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We investigate some interesting properties of the weighted g-Bernstein polynomials related to the
weighted g-Bernoulli numbers and polynomials by using p-adic g-integral on Z .

1. Introduction and Preliminaries

Let p be a fixed prime number. Throughout this paper, Z,, Q,, and C, will denote the ring
of p-adic integers, the field of p-adic rational numbers, and the completion of the algebraic
closure of Q,, respectively. Let N be the set of natural numbers, and let Z, = NU {0}. Let v,
be the normalized exponential valuation of C, with [p|, = p™»® = 1/p. Let q be regarded
as either a complex number g € C or a p-adic number q € C,. If g € C, then we always
assume |q| < 1.1f g € G,, we assume that [1 - g, < 1. In this paper, we define the g-number
as [x], = (1- %)/ (1 - q) (see [1-13]).

Let C[0, 1] be the set of continuous functions on [0,1]. For « € N and n,k € Z,, the
weighted g-Bernstein operator of order n for f € C[0, 1] is defined by

; ok (n e &K\
Birg (f | x) = éf(n> <k> [x] [1 - x)iF = éf(nﬁ;g(x,q). (1.1)

Here B,(fi (x, q) is called the weighted g-Bernstein polynomials of degree n (see [2, 5, 6]).
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Let UD(Z)) be the space of uniformly differentiable functions on Z,. For f € UD(%Z,),
the p-adic g-integral on Z,, which is called the bosonic g-integral on Z, is defined by

R
L) = [ ) = fim —— 3 fg, 12)

i(1)=], J0dkat) = Jim gy

(see [10]).
The Carlitz’s g-Bernoulli numbers are defined by
k 1, ifk=1,

=1 +1)" = Prg = 1.3
Pog q(gB+1)" = Prg {0, Rt (1.3)

with the usual convention about replacing p* by fi 4 (see [3,9,10]). In [3], Carlitz also defined
the expansion of Carlitz’s g-Bernoulli numbers as follows:

h n 1, ifn=1
h o _ , h h +1 _ph = ’ / 1.4
ﬁO,q [h]q q <qﬂ > ﬁn,q {0’ ifn> 1’ ( )

with the usual convention about replacing (8")" by .
The weighted g-Bernoulli numbers are constructed in previous paper [6] as follows:
fora €N,

o

~(a ~ n ~(a T.1 7 1f n= ]-/

Boy =1, a(a"F® +1) - pug = { Loy (15)
0, ifn>1,

with the usual convention about replacing (ﬁ(”‘))n by ﬁ,(f,; Let fu(x) = f(x + n). By the
definition (1.2) of p-adic g-integral on Z,, we easily get

1 PG
I,(f1) = q lim —— 1)g*,
qly(fi) = q lim P xzzof(x+ )q

o rg (N - £0) 1.6
&@wméﬂ")q + Jim, PN, o

_ 1 ,
fzpf(x)d#q(x) -1+ ),

Continuing this process, we obtain easily the relation
n-1 . q- 1 n-1 .
7 [ @ - f@dne = @-D3df0+ Lo Sdra, a7
z, z, 1=0 084915

where n € Nand f'(I) = df (I)/dx (see [6]).



Journal of Inequalities and Applications 3

Then by (1.2), applying to the function x — [x]g:, we can see that

”SZ::j; [y (x) = —————}qu““"hn e q)ziq (], (1.8)

p qu

The weighted g-Bernoulli polynomials are also defined by the generating function as
follows:

FWW)F—ZWMWMWOWZWW“tX%WV (1.9)

QmO

(see[6]). Thus, we note that

ﬁ(a) (x) = Z <Tll> [x] Z;lqulxﬁl(/l;)
=0 (1.10)

:——iqm’”m[m+x +(1 q)Zq [m+x
[a]qm=0

From (1.2) and the previous equalities, we obtain the Witt’s formula for the weighted
g-Bernoulli polynomials as follows:

P (x) = [x+y];’adﬂq(y>= > " g x| [v]edma (v)- (1.11)
=0 \ ! z,

By using (1.2) and the weighted g-Bernoulli polynomials, we easily get

manl

ﬂWm<”w1Ew LR WA Uy (1.12)

413

where 1, € Nand m € Z, (see [6]).

In this paper, we consider the weighted g-Bernstein polynomials to express the bosonic
g-integral on Z, and investigate some properties of the weighted g-Bernstein polynomials
associated with the weighted g-Bernoulli polynomials by using the expression of p-adic g-
integral on Z, of those polynomials.

2. Weighted g-Bernstein Polynomials and g-Bernoulli Polynomials

In this section, we assume that « € Nand g € G, with[1 4], <1.
Now we consider the p-adic weighted g-Bernstein operator as follows:

01000 = 3 (5) (§ b n-a = S (F)ma. @
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The p-adic g-Bernstein polynomials with weight a of degree n are given by
By (xq) = <k> EIFARERYHEY

where x € Zp, a € N, and n, k € Z, (see [6, 7]). Note that B,(fi(x, q) = Bff)kn
is, the weighted g-Bernstein polynomials are symmetric.
From the definition of the weighted g-Bernoulli polynomials, we have

B (1= x) = (<1)"q™ By ().

By the definition of p-adic g-integral on Z,, we get

f . [1 - x]0adpg(x) = g™ (-1)" .[Z,, [-1 + x]gedpq(x)

= fz <1 - [x]q,z>ndyq(x).

P

From (2.3) and (2.4), we have

j [1 ]2 ety (x) = z<’:><—1>lﬁ{, = g™ ()" B -1) = B @)

1=0

Therefore, we obtain the following lemma.

Lemma 2.1. For n € Z., one has

f [1 - x]dpg (%) = Z<7>(—1)ﬁ§2)—q“"( "By (1) = By (2),

Ly 1=0
P9 (1-x) = (-1)"g™ B (x).

nq-

By (2.2), (2.3), and (2.4), we get

ﬂ (2) gt +q? —q+ﬂnq, ifn>1.
[]q

Thus, we have

na

fal,?

u—l

Brg(2) = zﬁ“”

+1—1, if n>1.
q

Therefore, by (2.8), we obtain the following proposition.

(2.2)

(1-x,1/q). That

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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Proposition 2.2. For n € Nwithn > 1, one has

(@) Low , na . 1
2) = + — +1- . (2.9)
ﬂn,q( ) qzﬂn,q [a]qq q

By using Proposition 2.2 and Lemma 2.1, we obtain the following corollary.

Corollary 2.3. For n € Nwithn > 1, one has

na

1-g, 2.10
[a]q+ q (2.10)

[ - = 5+
4

na

fzp [1 - x]gadpg(x) = [,

+1-g+g° fz [x]5«dpg (x) = f <1 - [x]qa> ndyq(x).
' ' 2.11)

Taking the bosonic g-integral on Z, for one weighted g-Bernstein polynomials in (2.1),
we have

[ B - <”>f [ 1~ )y ()

z, k) )z,

n-k -k
_ <:> <”l >(_1)1 fz [x] dpg () 2.12)
n\"=k /n-k -
-(E( v

By the symmetry of g-Bernstein polynomials, we get

a o 1
[ B = [ 5, (1-x ! )dueo

z, z,

k /k
Q5w

(2.13)
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For n >k +1,by (2.11) and (2.13), we have

n\ & /k
. (/) <k>§<l>(_1)k+l<%+l—q+q2fzp [x]g,xld‘uql(x)>

f B (%, q)dpq (%)

na o .
T, +1-q+q*p. ,; ifk=0, (2.14)

< > 22( >( DES L ifk>0.

By comparing the coefficients on the both sides of (2.12) and (2.14), we obtain the
following theorem.

Theorem 2.4. For n, k € Z, withn > k + 1, one has

n-k
Z<nl >( V', = 2Z<> DB, L ifk#0. (2.15)

1=0

In particular, when k = 0, one has

a < n 2(a
[%+1qw%;=zg>mmy (2.16)

1=0

Letm,n, k € Z, withm +n > 2k + 1. Then we see that

f (0 @) By, (6, 4) g (x)
(" " 2k n+m-2k
_<><k>LJ][1x] e
- 1+2k :
R
2k /2k vk n+ml
<>< >10<l>( Y <[] Hhe q+qf [*Ig dﬂql(x)>
2k ) e )
-(CEC) (o)

Therefore, by (2.17), we obtain the following theorem.
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Theorem 2.5. For m,n, k € Z, withm +n > 2k + 1, one has

ha _ 2 73(a) o
fal, 1A P Fe=0
IZ Bz(f,i (x,9) Bliur)n (x,q)dpq(x) = n m\ | 2k [ 2k 12k () '
,, YANTA % ;) g FEZO.
(2.18)
Form,n, k € Z., we have
fz B (x,q) B, (x, ) dpiq ()
P
n m 2k n+m—-2k
= X a 1 - X —a d X
<k><k> fz,,[ [0 = ]y )
(2.19)
VYS! e
= - x a x
k)\k) & ! g, L
n m "+§2k n+m-2k ( 1)1,5(“)
- k k < i 1+2k,q"
Therefore, by (2.18) and (2.19), we obtain the following theorem.
Theorem 2.6. For m,n, k € Z, withm +n > 2k + 1, one has
na 275(a) _ & [ntm _1\/p@
Tal, +1-q+qB,, 0 = %( l '8 - (2.20)

Furthermore, for k #0, one has

n+m-2k n+m-— 2k ~( 2k 2k ok S
D < l > (1B, = 72, < l > (DM (2.21)
1=0

1=0

By the induction hypothesis, we obtain the following theorem.

Theorem 2.7. For s € Nand k,ny,...,ns € Z, with ny + no, +--- + ng > sk + 1, one has

e 3@ L
s [a], +1-qg+ qzﬂnﬁ...mslq,u ifk=0,
f <HB<u> (x q>>d‘u (x) = .
ki \77 q s n: s sk
= - ' 1\ l+sk z(a) ,
o <g<k>>§< ! >( D Prsin g RO

(2.22)
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ForseN, letk,ny,...,ns € Z, withny + np + - - - + ng > sk + 1. Then we show that

s n; 1y +--+ng—sk n+---+ns—s
J. <l_[B (XIQ)>d.”q(x) <]l_:i[<k>> % < ! >( 1) pl+skq

(2.23)

Therefore, by Theorem 2.7 and (2.23), we obtain the following theorem.

Theorem 2.8. Fors € N, let k,n1,...,ns € Z, withny + ny + - -+ + ng > sk + 1. Then one sees that
fork =0

Mt S e+ 1
()R g e 02

1=0 ]q

For k #0, one has
sk /sk . m+edns=sk /g 4o 4 g — sk -
Z ( 1)I+Skﬂn 1’ ne—lgt T Z (_1)lﬁl(+2k q’ (2'25)
=0 \ ! e 1=0 ! ’
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