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In this paper, the above inequality is extended for the polynomials having all zeros in
|z| < k where k < 1. Our result generalizes certain well-known polynomial
inequalities.
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1. Introduction and statement of results
Let p(z) be a polynomial of degree n, then according to the well-known Bernstein’s
inequality [1] on the derivative of a polynomial, we have
/
<
rlglgflp (2)] < nmax Ip(z)| . (1.1)
This result is best possible and equality holding for a polynomial that has all zeros at
the origin.
If we restrict to the class of polynomials which have all zeros in |z| < 1, then it has
been proved by Turan [2] that
P = ) max|p(@) 1.2
max |p'(z max [p(z)| . .
lz|=1 P = 2 |z=1 p (1.2)
The inequality (1.2) is sharp and equality holds for a polynomial that has all zeros on
|z| = 1.
As an extension to (1.2), Malik [3] proved that if p(z) has all zeros in |z| < k, where
k < 1, then

© 2011 Zireh; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution

L]
@ Sprlnger License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,

provided the original work is properly cited.


mailto:azireh@shahroodut.ac.ir
http://creativecommons.org/licenses/by/2.0

Zireh Journal of Inequalities and Applications 2011, 2011:111
http://www.journalofinequalitiesandapplications.com/content/2011/1/111

max [p'(z) ax |p(z)|. (1.3)

lzl=1 |_1+k||1

This result is best possible and equality holds for p(z) = (z - k)".

Aziz and Dawood [4] obtained the following refinement of the inequality (1.2) and
proved that if p(z) has all zeros in |z| < 1, then

max |p'(z)| = {rlnaix [p(2)[ +min }p(Z)I} : (1.4)

This result is best possible and equality attains for a polynomial that has all zeros on
|z] = 1.

Let Dyp(z) denote the polar differentiation of the polynomial p(z) of degree n with
respect to & € C. Then, D,p(z) = np(z) + (& - z)p’(z). The polynomial D,p(z) is of
degree at most # - 1, and it generalizes the ordinary derivative in the sense that

D,
lim [ p(z)] - (2).
a—>00 o

Shah [5] extended (1.2) to the polar derivative of p(z) and proved that if all zeros of
the polynomial p(z) lie in |z| < 1, then for every o with |¢t| = 1, we have
r‘lz}ax}Dap(zﬂ > |a| -1 max}p(z)| (1.5)
This result is best possible and equality holds as p(z) = (z - 1)"” with > 1.

Aziz and Rather [6] generalized (1.5) by extending (1.3) to the polar derivative of a

polynomial. In fact, they proved that if all zeros of p(z) lie in |z| < k, where k < 1, then
for every o with || = k, we get

n
max|Dap(e)| 2 |, (ol — k) max|p(z)]. (1.6)

This result is best possible and equality holds for p(z) = (z - k)" with o > k.
In the same paper, Aziz and Rather [6] sharpened the inequality (1.5) by proving that
if all the zeros of p(z) lie in |z| < 1, then for every o with || > 1, we would obtain

rlgllii{(|Dap(z)| > '21 {(Ial - 1)1|121|§{<|p(z)| +(lel = 1 min |p(z)|} : (1.7)

This result is best possible and equality attains for p(z) = (z - 1) with o > 1.
As an extension to the inequality (1.7), Jain [7] proved that if p(z) has all zeros in |z|
< 1, then for all o,... oy € C with |og| 2 1, || 2 1, ..., |o| = 1, (1 < ¢ <n), we have

nn—1)---(n—t+1)
2! [
(o] = 1)+ (few = D} max[p(z)] + (1.8)

|

max Do+ D, D p(2)] =

{2 (o] -+ leul) = {(lers| = 1) - - (Jou| = D)}} min
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where

DgDy, , -+ Dy, p(2) = pj(2) =
(n—j+1)pji-1(2) + (o —2)pj-1(2), j=1,2,--- .8
po(2) = p(2).

This result is best possible and equality holds as p(z) = (z - 1)"” with a; > 1, 0 2 1,..,,
o, > 1.

The following result proposes an extension to (1.8). In a precise set up, we have

Theorem 1.1. Let p(z) be a polynomial of degree n having all zeros in |z| < k, where k
< 1, then for all oy, ... o, € C with o] 2 &, |0] = k.., |o] 2 & (1 <t <n),

nn—1)---(n—t+1)
Da"'DaDa -
max |Dy, - -+ Dy Dayp(2)| 2 (141 [

(Aol =T+ (leus| = k) max|p(z)] + (1.9)
{1 (el fou) = {(fonr| = k) -+ (leu| = I} } k™" min Ip(z)l} :

This result is best possible and equality holds for p(z) = (z - k)" with oy > k, oy > k,...,
o, > k.

If we take k = 1 in Theorem 1.1, then inequality (1.9) reduces to inequality (1.8).

If we take £ = 1 in Theorem 1.1, the following refinement of inequality (1.6) can be
obtained.

Corollary 1.2. Let p(z) be a polynomial of degree #, having all zeros in |z| < k, where
k < 1, then for every @ € C with |¢| = &,

n
max|Dap(@)| =

{(|a| —k)ymax|p(z)| + (Ja| + ) k""" min |p(z)|} . (1.10)
k lzl=1 J21=F

This result is best possible and equality occurs if p(z) = (z - k)" with @ > k

If we divide both sides of the above inequality in (1.10) by |o| and make |a| — oo,
we obtain a result proved by Govil [8].

2. Lemmas
For proof of the theorem, the following lemmas are needed. The first lemma is due to
Laguerre [9].
Lemma 2.1. If all the zeros of an nth degree polynomial p(z) lie in a circular region C
and w is any zero of Dyp(z), then at most one of the points w and o may lie outside C.
Lemma 2.2. If p(z) is a polynomial of degree n, having all zeros in the closed disk |z|
<k k<1,then on |z| =1,

p@l= " @l 1)

This lemma is due to Govil [10].
Lemma 2.3. If p(z) is a polynomial of degree n, having no zeros in |z| <k, k > 1, then
on |z| = 1,

kP (2)| < |4'(=)

/ (2.2)

where q(z) = 2"p(1/z)-
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The above lemma is due to Chan and Malik [11].
Lemma 2.4. If p(z) is a polynomial of degree n, having all zeros in the closed disk |z|
<k k<1,then on |z| =1,

4(2)| <k|p'(2)], (2.3)

where q(z) = 2"p(1/z).

Proof. Since p(z) has all its zeros in |z| < k, k < 1, therefore g(z) has no zero in |z| <
1/k, 1/k = 1. Now applying Lemma 2.3 to the polynomial g(z) and the result follows.

Lemma 2.5. If p(z) is a polynomial of degree n, having all zeros in the closed disk |z|
< k, k < 1, then for every real or complex number o with |o| = k and |z| = 1, we have

Dap@] = | el =B [p(2)] @4

Proof. Let q(z) = 2"p(1/z), then |q'(2)| = |np(z) - zp’(2)| on |z| = 1. Thus, on [z] = 1,

we get

v

|Dap(2)| = |np(2) + (« — 2)p' ()| = |p' (=) + np(2) — 2/ (2)]
|ap/(2) — |np(z) — 2/ (2)

that implies

IDup(2)| = Ll [ (2)] — |4 (2)] - (2.5)
By combining (2.3) and (2.5), we obtain

IDup(2)| = (Il = k) |0 (2)] -

that along Lemma 2.2, yields

[Dap()] = | (el =1 (@)

Lemma 2.6. If p(z) = ap + a1z + E flz aiz'is a polynomial of degree n, having no zeros
i=
in |z| <k, k = 1, then

kla
|1|<

(2.6)
ol

The above lemma is due to Gardner et al. [12].
Lemma 2.7. If p(z) = Y 1, aiz' is a polynomial of degree n, having all zeros in |z| < k,
k <1, then

|an—1]

|an|

< nk. (2.7)

Proof. Since p(z) has all zeros in |z| < k, k < 1, therefore

1

q(z) =2"p(1/z) = an + an—12+ - - + ;2" +ao2",

is a polynomial of degree at most 7, which does not vanish in |z| < 1/k, 1/k = 1. By
applying Lemma 2.6 for g(z), we get
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1
13 |an—1|

| < degree{q(z)} <mn,

which completes the proof.
Lemma 2.8. If p(2) is a polynomial of degree n having all zeros in |z| < k, k < 1, then
for all oy, ... o, € C with o] 2k |a| = ke, |04 2 & (1 < ¢ <n), and |z| = 1 we have

n—=1)---(n—t+1)
(1+k) (2.8)
{(lar] = k) - - (lowel — )} |p(=)] -

|De, - Dy Do p(2)| =

Proof. If || = k for at least one j; 1 < j < ¢, then inequality (2.8) is trivial. Therefore,
we assume that |o;| >k for all j; 1 <j <t

In the rest, we proceed by mathematical induction. The result is true for ¢ = 1, by
Lemma 2.5, that means if |a;| >k then

Dap(2)] = 1? (ol =B [p(z)]. (2.9)

Now for ¢ = 2, since Dy, p(z) = (napaty +dn_1) 2" ' + - + (nag + aja;) » and |a;| >k,
then Dy, p(z) will be a polynomial of degree (n - 1). If it is not true, then the coeffi-

cient of Z*' must be equal to zero, which implies
na,oq +dy—1 =0,
ie,

|an71|

loq] = .
n|ay|

Applying Lemma 2.7, we get

|an—1]

o] = <
n|ay|

But this result contradicts the fact that |o;| >k. Hence, the polynomial D, p(z) must
be of degree (n - 1).

On the other hand, since all the zeros of p(z) lie in |z| < k, therefore by applying
Lemma 2.1, all the zeros of Dy, p(z) lie in |z| < k, then using Lemma 2.5 for the poly-
nomial Dy, p(z) of degree n - 1, and |or, | >k, it concludes that

(n—1)

[Dec D p(@)} 2 7, 7 (ol = ) [Dap(2)]

Substituting the term Dy, p(z) from (2.9) in the above inequality, we obtain

n(n—1)
(1 +k)2 (lall - k) (|a2| - k) |p(Z)| .

|D¢12Dalp(z)| Z
This implies result is true for ¢ = 2.
At this stage, we assume that the result is true for ¢ = s <u; it means that for |z| = 1,

we have
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nn—1)---(n—s+1)
(1+k) (2.10)
{(or] = k) - (los| = R)}|p(=)|

}Das o 'DazDalp(z)| =

and we will prove that the result is true for t = s + 1 <n.

According to the above procedure, using Lemmas 2.7 and 2.1, the polynomial
Dg,Dq, p(z) must be of degree (n - 2) for |a;| >k, |o| >k, and has all zeros in |z| < k.
One can continue that Dy, - - - Dy, Dy, p(z) will be a polynomial of degree (u - s) for all
Oy,... 0s € C with |o] 2 &, o] = k..., |o| = &, (s <n), and has all zeros in |z| < k.

Therefore, for |o, ;1| >k, by applying Lemma 2.5 to Dy, - - - Dy, Dy, p(2), we get

(n—s)

|DCls+1 {Daj "'DazDalp(z)H z 1+k

(ltss1] = ) |Dg, - - Do, Doy p(2)] . (2.11)

By combining the terms (2.10) and (2.11), we obtain

(n=1)--(n=s)
(1+k)™!

{(erl =R -+ (lsi] = )} [p()] -

|D¢¥s+1D0¢s o 'DazDUtlp(z)| = !

This implies that the result is true for £ = s + 1. The proof is complete.

Lemma 2.9. If p(z) = Y 1,4z is a polynomial of degree n, p(z) = 0 in |z| <k, then m
< |p(2)| for |z| <k and in particular m < |ay|, where m = min;_¢ |p(2)|.

The above lemma is due to Gardner et al. [13].

Lemma 2.10. If p(z) = .1, aiz' is a polynomial of degree n having all zeros in |z| <
k then

m < k" |a,!, (2.12)

where m = min;_ |p(2)|.

Proof. If k = 0, then inequality (2.12) is trivial. Now we suppose that k > 0. Since the
polynomial p(z) = Y, a2 has all zeros in |z| < k, the polynomial g(z) = z"p(1/z) =
a, + .. + apZ" has no zero in |z| < }z Thus, by applying Lemma 2.9 for the polynomial
q(z), we get

rnirll |q(z)| < |ay].

(2.13)
|z|= 1

. . m

Since mmlzlzi |q(z)| = kln ming|=k |P(Z) , (2.13) implies that o < |anl.

3. Proof of the theorem

Proof of Theorem 1.1. Let m = miny;_x |p(2)|. If p(z) has a zero on |z| = k, then m =
0 and the result follows from Lemma 2.8. Henceforth, we suppose that all the zeros of
p(z) lie in |z| <k, so that m > 0. Now m < |p(z)| for |z| = k, therefore if A is any real or

complex number such that |1| < 1, then |Am(i)n| < |p(z) for |z| = k. Since all zeros

of p(z) lie in |z| <k, by Rouche’s theorem we can deduce that all zeros of the polyno-

mial G(z) = p(z) —Am(;)” lie in |z| <k. Also it follows from Lemma 2.10, that
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G(z) = p(z) — A(Z:l)z", hence the polynomial G(z) = p(z) — A(Z:l)z" is of degree n.
Now we can apply Lemma 2.8 for the polynomial G(z) of degree n which has all zeros
in |z| < k. This implies that for all oy,... oy € C with |oy| =2 k&, |oa] 2 &, ..., |ay| = & (¢
<n), on |z| = 1,
m—1)---(n—t+1)

(1+k)
{(ar] =) - (o] = B} [G(2)]

Dy, -+ Dy Dy G(2)| =

Equivalently

m
Dy DaDoypl@) = 4 {nln = 1)+ (n—t+ Doy e } 2| =

nn—1)---(n—t+1) (3.1)

Z\"N
1k (el =y -+ (el = 0} [p2) — m( 7).

k

But by Lemma 2.1, the polynomial T(z) = Dy, - - - Dy, Do, G(2z) has all zeros in |z| < k.
That is,

T(Z) = Doq e 'DOQDot]G(Z) #0, fOT lz| > k.

Then, substituting G(z) in the above, we conclude that for every A with |A| < 1, and |
z| >k,

T(2) = Dg, - - - Dy, Do, p(2)—

kkmn {[n(n—1)---(n—t+Dogaz -} 2" #0. (3.2)

Thus, for |z| >k,
Dy, -+ Day Doy (2)| > ;’; [n(n—1)-(n—t+1)leal ool - leul} |21 (3.3)
If the inequality (3.3) is not true, then there is a point z = z, with |zo| >k such that
D, - Doy Day, pl20) | < ;" [n(n—1)- (n—t+ 1) lar|loal -~ o]} |227]

Now take

A = Dac"'DazDalp(ZO)
min(n—1)--(n—t+ajor -}z "

then |A| < 1 and with this choice of A, we have, T(z;) = 0 for |zo| >k, from (3.2). But
it contradicts the fact that 7(z) = 0 for |z| >k. Hence, for |z| >k, we have

Dy, -+ Doy Doy (2)| > ;’; [n(n—1)---(n—t+ 1) leal oo - e} [2"7] .

Taking a relevant choice of argument of s arg

A =arg {Da[ . -DazDalp(Z)} —arg {alaz x ~a¢z"7‘}, we have
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IDe, - Doy D, p(2) =

m
% {[n(n—1)---(n—t+Dajor -} 2" =
|D0‘t "'DazDalp(Z)—
m —
|Mk” {Tl(n— 1)---(n—t+1)]oq||ez] - |0lz|} 12,

where |z]| = 1.
Therefore, we can rewrite (3.1) as

|Da, - - - Da, Day, p(2) | —

|)»|Z;,l{n(n—1)..~(n—t+ 1)|a1||a2|...|at|}zn—t >
nn—1)---(n—t+1) -
oy (ol =Gl =0} (o) =1 ).

where |z| = 1.
In an equivalent way
n(n—l)-~~(n—t+l)[
(1+k)
{Uorrl =) (oul = 1) [p(2) [} +
A+ B el lanl) = (e ] =) -+ (el = b} 1 .

|D0¢t o 'DazDalp(Z)| =

Making |A| — 1, Theorem 1.1 follows.
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