b, c), satistying u(d) = 1. For 0 < & < p(A; - 9),

setting f(x) =0, x € (b, d); ]?(x) _ [u(x)]}‘l_z_lu/(x), x € (d, ¢), and
i, = [v(n)]xszflv’(n)’ n > ny, if there exists a positive number k(< k(),)), such that

(13) is valid as we replace k(A;) by k, then in particular, we find

D3 / K3, m)anf (1) < kIl o1l

1
' (x) v (no) °° v |’
u(x)r“ [o(no) " MW [v(m)]*!

1

e -,
-

-k
(18)

v (10) 1
[v(n0)]""

&

o)1}
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=3 )™ (n) f K m)u@)]" o (x)dx
d

t=u(xl/y(n)2[l)(1’l)]7£ 1 v (n) / o (¢, 1)t)\17;71dt
n=nop 1/v(n)
k(3= 0) Sl - G
P7 wzm (19)

\%

k(xl - p) /OO )~ ()dy - AGe)

ik (xl - ;) [v(n0)] ¢ — A(e),

. 1/v(n) .
A(e) =Y [(m)] =" (n) / ke (t, 1) 0 d.
n=ngy 0

For Iy (t,1) <M <t15> (8 <™t € (0,1/v(ng)]), we find

. 1/v(n) .
0 <A(e) =M [u(m)] 1/ (n) f e
n=ng 0
- Z[ u(m)] " ()

pﬂno

M v (no) . i v (n)
}\1_5_ A — 8+ +1 h— 8+ +1

[U(Tlo)] n=ng+1 [u(n)]
.M { v(no) +/ v ) dy}
m=s= L) b (y)]“ s
= M V(no) , [v(mo)] T .
A —8— [U(no)])\l 8+ +1 N =38 + ’
namely A(e) = O(1)(e — 0%). Hence, by (18) and (19), it follows
1
k ()\.1 - ;) [U(HO)]_S - SO(I) < k{s [vl(jn(O’;(]2+l + [U(no)]a} q ) (20)

By Fatou Lemma [19], we have k(\) <lim,_ .. k (xl — :) , then by (20), it follows

k(A1) < k(e = 0%). Hence, k = k() is the best value of (12).

By the equivalence, the constant factor k(A1) in (14) and (15) is the best possible,
otherwise we can imply a contradiction by (16) and (17) that the constant factor in
(13) is not the best possible. ®
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Remark 1 (i) Define a half-discrete Hilbert’s operator T : Ly o (b, ¢) = L, w1 as: for f
€ Lyo (b, ¢), we define Tf € I, g1, satisfying

Tf(n) = /K(x, n)f(x)dx, n > ng.
b

Then, by (14), it follows [|Tf|lpwi-» < k(X1)lIfll,e and then T is a bounded operator
with || T || € k(A;). Since, by Theorem 1, the constant factor in (14) is the best possi-
ble, we have || T || = k(Ay).

(ii) Define a half-discrete Hilbert’s operator T : 1,4 — L, ¢1-4(b, ¢) as: for a € Iy,
p q, q, q

we define Ta € Lyg1-4(b, c), satisfying

Ta(x) = i K(x,n)ay, x € (b, c).

n=ng

Then, by (15), it follows ||Ta||q,¢1fq < k(M\)llallgw and then T is a bounded opera-
tor with ||T|| < k(). Since, by Theorem 1, the constant factor in (15) is the best pos-
sible, we have ||T|| = k(x).

In the following theorem, for 0 < p <1, or p <0, we still use the formal symbols of
||f||p,<1> and ||a||gw and so on. ®

Theorem 2 Suppose that Ay, Ay € R, ki + Ay = A, ky (x, ¥) is a non-negative finite homo-
geneous function of degree -\ in R?, u(x)(x € (b, c), -0 < b < ¢ < ) and v(y)(y € [ng, =),
no € N) are strictly increasing differential functions with u(b*) = 0, v(ny) >0, u(c’) = v(e0) =
o, k(A1) € R, O5(x) € (0, 1), k(A)(1 - O, (x)) <(x) <k(X1)(x € (b, ¢)). If0 < p <1,
ot =1, a,2 0, d(x) = (1 — 6,(x)) D) (x € (b,¢)), 0 < Ifllys < 0and 0 <||

al|gw < o. Then, we have the following equivalent inequalities:

o= ) / K(x, n)a,f(x)dx = f > K(x, n)ayf(x)dx

c
n=ng p Mo (21)

> kOIS, llallgw,

1

o0 ¢ Pyr
e Y | [Kenr@d | b DI 2
n=ng Y
1
< 00 q q
L = /[cﬁ(x)]lq[z K(x,n)an:| deg > kOaq)lallgw- (23)
b n=ng

Moreover, if 1;/8)) (y = no) is decreasing and there exist constants o, oy >0, such that

O (x) = O(Iu(alc)la)(x € (d,c))and k(. - 5y) € R,, then the constant factor k(\,) in the

above inequalities is the best possible.

Page 9 of 16
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Proof. In view of (9) and the reverse of (11), for @(x) > k(1;)(1 - 6, (x)), we have (22).
By the reverse Holder’s inequality, we have

]

—1 p 1
1= {‘I’ 9 (n) | K(x, n)f(x)dx} (W9 (n)an] = Jllallgw- (24)
b

n=ng

Then, by (22), we have (21). On the other hand, assuming that (21) is valid, setting
a,, as Theorem 1, then /! = ||a|| e By the reverse of (11), we find J >0. If J = o, then
(24) is naturally valid; if J <eo, then by (21), we have

lall] o = =1 > kODIIfll, gllallgw, lallhy =T > kOIIfll, 6

and we have (22) which is equivalent to (21).
In view of (9) and the reverse of (12), for [@(x)]'? >[k(A1)(1 - 64(x))]" (g <0), we
have (23). By the reverse Holder’s inequality, we have

. 1 -1 o0
1=/[&>P(x)f(x)] {é p (x)ZK(x,n)an} dx > [IfI], L. (25)
b

n=nq

Then, by (23), we have (21). On the other hand, assuming that (21) is valid, setting

00 q-1
f(x) := [é(x)]l—q[z K(x, n)an:| , xe(bo),
n=ng

then L971 = ||f||p,&>. By the reverse of (12), we find [ > 0. If [ = o0, then (23) is
naturally valid; if [ < oo, then by (21), we have

. -
I 5 =L = 1> kO-DIIfll, 5 llallgw. I 3 = L > k(h1)llallg,

and we have (23) which is equivalent to (21). =
Hence, inequalities (21), (22) and (23) are equivalent.
For 0 < ¢ < pdy, setting f(x) and 4, as Theorem 1, if there exists a positive number

k(= k(11)), such that (21) is still valid as we replace k(1,) by &, then in particular, for ¢
<0, in view of (9) and the conditions, we have

I:= / > K(x, n)anf (x)dx > lIf], 511dllgw

by "o
[ ! 1
) ~ 1 e [T vm) |0
B kld/ <1 © <[u(x)]5)) [u(x)]*! ’ {,,_an [v(m)]*! }
1
1 %) q
1 p | v(no) . v'(n) (26)
= k{ . O(l)} [ [U(no)]sﬂ nzn;rl [U(n)]s-ﬂ ]

1

1 oS} q
1 o | v(no) v(y)
>k{ - + d
[ -ow) |[v(no)1“l S wor y}

V(o)

k 1
= e {1 - eo(l)}p {8[1}(”0)]“1

1
. [v(no)rg} g

Page 10 of 16
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T Y e [ e s
n=ng ¥
<l ) JECR IO
n=ngy b
L S L) () f k(DT @7)
n=ngy 0

| v
k(m p){[v(%)]m / ()] M(y)dy}

) e e ]

Since we have ks (¢, l)th—;—l <y (t, 1)1, L€ (0, 1] and

1
/kx(t, 1) 1de < k(hy — 8p) < 00,
0

then by Lebesgue control convergence theorem [19], it follows

00 1
k(xl - ;) < /kx(t,l)t“*ldH/kx(t, 1) de
1 0

=k(N\1)+0(1)(e = 0%).
By (26) and (27), we have

v'(no)

[v(n0)]™

V' (no)
[v(no)]™"!

1
(k(n1)+0(1)) [s + [v(no)]fs] > k{1 — 80(1)}11’ |:8 + [v(no)]fs] q,

and then k(A,) = k(¢ = 0%). Hence, k = k() is the best value of (21).

By the equivalence, the constant factor k(h;) in (22) and (23) is the best possible,
otherwise we can imply a contradiction by (24) and (25) that the constant factor in
(21) is not the best possible. =

In the same way, for p <0, we also have the following theorem.

Theorem 3 Suppose that A, hy € R, Ay + Ay = A, ku(x, y) is a non-negative finite
homogeneous function of degree -\, in R?, u(x)(x € (b, ¢), -o» < b < ¢ < ) and v(y)(y
€ [ng, =), ny € N) are strictly increasing differential functions with u(b™) = 0, v(ng) >0,
u(c) = v(eo) = o0, W(x) < k(A1) € R, (x € (b, ¢)). If p <O, ; + [1] =1,fix),a,>20,0<||f

[|po < o and 0 < ||a||gw < . Then, we have the following equivalent inequalities:

1=y / K(x, n)anf (x)dx = / > K(xmanf (x)dx (28)
b n=ny

n=no

> k()IIfllpollallgw,
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oo ¢ 77 p
P A | [ K@ | > 0Dl 29)
n=ng b i
‘
L= / ()]’ {ZK@HW} > kCu)llallg - (30)

Moreover, if ';8)) (y = no) is decreasing and there exists constant oy >0, such that k(h,

+ do) € R, then the constant factor k(\,) in the above inequalities is the best possible.
Remark 2 (i) For ng = 1, b = 0, ¢ = o0, u(x) = v(x) = «, if

@ (x) =2 ) ko (x,n)n " < k(M) € Ro(x € (0,00)),
n=1
then (13) reduces to (6). In particular, for
by (x,n) = (x+1n)>< (A=nX1+2X2, %1 > 0,0 < Ay <1),(6) reduces to (5).
(i) For my = 1, b = 0, ¢ = o, ukx) = vix) = x%a >0),
kx(x,y) ) ()\ A >00<ak < 1) since

(max{x,y})

f(x y) ~ axa)qya)\z—l ~ {O{x—axzya)\z—lly <x

(max{xe, y*})* ax® Myl y > g

is decreasing for y € (0, «) and strictly decreasing in an interval of (0, «), then by
Condition (i), it follows

M (M—1),,0—1
o (x) < ax® f( ax{x“ ) Na Y dy

e [ ]
) ( \

dr = =k(n).
(max(1,t})" Ak ()
Since for § =% <\, ky(t,1) =1 < [ (¢ € (0,1]), then by (13), we have the follow-

ing inequality with the best constant factor aﬁxzz

. Lln/ (max{x®, na}))\f(x)dx
. 0
1 1 (31)
0 P oo q
p(1—an1)—1¢p q(1—adry)—1 4
RIE 7(x)dx {Zn an}
0 n=
(iii) For ny = 1, b = B, ¢ = o, u@x)=v(x)=x—p0<p< ;),

e (x,7) = l"(xm (N A1 > 0,0 <\ < 1), since for any fixed x € (B, =),
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In[(x = B)/(y = B)]

avha-l
(- py - (- pyY P

flxy) = (x— )"
is decreasing and strictly convex for y € (;, 00), then by Condition (ii), it follows

[ Il — By — B

o Xz—ld
(x—ﬁ)*—(y—ﬁ)*(y redr

o) < (x-8)

o0

t=[(yfﬂ)=/(xfﬂ)] 1 / (xz/x) e
ﬂ
—p

RN»—I

|

IA

1 [ ’
nt ra/n)—1 T
x2/t e de = asin("M) |
) \

Since for § = M <\, k(6 1) = l’f < M(t € (0,1]), then by (13), we have the fol-

T 2
lowing inequality with the best constant factor [Min(nxh )] :

[e%e) 2
In{(x - ﬂ)/(ﬂ Bl n
“"ﬁ (= pY - (n—py (x)d“[mn(”%l)}

1 1 (32)

[S) p
ad q
< [ =yt s {Ztn—mq“-m-laz}
B n=1

n=1

(iv)Fornoz1,b=1—ﬁ=y,c=oo,u(x)=v(x):(x—y),
oy (x,y) = xuy (0 <N<4), ky(xy)= x,+y (0 <X=4), N =%y =}, we have

W[ o2 1
k(z)—/kx(t,l)tz di = x/mld“
0 0

2 X T
= arctant2|g’=_ €R,
N N
and
(x J/) (v— V)
flxy) = )+ (= ) (x,ye (v, 00)).

Hence, v(y)(y € [y, «)) is strictly increasing with v(1 - B) = v(3) = 0, and for any fixed
x € (¥ o), flw, y) is smooth with

W\ (=) - )2 Mx—y) 2 (- y)2
fy(x’”z_(“2> =P+ =) =y (=P
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We set

(o]

R = [ 1wl = )~ [ o0y (33)
14

1

For x € (9 =), 0 < A < 4, by (33) and the following improved Euler-Maclaurin sum-
mation formula [6]:

80 < [ pg0)dr < 0((-1)s00) > 0,80(0) =0, = 0,1),
1

we have

RO LI E B YOS LIC RS i
””zj,u—yﬁ+@—yﬁd'_2u—yﬁ+u—yﬁ

0 © by
s (=v)20r=v)27"
( 2)/“”u—yﬁ+w—m*y

Mx— )32x(y— )3_2
14 14

_ d

1/10(}}) [((x—y)+ (- J/X]Z

N N N
l—y)2 (=) x—y)2
x—y 2[(1=y)+ (x—y*]

N N
1 <1+ %> (1-y)2%(x—»)2
8\ 2/ (1—y)+(x—yp)

N

= h(x) := iarctan(l —y)Z

X=v

o
> _ arctan
IS

+0

_[1—y+1u+xﬂ(1—w§2u—y%.
28 21 (0-y)+l-y)

Since for y <1 — {[h+/ABr+4)],ie 1—y > {[h+{/ABr+4)](0 <r <4),

o) i—y) 27" [1-
h/(x)=( v)2(x—v) _[ 1

1 v,
A RO (2

by 3n
x M-yt M-y
A=)+ (=11 [(1=y)+ = y)'T

YT (1= y)2 2(x—y)2 !
(1+ )]( y)2 “(x—v)

271 A=) +@-p)

l—y 1, x(1—y)3;*2(x—y)§*1
_|: 2y+8(1+2):| 22
[(1=y)+(x—v)"]

then A(x) is strictly decreasing and R(x) > h(x) > h(eo) = 0.

—[a-m-La-n-

<0,
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Then, by Condition (iii), it follows @ (x) <k(}) =7 (x € (y,00)). For § =0 < }, it

follows

1 1 1
k(t, 1) = <1= _, te|oO, p
w(61) th+1 — s ( 1—)/)

and by (13), we have the following inequality with the best constant factor 7 :

; / J/)+(” V)
P

v q
J R e O D D (RO L )
14

S (x)dx

1 1 (34)

n=1

where y <1 — L[L+/A(Br+4)](0 <1 <4).
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