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Abstract

Let R* = [0, ) and R : R" — R* be a continuous function which is the Laguerre-
type exponent, and p,, ,(x), p > —; be the orthonormal polynomials with the
weight w,(x) = X e For the zeros {(Xk,n,p)pey Of Prp(x) = pn(wf,;x), we consider
the higher order Hermite-Fejér interpolation polynomial L,(/, m, f, x) based at the
zeros {Xnplp.;, where 0 </ < m - 1 are positive integers.
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1. Introduction and main results
Let R = [-o0, o0) and R" = [0, «). Let R : R* — R be a continuous, non-negative, and
increasing function. Consider the exponential weights w,(x) = #” exp(-R(x)), p > -1/2,

and then we construct the orthonormal polynomials {fn,(x)}52 with the weight w,

(x). Then, for the zeros {Xiuplp_; Of Pnp(X) = pn (wf);x), we obtained various estima-

tions with respect to p,(ljll, (Xknp) k=1,2, .., m,j=1,2, .., v, in [1]. Hence, in this arti-
cle, we will investigate the higher order Hermite-Fejér interpolation polynomial L,, (/,
m, f; x) based at the zeros {Xn,l},_;, using the results from [1], and we will give a
divergent theorem. This article is organized as follows. In Section 1, we introduce
some notations, the weight classes £,, £ with £(C?), £(C?+), and main results. In
Section 2, we will introduce the classes F(C?) and F(C?+), and then, we will obtain
some relations of the factors derived from the classes F(C?), F(C2+) and the classes
L(C?+), L£(C?+). Finally, we will prove the main theorems using known results in
[1-5], in Section 3.

We say that f: R — R" is quasi-increasing if there exists C > 0 such that fix) < CAly)
for 0 <x <y. The notation f{x) ~ g(x) means that there are positive constants C;, C,
such that for the relevant range of x, C; < flx)/g(x) < C,. The similar notation is used
for sequences, and sequences of functions. Throughout this article, C, C;, C,, ... denote
positive constants independent of #, x, t or polynomials P,(x). The same symbol does
not necessarily denote the same constant in different occurrences. We denote the class
of polynomials with degree n by P,.
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First, we introduce classes of weights. Levin and Lubinsky [5,6] introduced the class
of weights on R as follows. Let I = [0, d), where 0 <d < oo.

Definition 1.1. [5,6] We assume that R : I — [0, o) has the following properties: Let
Q) = R(x) and x = >

(a) 4/xR(x) is continuous in /, with limit 0 at 0 and R(0) = 0;
(b) R"(x) exists in (0, d), while Q" is positive in (0, v/d);
(c)

lim R(x) = oo;
x—>d—

(d) The function

is quasi-increasing in (0, d), with

1
T(x) > A > Y x € (0,d);

(e) There exists C; > 0 such that

IR0 _ . R

Ri) = lR(x)' ae. xe (0,4d).

Then, we write w ¢ L(CZ). If there also exist a compact subinterval /* 5 0 of

I* = (—/d, /d) and C, > 0 such that

Q(1) | Q'(t) |
Q1= Q)

ae tel"\J,

then we write w € £(C2+).

We consider the case d = oo, that is, the space R" = [0, =), and we strengthen Defini-
tion 1.1 slightly.

Definition 1.2. We assume that R : R" — R has the following properties:

(a) R(x), R’(x) are continuous, positive in R*, with R(0) = 0, R’(0) = 0;
(b) R"(x) > 0 exists in R*\{0};
(c)

Jim, R0 = oc;

(d) The function
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is quasi-increasing in R"\{0}, with
1
T(x) > A > , X € R™\{0};

(e) There exists C; > 0 such that

R'(x) _ . R(x) .
R'(x) < C R(x) , ae. xeR"\{0}.

There exist a compact subinterval / 5 0 of R* and C, > 0 such that

1/ /
l;/((;c)) > 2l;((;)), ae. teR"J,

then we write w e £,.

To obtain estimations of the coefficients of higher order Hermite-Fejér interpolation
polynomial based at the zeros {xn,l;_;, we need to focus on a smaller class of
weights.

Definition 1.3. Let w = exp(—R) € £, and let v > 2 be an integer. For the exponent
R, we assume the following:

(a) RV (x) >0,f0r0$j£vandx>0,andR(j) 0)=0,0<j<v-1

(b) There exist positive constants C; > 0, i = 1, 2, .., v - 1 such that fori = 1, 2, ..,
v-1

R(x)

R+ () < RO ,

a.e. xeR"\{0}.

(c) There exist positive constants C, ¢; > 0 and 0 < d < 1 such that on x € (0, ¢;)
1\
RW(x) < C( ) . (1.1)
x

(d) There exists ¢, > 0 such that we have one among the following
(d1) T(x)/+/x is quasi-increasing on (c, <o),

(d2) RV(x) is nondecreasing on (¢, ).

Then we write 1(x) = e R() ¢ L,

Example 1.4. [6,7] Let v > 2 be a fixed integer. There are some typical examples
satisfying all conditions of Definition 1.3 as follows: Let & > 1, [ > 1, where [/ is an inte-
ger. Then we define

Ria (%) = expy(x*) — expy(0),

where exp; (x) = exp(exp(exp ... exp(x)) ...) is the [-th iterated exponential.

Page 3 of 24
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(1) If o >v, w(x) = ele,u(x) c [:v'

(2) If ¢ < v and « is an integer, we define

Ry, (x) = exp;(x*) — exp;(0) — Y

j=1

" RY(0) ;
| X

Then w(x) = e R ¢ zv'

In the remainder of this article, we consider the classes £; and £ ; Let w € £, or
~ 1
we L, v>2 For p>—_, weset wy(x): = xPw(x). Then we can construct the ortho-

normal polynomials py,(x) = ps (wﬁ;x) of degree n with respect to wf) (x). That is,
o0
v/o Pr,p (UW)Prm,p (u)wf7 (u)du = 8,m(Kronecker’s delta) n,m=0,1,2,....

Let us denote the zeros of p,, ,(x) by

0 <Xpnp < - <Xonp < Xinp < O00.

The Mhaskar-Rahmanov-Saff numbers a, is defined as follows:

. 1 ! aytR (a,t)

o Ji(1—1)

Let I, m be non-negative integers with 0 < [ <m < v. For fe C” (R), we define the (/,

v> 0.

m)-order Hermite-Fejér interpolation polynomials Ly (I, m, f; x) € Ppun—1 as follows: For
eachk=1,2,.,mn

LU m, f%n0) = fO (mp)s §=0,1,2,...,1,
L0, m, fixemp) =0, j=1+1,1+2,...,m—1.

For each P € Ppy—1, we see L,(m - 1, m, P; x) = P(x). The fundamental polynomials
Bsteon,p(m; x) € Pun—1, k=1, 2, ..., n, of L,(I, m, f; x) are defined by

m—1
hotn,p(Lm;x) =1 () Y eqi(l,m o n) (x — xin,0)'. (1.2)

i=s

Here, [y, ,, p(¥) is a fundamental Lagrange interpolation polynomial of degree # - 1
[[8], p. 23] given by

Pn(wi; x)

lim,p () =
" (X = Xiepn,p )P (W25 X, )

and g, », p(l, m; x) satisfies

)

oo (LM Xonp) =858y j,s=0,1,...,m—=1,p=1,2,...,n (1.3)
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Then

n 1
Ln(l/ m/f} x) = Z Zf(s) (xk,n,p)hs/k/n/p (l/ m; x)-
k=1 s=0
In particular, for fe C(R), we define the m-order Hermite-Fejér interpolation poly-
nomials L,(m,f;x) € Pmy—1 as the (0, m)-order Hermite-Fejér interpolation polyno-
mials L,(0, m, f; x). Then we know that

n
Ly(m, f;x) = Z f (i, p Y, p (M X),
k=1
where e;(m, k, n): = e 0, m, k, n) and

m—1

hien, o (m; x) = l;:fn'p (x) Z ei(m, k,n)(x — xk,n,p)i. (1.4)

i=0

We often denote lk, n(x): = lk, n, p(x)) hs, k, n(x): = hs, k, n, p(x)! and Xk, n* = Xk, n, p if
they do not confuse us.
Theorem 1.5. Let w(x) = exp(—R(x)) € L(C*+)and p > -1/2.

(a) For each m > 1 and j = 0, 1, .., we have

o
] —
0 -cC n 2 (1.5)
@O =0 " Y
(b) For each m = 1 and j = s, ..., m - 1, we have eg, (I, m, k, n) = 1/s! and
o J=s
| esi(l,m kn)| < C( " )JSx 2 (1.6)
AAN 1 Yy — JazH _x‘k'n k,ﬂ .

We remark £, ¢ £(C?*+).
Theorem 1.6. Let w(x) = exp(—R(x)) € £,,v > 2and p > -1/2. Assume that 1 + 2p
-0/2 2 0 for p < -1/4 and if T(x) is bounded, then assume that

ay < Cp/(+v=0), (1.7)

where 0 < 0 < 1 is defined in (1.1). Then we have the following:

(a) If j is odd, then we have form > 1 and j =0, 1, .., v - 1,

. T(a 1
1" Y0 (x.) | <C "y R (X
)00 1 <6 () R+ )
i 1.8
. (@) i J 1 (1.8)
X + X, 2
«/a2n - \/xk,n «/an g
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(b) If j - s is odd, then we have for m > 1 and 0 <s<j<m- 1,

T(a,) 1
(I, m,k, <C R
[ esj(l,mkn)| < (\/anxk,n + (xk,n)"’xkln)
P 1.9
n T(an) ) ! - 52 1 "
x( R ) %
\/a2n_\/xk,n \/an !

Theorem 1.7. Let 0 <¢ < 1/4. Let ; o < Xpn < edy. Let s be a positive integer with 2
< 2s < v. Then under the same conditions as the assumptions of Theorem 1.6, there
exists p1(e, n) > 0 such that

et - (2s—1)

) Il 2

n
Ja

and 0 (&, n) > 0as n —> o and ¢ — 0.

pg/i) (xk,n)

< Ch(e, n)(

Theorem 1.8. [4, Lemma 10] Let 0 <& < 1/4. Let ; < Xin < edy. Let s be a positive

integer with 2 < 2s < v - 1. Suppose the same conditions as the assumptions of Theorem
1.6. Then

(@for1<2s-1<v-1,

(@)Y ()

§C8(e,n)(;) X n 2 , (1.10)

where d(e, n) is defined in Theorem 1.7.
(b) there exists B(n, k) with 0 <D, < B(n, k) < D, for absolute constants Dy, D, such
that the following holds:

n

2s
Ja ) x,;;(1+§s(m,€,xk,n,n)) (1.11)

(l,'z'/‘n)(ZS) (%,n) = (—1)°¢s(m)B°(2n, k)(

and |& (m, & %y, n)| > 0 as n — o« and ¢ — 0.

Theorem 1.9. [4, (4.16)], [9]Let 0 <& < 1/4. Let lflg < Xpn < €a,. Let s be a positive

integer with 2 < 2s < m - 1. Suppose the same conditions as the assumptions of Theo-
rem 1.6. Then for j = 0, 1, 2, ..., there is a polynomial V(x) of degree j such that (—l)j\yj
(-m) > 0 for m = 1, 3, 5, ... and the following relation holds:

(-1 n
(29)! Ja

and |ng (m, & X,y N)] = 0 as n — o and ¢ — 0.

s 2s
exs(m, k,n) = W(—m)B*(2n, k)( ) X (1 +ns(m, & X, 1)) (1.12)

Theorem 1.10. Let m be an odd positive integer. Suppose the same conditions as the
assumptions of Theorem 1.6. Then there is a function fin C(R") such that for any fixed
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interval [a, b], a >0,

lim sup max |L,(m, f;x)| = oo.
n—oo  A<x<b

2. Preliminaries
Levin and Lubinsky introduced the classes £(C?) and £(C?+) as analogies of the

classes F(C?) and F(C?+) defined on I* = (—+/d, +/d). They defined the following:
Definition 2.1. [10] We assume that Q : I* — [0, e) has the following properties:

(a) Q(¢) is continuous in I* with Q(0) = 0;
(b) Q"(¢) exists and is positive in I*\{0};
(c)
lim t) = oo;
Jim Q(1)

(d) The function

tQ'(¢)

0= 4

is quasi-increasing in (0, +/d), with

T"(t) = A" > 1, tel"\{0}

(e) There exists C; > 0 such that

Q"(1) 1Q(0) | .
<C , a.e. tel"\{0}.

@1~ Qw

Then we write W € F(C?). If there also exist a compact subinterval J* > 0 of I* and
C, > 0 such that

Q'(1) Q)
> C , ae. tel™\J,

1QMW1~ 1M | '

then we write W € F(C?+).

Then we see that w € £(C?) & W e F(C?) and w € L(C*+) & W € F(C?*+) where
W(t) = w(x), x = £, from [6, Lemma 2.2]. In addition, we easily have the following:

Lemma 2.2. [1]Let Q(¢) = R(x), x = £*. Then we have

we Ly =We F(C*),

where W(t) = w(x); x = £*.

On R, we can consider the corresponding class to £ = as follows:

Definition 2.3. [11] Let W = exp(—Q) € F(C?+) and v > 2 be an integer. Let Q be a
continuous and even function on R. For the exponent Q, we assume the following:

(@) Q¥ (x) > 0, for 0 <j < vandte R*/{0}.

Page 7 of 24
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(b) There exist positive constants C; > 0 such that fori = 1, 2, ..., v - 1,

QI (1) < ¢:QV(1) g((tt)) ae. xeRMN\{0}.

(c) There exist positive constants C, ¢; > 0, and 0 < 6* < 1 such that on £ € (0, ¢y),
1\"
QM (1) < C( t) . (2.1)

(d) There exists ¢; > 0 such that we have one among the following:
(d1) T* (2)/t is quasi-increasing on (cy, ),
(d2) QM) is nondecreasing on (cy, ).

Then we write W(t) = e Q0 ¢ F,.

1

Let W ¢ F,, and v > 2. For p* > —), we set

We (1) = | t|P*W(1).

Then we can construct the orthonormal polynomials P (t) = P,(W2;t) of degree n

with respect to W,.(¢). That is,

o)
f Pr.px (U)Pm,p* (U) sz* (U)dt = 8nm1 nm=0,1,2,....

—0o0

Let us denote the zeros of P, ,-(¢) by

—00 < lyp < -+ <y <1y < OO.

There are many properties of P, ,-(t) = P, (W) ; t) with respect to W.(¢),
W e F, v=2,73,... of Definition 2.3 in [2,3,7,11-13]. They were obtained by transfor-
mations from the results in [5,6]. Jung and Sakai [2, Theorem 3.3 and 3.6] estimate
P,QB*(tk,n), k=1,2,.,nj=1,2,.,vand Jung and Sakai [1, Theorem 3.2 and 3.3]
obtained analogous estimations with respect to p,({')p (%xp,n)> k=1,2,.,mj=12, .,

In this article, we consider w = exp(—R) € £, and p,, o(%) = pu(w, ; x). In the follow-
ing, we give the transformation theorems.

Theorem 2.4. [13, Theorem 2.1] Let W(£) = W(x) with x = t*. Then the orthonormal
polynomials P, (t) on R can be entirely reduced to the orthonormal polynomials p,, ,
(x) in R" as follows: For n =0, 1, 2, ...,

Pzn,2p+5 (t) = pup(x) and P2n+1,2p75 (t) = tpn p (x).

In this article, we will use the fact that w,(x) = #” exp(-R(x)) is transformed into W5,

120 = [ exp (-Q(f)) as meaning that
/0 Do (X)pm, o () (x)dx = 2/0 P ()P, p ()77 W2 (1) dt

o0
= / Pan2p+1/2(6)Pam,2p41/2 (1) W§p+1/2 (0dt.
o0
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Theorem 2.5. [1, Theorem 2.5] Let Q(t) = R(x), x = £>. Then we have
w(x) = exp(—R(x)) € £, = W(t) = exp(—Q(1)) € F.. (22)

In particular, we have

Q1) < c(i)a,

where 0 < 0 < 1 is defined in (1.1).
For convenience, in the remainder of this article, we set as follows:

1 1
pr=2p+ ’ for p > Y pu(X) == pnp(x),  Pu(t) := Py (1), (2.3)
and Xk,n = Xkn,ps ten = tn,pr. Then we know that p* > —; and

pn(x) = Panpe(t), X =107, Xew =lpopr  leon >0, k=1,2,...,n. (2.4)

In the following, we introduce useful notations:

(a) The Mhaskar-Rahmanov-Saff numbers a, and a;, are defined as the positive

roots of the following equations, that is,

1 1
V= ! / aytR (a,t){t(1 — )} 2dt, v> 0
T Jo

and

2 ! 1
u= f atQ (ait)(1 —?)"2dt, u> 0.
T Jo

(b) Let
2 2
N ={nT(a,)} 3 and n) ={nT*(a};)} 3.

Then we have the following:
Lemma 2.6. [6, (2.5),(2.7),(2.9)]

1
an = aznz' Mn = 42/377371’ T(an) = 2T*(u§n)'

To prove main results, we need some lemmas as follows:
Lemma 2.7. [13, Theorem 2.2, Lemma 3.7] For the minimum positive zero, t(, ), ([n/2]
is the largest integer < n/2), we have

—1
tin/2)n~apn ",

and for the maximum zero t,,, we have for large enough n,

51 _2
1—""~i o= (nT*(a)))” 3.

*
an
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Moreover, for some constant 0 <e < 2 we have
(% 2—¢
T*(ay) < Cn""".

Remark 2.8. (a) Let W(t) € F(C?+). Then

(a-1) T(x) is bounded < T*(¢) is bounded.
(a-2) T(x) is unbounded = a,, < C(n)n" for any 1 > 0.
(a-3) T(a,) < Cn** for some constant 0 <¢ < 2.
(b) Let w(x) € £, Then
(b-1) p > -1/2 > p* > -1/2.
(b-2) 1 +2p-0/2>0forp<-1/4 =1+ 2p* - 0* 2 0 for p* < 0.
(b—3) a, < an/(1+u78) = a: < Cnl/(lwﬂs*).

Proof of Remark 2.8. (a) (a-1) and (a-3) are easily proved from Lemma 2.6. From [11,
Theorem 1.6], we know the following: When 7%(¢) is unbounded, for any 1 > 0 there
exists C(1) > 0 such that

a; <C(mt", t>1.

In addition, since T(x) = T%(¢)/2 and q,, = a’z‘nz, we know that (a-2).

(b) Since w(x) € L,, we know that W(t) € F, and 6* = 6 by Theorem 2.5. Then
from (2.3) and Lemma 2.6, we have (b-1), (b-2), and (b-3). O

Lemma 2.9. [1, Lemma 3.6] For j =1, 2, 3, .., we have
0) j j—i .. p() jii
pr(x) = D (=)o (0,
i=1
where ¢ ; > 0(1 <i<j,j=1,2,..) satisfy the following relations: for k = 1, 2, ...,

2k —1 1 1

Ch+1,1 = 5 Cklr o Chel ksl = k1’ 11 = 5’

N

and for 2 <i <k,

Chji—1 + (2k — l')Ck,i
5 .

Ch+1,i

3. Proofs of main results
Our main purpose is to obtain estimations of the coefficients e ([, m, k, n), k=1,2,..,0
<s<ls<i<m-1.

Theorem 3.1. /I, Theorem 1.5] Let w(x) = exp(—R(x)) € L(C*+)and let p > -1/2. For
eachk=1,2, .., nandj=0,1, .. we have

j—1

j—1
(7) n - /
| pn,p(xk,n) |< C(\/azn . xk,n) xk,n2 |Pn,p(xk,n) |

Page 10 of 24
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Proof of Theorem 1.5. (a) From Theorem 3.1 we know that

i
n —

< C( )xknz.
«/aZn — Xk,n '

Then, assuming that (a) is true for 1 < m’ <m, we have

I (i)

v
G+ 1)p5 (%)

kn(xk”)| ‘

j

1)) ()l = Z() 1) (1) 0 ()

=0
s s j—s  j—s
— n —
¢ ( ) S ( ) S
E %, %,
@2 — Xien "\ Va2 — Xin "

n A
xk,n .
«/QZn — Xk,n

Therefore, the result is proved by induction with respect to m.

(b) From (2) and (3), we know e ((/, m, k, n) = 1/s! and the following recurrence

relation: fors + 1 <i<m- 1,

.
1 )
esill,m kyn) = =) (i = pyr&rb el 1) () ) (- (3.5)
p—s ’

Therefore, we have the result by induction on i and (3.5).

Theorem 3.2. [1, Theorem 1.6] Let w(x) = exp(—R(x)) € L,and let p > -1/2. Suppose
the same conditions as the assumptions of Theorem 1.6. For each k = 1, 2, ..., n and j =

1, .., v, we have

n T(a,) =1 it
an — /X * «/a’; ) Xn® P, (i) |

and in particular, if j is even, then we have

Pg?o (xk,n) | < C(

) <cf T@) | o 1
|pn,p(xk,n)| = (\/anxk,n + (xk,n)+ X

T(an _'—22
X(\/an_n\/xk,n 5(;")) |00, p (i) |

Proof of Theorem 1.6. We use the induction method on m.

(a) For m = 1, we have the result because of

P (1)
G+ 1P} (%Xen)”
and Theorem 3.2. Now we assume the theorem for 1 < m’ <m. Then, we have the

following: For 1 < 2s-1<v-1,

19 () = i=1,2,3,...,

Page 11 of 24
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_ 2s—1 _ 25—2r—1
(llrzr/tn)(zs 1)(xk,n) = o >(l;gn 1)(2r) (xk,n)l,(zl,j r )(xk/n)

>

=0

Since
n n

<
am — Xien «/a2n - «/xk,nl
we have

‘(lm 1 (2r)( kn)l(zs 2r— 1)( k,n)’

1
+FR (xk n) + )
Xie,n

y ( ) T( n . T(an))ZS—ZT—2x5+l

«/a2n — Xk,n «/a2n - «/xk,n «/an kn

T(a 1

( (an) + R (xp,n) + )

\/an kn Xie,n

% ( n i T(an))Zs—Zx_s+1
«/aZn - «/xk,n «/an Fn

and similarly

\/an kon

<cC

+ T 1
™ Gl ™ (o) <C( ) R )
k,n

- «/anxk,n
2s—2
% < n + T(“”)) ) x75+1‘
\/a2n - \/xk,n \/an n

Therefore, we have

_ T(an) 1
m (2s—-1) ‘ <C n R
)™ V)| <C( 0 R+
T 252
x( " + (an)) x;f:'l.
«/a2n - «/xk,n «/an '

(b) To prove the result, we proceed by induction on i. From (1.2) and (1.3) we know

es, s, m, k, n) = 1/s! and the following recurrence relation: for s + 1 <i<m - 1,

i—1
1 i
esi(lomkn) ==Y % _p),es,p(l, m, k, ) (1)) (). (3.6)
p=s :

When i - s is odd, we know that

i—p:odd, ifp—s:even
i—p:even, ifp—s:odd.
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Then, we have (1.9) from (1.5), (1.8), (3.6), and the assumption of induction on i. O

Theorem 3.3. [1, Theorem 1.7] Let 0 <¢ < 1/4. Let ;Zg < Xpn < eayand let s be a

positive integer with 2 < 2s < v - 1. Suppose the same conditions as the assumptions of
Theorem 1.6. Then there exists $(n, k), 0 <Dy < B(n, k) < D, for absolute constants D,
D, such that the following equality holds:

n
Ja

and |ps(&, %, »» n)] > 0 as n — o« and ¢ — 0.
Lemma 3.4. [3, Theorem 2.5] Let W € F(C?+)and r = 1, 2, ... Then, uniformly for 1 < k

<n,

2s
P () = (—1) B (2n, k)( ) (1 + pu(E, X, 1)) (),
n

r—1
n

<C
x 2 2
\/“2n = lign

Lemma 3.5. [2, Theorem 3.3] Let p* > -1/2 and W(x) = exp(—Q(x)) € Fy v = 2.
Assume that 1 + 2p* - 6* 2 0 for p* < 0 and if T*(t) is bounded, then assume

P, ?(lr) (tk,n)
Py (tk,n)

Sk
a: < Cnl/(l+v § )’

where 0 < 6% < 1 is defined in (2.1). Let O <or < 1/2. Let ;“E < |tin| < ea},and let s be

a positive integer with 2 < 2s < v. Then there exists u(e, n) > 0 such that

< Cu(ﬁﬂ)(ézl)

and u(e, n) - 0 as n — o and ¢ - 0.
Proof of Theorem 1.7. By Lemma 2.9, we have

2s

—1
P (1) LA

2s

2. —i i — i

P ()| = D (1) e P ()i
i=1

25—1

2 B » . e
< C’Czsyzspgns)(tk'n)tkﬁs + Z (—1)25 1C25,ipgl,r)l(tk,n)tk/:s+l .
i=1

Since, we have by Lemma 3.5,

2s—1
2 — n _2
Je2s2eP5 (bt scu(e,zn)<a*) [P (1) |t
2n

and by Lemma 3.4,

25—1

3 (1) e P )t

i=1

n 2s—1 ) 2s—1 n —2s+i
—2s
()" Pt >3 (] 1)

i=1 2

n 2s—1 o
= CS( * ) |P/2n(tk,ﬂ)| |tk,n| ’
Aon

Page 13 of 24
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we have

2s—1 2
< C8(s, n)( ) Py (tin)| tn|
2n

n 25—1 _(2s-1)
< Cé(e, n)(Jan) |p;(xk,,,)|xk,n 2,
where (¢, n) = u(e, 2n) + & O

Here we can estimate the coefficients e(v, k, n) of the fundamental polynomials /,,(v; x).
Forj =0, 1, .., define ¢/(1): = (2j + 1) and for k = 2,

j 1 2i
j(k) = ; 22+ <2JT> or(k—1). (3.7)

Proof of Theorem 1.8. In a manner analogous to the proof of Theorem 1.6 (a), we use
mathematical induction with respect to m.

(a) From Theorem 1.7, we know that for 1 < 2s -1 <v -1,

(2s) 2s—-1  2s—1
‘l(zs D ()| = P /(xk'n) SCS(S,n)( " ) X, 2
2Spn ('xk,‘ﬂ) \/a” '

From Theorem 1.5, we know that for x; , < a,/4,

N
< c( Wﬂ)xk,n. (3.8)

Then, we have by mathematical induction on m,

m (25— 2s — m 2r S—2r—
| <032 (%51l e Vi

2r+1 §—27—
+Z(2T+l)’(kn ( )( n)l(2 ? 2)( k,n)

r=0

n 2s—1  2s—1
<Cé(e, n)(\/an) X 2

(b) From Theorem 3.3, we know that for 0 < 2s < v - 1,

[CRRIE

(25+1) (xk n)
(25 + 1)p; (%)

2s
_ (“1 e (1)B (2n, k)(J) 551+ pu(e, 3 1))

(25)(x n) _
(3.9)

If we let &(1, & %k 1 1) = P (& X 1), then (1.11) holds for m = 1 because |&(1, & xx ,»

n)| — 0 as n — < and ¢ — 0. Now, we split (l;:,'n)(zs) (x,n) into two terms as follows:

2s m— 2r —2r
(GAIRUCERY <2r)(lk,n1 ( )(xk,,,)lf,j ) (x,n)

0<2r<2s

2s _15(2r=1) 25—2r+1
> (zr_l)(lzi‘nlﬂ Gkl " Co).

1<2r—1<2s

(3.10)

Page 14 of 24
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For the second term, we have from (1.10),

2s _14(2r-1) 25-2r+1

1<2r—1<2s

<C82(8n)( n) x03.11)

For the first term, we let & (m) = &(m, ¢, xx, ,, n) for convenience. Then we know
that

2s—r
l ™ Gain) = (=) s (1B (21, k)(ﬂzn) 5t (1)

and |&_(1)] > 0 as n —> < and ¢ — 0. By mathematical induction, we assume for 0
< 2r < 2s;

2r
(lg;l)(2r)(xk,n) =(—1)¢;(m—1)B"(2n, k)(ﬁ) Xen(1+&(m—1))

and |&(m - 1)| > 0 as n — ~ and ¢ — 0. Then, since

2s
(lm 1)(2r)(x n) (25 2T)(xk,n) _ (—1)5ﬁ5(21’l, k)(\;;ﬂ) x};,:;
x¢r(m — 1)ps—r(1)(1 +&(m — 1)) (1 +&-(1)),

we have for 0 < 2r < 25, using the definition of (3.7),

> (3 D e o

0<2r<2s
I
< X (5)#n= D 00— )16 (1)
0<2r<2s

:(—1)s¢5(m)55(2n,k)<\/r;n> x;fl +(_1)555(2n,k)<\/r;n> x;:fl
< X (50) o= D0 ()6 0n = 1)+ 1)+ - D)
0<2r<2s

Here, we consider (3.10). If we let

&(m, &, xpn,n) = &(m) =

25\ &lm =g (1), e
05;525(21‘) ¢s(m) (Sr(m 1) ;’:S_r(l) .f’-'r(m l)és—r(l))

(2r-1)

25\ (@D ()22 ()
v <2r—1> ‘ n\E
121 (=1)'gs(m)p*(2n ) ( m) x5

Page 15 of 24



Jung and Sakai Journal of Inequalities and Applications 2011, 2011:122
http://www.journalofinequalitiesandapplications.com/content/2011/1/122

then we have

&(m) < Z (5;;”) o 1)¢Sir(l)($r(m = 1)+ & (1) +&(m — 1)5+(1))

0<2r<2s ¢s(m)

52(8, Tl)( n )stfs
+C Vs Tk 2 by the definition of (3.11)

CD'empn ()
- 25\ ¢,(m — 1) (1)
B 05225 (21’) ¢s(m) (&r(m = 1) + &—r(1) + & (m — 1)§r(1))

+C'8%(e,n).

Then, we know that (1.11) holds and |&(j)| — 0 as n — < and ¢ — 0, using mathe-
matical induction on m. Therefore, we have the result.
We rewrite the relation (3.7) in the form forv =1, 2, 3 ..,

do(v) =1

and forj=1,2,3..,v=2,34, .,

j—1
PR 2j+1 B
CORTCERENES 3 (s LTS

Now, for every j we will introduce an auxiliary polynomial determined by {W;(y)}7%;

as the following lemma:
Lemma 3.6. [4, Lemma 11] (i) For j = 0, 1, 2 ..., there exists a unique polynomial ‘¥,
(y) of degree j such that

Wi(v) =¢i(v), v=1,23,....

(ii) Wo(y) = 1 and ¥; (0) =0, = 1,2, ...

Since ; (y) is a polynomial of degree j, we can replace ¢;(v) in (3.7) with ¥;(y), that

is,

j
1 .
W0=2 5 o (o) won =02

for an arbitrary y and j = 0, 1, 2, .... We use the notation Fy,(x, ¥) = (/x (%))’ which
coincides with l%/n(x) if y is an integer. Since [ ,(xx ,) = 1, we have Fy, (x, £) > 0 for x

in a neighborhood of x; ,, and an arbitrary real number .

We can show that (3/0x) Fy, (% ., ¥) is a polynomial of degree at most j with
respect to y for j = 0, 1, 2, ..., where (3/0x) Fy, (X ,» y) is the jth partial derivative of
Fr, (%, y) with respect to x at (xx ,, ¥) [14, p. 199]. We prove these facts by induction
on j. For j = 0 it is trivial. Suppose that it holds for j > 0. To simplify the notation, let
F(x) = Fru(x, y) and I(x) = [; ,(x) for a fixed y. Then F(x)l(x) = yl['(x)F(x). By Leibniz’s
rule, we easily see that

Page 16 of 24
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-1 . i .
F(J”)(Xk,n) =— Z <i> F(S+1)(xk,n)l(]75) (Xpn) + YZ (i) l(5+1)(xk,n)F(17S) (Xin),
s=0 s=0

which shows that FY *D(x, ) is a polynomial of degree at most j + 1 with respect to 7.

Let P}[g’)l(y) ,j =0,1,2, .. be defined by
, o n\7 _ i
(8/0x)¥ Fin(x1,n,v) = (—1Y B/(2n, k) < Ja ) xkil\I!j(y) + Py, (y). (3.12)
n

Then P}E’r]’ (y) is a polynomial of degree at most 2j.

By Theorem 1.8 (1.11), we have the following:
Lemma 3.7. [4, Lemma 12] Let j = 0, 1, 2, ..., and M be a positive constant. Let 0 <¢ <

1/4, '™ < x,, < eay,, and |y| < M. Then

& n?

(a) there exists k; (&, Xy, 1) > O such that

2j
. n -
(3/ay)’P(y) gc/q(e,xk,n,n)( W") X, $=0,1 (3.13)

and k; (&, X,y 1) > 0 as n — o and ¢ - 0.
(b) there exists v; (g, n) > 0 such that

2j+1  2j+1

(8/0x) 7" Fn (i, y)‘ < Cyj(e, n)(\/'; ) Xy (3.14)

and Y (&, n) = 0 as n — o« and ¢ — 0.

Lemma 3.8. [4, Lemma 13] If y < 0, then forj=0,1,2 ..,
(=1Y¥() > 0.
Lemma 3.9. For positive integers s and m with 1 < m < v,

i (ij) W (—=m)gs—r(m) = 0.

=0

Proof. If we let Cs(y) =Y., (;;) W, (—y)Ws—r(y), then it suffices to show that C;

(m) = 0. For every s,

2s
—m+ma2s 2s —m (i m \(2s—i
0= @) = 2 (3) GO a2 )
i=0

N
2s _
-3 (50) 133 Bt ~m) )2 1)
=0
s—1

N 2s T+ m s—2r—
+ Z <2T + 1) (8/3x)2 len(xk,n' _m)(lk,n)(2 2 1)(xk,n)-

=0
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By (1.11), (3.12) and (3.13), we see that the first sum ) ,_, has the form of

s 2s s
Z= (—1)8°(2n, k)(\/r; ) xk_fl (Z (;;) W, (—m)ps—r(m) + 75(—m, a,xk,n,n)> )
=0 n

=0

Then, since

fis(—m, & X, m) = Y (;i) W (—=m)@s—r (m)&s—r (m, &, Xe,n, 1)
=0

=0
x o r(mPI(—m)(1 + & (m, &, %, 1)),

we know that | ns(—m, &, Xy, n) | > 0 as n —> o and ¢ > 0 (see (3.12)). By (3.14)

2s+1 _

and (3.8), the second sum Zr—O is bounded by C(\/'; ) X 2 fool v(e,n), and

we know that 2" y,(¢,n) — 0 as n — « and & — 0. Therefore, we obtain the fol-

lowing result: for every s,

0= ZO (;j) W, (—m) W, (m).

Theorem 1.9 is important to show a divergence theorem with respect to L, (m, f; x),
where m is an odd integer.

Proof of Theorem 1.9. We prove (1.12) by induction on s. Since ey(m, k, n) = 1 and
Wo(y) = 1, (1.12) holds for s = 0. From (3.6) we write e, (m1, k, n) in the form of

s—1

exs(m, k,n) = Z (25— 2 )Iezr(m,k n) (I, )72 (x,,1)

Z (5 — v+ 1), 1 (M) )
= 1+]II
From (1.6), we know that for x; ,, < a,/4,
N
| ej(l,m, k,n) | < C(«/%) X, (3.15)
2
Then, by (1.10) and (3.15), |/I] is bounded by C3"%_, §(e, n)(\/r;") sx,;; For 0 < i <s,
we suppose (1.12). Then, we have for 1,
-1 s+1 2s
(25)' \/ "
N

; (25)\” m)gs—r(m)(1 +nr)(1 + &),

T
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where &, : = & (m, &, x;, ,, n) and 1 . : = N (m, & x;, , n) which are defined in
(1.11) and (1.12). Then, using Lemma 3.9 and ¢, (m) = 1, we have the following form:

eZS(mr k, n) = ((;SI))I \I"s(_m)ﬁs(zn' k)(\/iln) xl?il(l + ns(mr & Xiens n))

Here, since
s—1

ns(m, & X, n) = Z (25) W, (—m)ps_r(m)(n; + E—r + 0rEs—r)

s 2r
—2s
s 1) 5,00

we see that |1 ; (m, & % ., 1)] > 0 as n — « and & — 0 (recall above estimation of

|Z1]). Therefore, we proved the result.
Lemma 3.10. /5, Theorem 1.3] Let p > —;and w(x) (C*+). There exists ny such that

uniformly for n = no, we have the following:

(a) For 1 <j<mn,

| D, (Xin) | W)y (%)@ (%,0) ™" [%jn (an — xj/")]_1/4' (3.16)
(b) Forj<n-1andxe (%1, %
anp \ P
| Pnp (%) | w(x) (x+ n2> (3.17)
1/4

~ min{| x — Xjn [ | x— Xj+1,n |}(/)n(xj,n)71[xj,n(an - xj,n)]7

(c) For 0 <a < %3, , < b < oo,

f n
| P p () [ wp (K1) ~ 5, - (3.18)
a

(d) For 0 <a < Xp10 Xk n S b <0 and x € [(Wry1n + Xk n)/2 Xp p + Xpe1.0)/2],

ap \ P 1
[pup) 0@ (x4 15)~ (3.19)

Moreover, for 0 <a < x < b < oo, there exists a constant C > 0 such that

1
(3.20)

an\ P
Ipn,p(x)lw(x)<x+n2> < s

(e) Uniformly for n > 1 and 1 < j <n,
(3.21)

Xjin — Xjsln ~ @n (xj,n)-
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(f) Let A be defined in Definition 1.2 (d). There exists C > 0 such that for n > 1,
a, < cnl/?,

Proof. (a) and (b) follow from [5, Theorem 1.3]. (e) follows from [5, Theorem 1.4].
We need to prove (c), (d), and (f).

(c) For 0 <a < x; ,, < b < o, we have (2.11);

Jan
n 7

@n (xk,n) ~

so applying (a), we have the result.
(d) Let 0 <a < Xpyp, » <xx » < b < 0. We take a constant ¢ > 0 as

Van

min{| x — Xgn |, | X — X1, [} =0

Then, by (b) we have

anp\P Jan n 1
|pn,p(x)|w(x)(x+n2) ~ 38 " af,/‘l:aa,l/‘l.

Moreover, by [6, Theorem 1.2] the second inequality holds.
(f) We see

R(x) T(x) - A
Rx) x ~ «x

’

so that by an integration, R(x) > R(1) x™ for x > 1, and hence we have
R'(x) > AR(1)x*"1 (x> 1).
Since lim,,_,., a,, = «, we can choose 1, such that a,, > 2 for all n > n,. Then for

some C; > 0,

b2 L antR (ant) 2 /1 antAR(1)(ant)?~!
CmJo Ji(1—1) T 7wl V(1 1)

1 A
ot 2R / T dio et
T 12 /t(1 —t)

Hence, we have the result.

Lemma 3.11. Let the function hy, (m; x) be defined by (1.4) and let 0 <c <a <b <d <
oo, Then we have

m—2
o (%) Z ei(m, k,n)(x — x,,)'| < C.

i=0

max
a<x<b

c<xn=d

Proof. Let ¢ < Xgy1,, <%, » < d. Then by (3.21), we see |xk,n — x;¢+1,,,| ~ Jap/n.
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Now, choose &, > 0 satistying for all xz,1,,, xx , € [c, d],

a a
Ol\/ " = }xk,n_xkﬂ,n} 5,3\/ "

(3.22)
n n

Let x € [a, b] and |x - 4| = min {|x - x¢ }|; X » € [@ B}, xj)r1.0 <C < (o) and

xjdm < A <sja)-1,,» Moreover, we take a non-negative integer j satisfying for each xy ,,
€ [a, b] and k = j(x),

(jk+;>°‘\/:n 5|x—xk,n|5(jk+1)ﬂ\/:"- (3.23)

Then we have

m—2
I (x) Z ei(m, k, n)(x — xpn)’

max
a<x<b -
c<xpp<d i=0
m—2 2. m
w?; x .
< max Z Z pul /p’ )2 ei(m, k,n)(x — xpn)'
azwsb iz = I\ (6 = Xion) Py (75 Xin)

m

pn(w?; x) )
! | ei(m, k, n)(x — xje)n)’ |

(x— xj(x)rn)p;l(wf); Xj(x),n)

m—2
< max Y
a<x<b

i=0
m
Pn (wz} x) A
* Z /p 2. ei(m, k, Tl) (x - xk,n)l .
c=<xpn=d (x— xkr")pn(w F Xen)
Xe,n 7¥j(x),n

Here, by (3.16) and (3.17) we see
m

pn(w); x) <c

(% = X(x),n )05 (W55 Xj(x),n)

and from (3.20), we have |, < b + 1, and so by (1.6) we have

X . n ! \/an !
i ’ ’ — A < C 2 <C.
| ei(m, j(x), n)(x x](x)r") | < (\/azn - xj(x),n) x](x),n< n ) =

Consequently, we have
m

pn (w2’ x) . i
’ | e;(m, j(x), n)(x — xjn)' | < C.

(x— xj(x),n)P;z (w%; Xj(x)n)

Similarly, for ¢ < xi ,, < d with &y, ,, # 4j(x),» We have by (3.18) and (3.20),
m

()

and by (1.6) and (3.23),

il k) = 560) ™" | < C(ﬂ;)(ﬂl G + 1/z)a)m'

Pn (wf)? x)

Py (W25 X1en)
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Therefore, we have for 0 < i < m - 2,

Z ( pn(wizj? x)

(% — X1, ) P (W35 X1en)

) ei(m, k,n)(x — xpn)’

c=<xpn=<d
Xe,n % (x),n
1 2
<C Z <C.
- i+ 1/2)a -
c=<Xpn=d (]k / )
xk,n#xj(x),n
Therefore,
m—2
max (%) Z ei(m, k,n)(x —xn)'| <C.
a<x<b . -
C<Xpn<d i=0

Proof of Theorem 1.10. We use Theorem 1.9 and Lemma 3.11. We find a lower
bound for the Lebesgue constants A, (m, [a, b]) = maXa<y<p D p_y |Hien(m; x)| with a posi-
tive odd order m and a given interval [a, b], 0 <a <b < oo. By the expression (1.4) we
have

|hkn(m; .X‘)| > | l;gr,ln(x)em—l(mr k,n)(x — xk,ﬂ)m71 |
m—2

_ ZZ,'n(x) Z ei(m, k,n)(x — xk,n)i

i=0

Letc=a/2,d=b + (b - a) and

An(m, [a,b]) > max Z ’l;’z'fn(x)em_l(m, k, n)(x—xk,,,)’”_ll

T 7 c<apn=d
m—2
— max I (%) Z ei(m, k, n)(x — xpn)'
a<x<b -
c<xpn=<d i=0

= max F,(x) — max Gp(x).
a<x<b a<x<b

It follows from Lemma 3.11 that max, < , < , G,(x) < C with C independent of 7.
Therefore, it is enough to show that max, < , < , F,(x) = Clog (1 + n). We consider «,
B and j; defined in (3.22) and (3.23). Let K (x; [¢, d]) be the set of numbers defined as

K(x;[c,d]) = {jk; (e + 1/2)a \/:" < |x = %] < (e + 1B “/:",xk,n €lcdlk #J'(X)} ;
where j; is a non-negative integer. Then, there exist ¥ > 0 and C > 0 such that
Cn” < max{ji, € K(x; [¢, d])},

that is, we see

{0,1,2,...,[Cn"]} C K(x;[c, d]). (3.24)
In fact, from Lemma 3.10 (f), we see a, < c;n"/*, A > 1/2. By (3.22) and (3.23), we
see 0 € K(x; [¢, d]) and

(max{j, € K(x; [¢,d])} +1)B >b—a.

Jan
n
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Hence, we have

b— b— 1
an an n! V@A) = cnr

B Jan = B Jan o

So, we have (3.24). Now, we take an interval [x;,1,, %, ,] € [, b], and we put

max{j, € K(x;[¢,d])} +1 >

x* = (xe+1/n + JCg,n)/2.

By Lemma 3.10 (d), we have
" 1
|(pnw,0)(x )’ ~ 1/4'
[

From Lemma 3.10 (e), we know for ¢ < x; , < d

[ — | 2 0V (325)
2 n
By Lemma 3.10 (c), we have for ¢ < &y , < d

n
|p:1(xk:")| wﬂ (xkrn) ~ 3/4°
dn

Then, we have

ey P B )
" | (% = Xin )P (Xin) | wp (%0,n) w(x*) (% + 13)°
- C\/a" 1

no|x* — x|

Here, we used the following facts:

an\”
(x*+ )Nx*"
n

and

Wy (Xk,n) -

1, % xp, € |ab].
wp (x*) o € 1o, bl

Now we use Theorem 1.9, that is, for ¢ < x; ,, < d we have

Therefore, with (3.25) and (3.26), we have

Fo(x) = > ‘17{,',, (x*) em—1 (m, ke, n) (x* —xk,n)m_l‘
jreK(x*;[c,d])

\/a,, 1 m n m—1 -
> C Z y |X* _ xk,n|
jek(erdodn \ |x _xk,n| A an

s (J>|_l|(¢>

JreK (x*;[e.d])

=C 2 <J:n>muk+1)ﬂl(¢an/n)(¢2n)m_l

JreK (x;[ed])

1 1
C C C log n.
>C®B) Y, a1 Zj+lz og n

jreK(x*;[c.d]) 0<j<n



Jung and Sakai Journal of Inequalities and Applications 2011, 2011:122
http://www.journalofinequalitiesandapplications.com/content/2011/1/122

Consequently, the theorem is complete. O
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