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Let Q be a G-invariant convex domain in CV including 0, where G is a complex Coxeter group
associated with reduced root system R ¢ RY. We consider holomorphic functions f defined in Q
which are Dunkl polyharmonic, that is, (A;)" f = 0 for some integer n. Here A, = Z;L 9]2. is the
complex Dunkl Laplacian, and ®; is the complex Dunkl operator attached to the Coxeter group G,
D;f(z) = (0f/0z)(2)+ Xper, Ko((f(2)-f(0u2)) /{2, v))vj, where K, is a multiplicity function on R
and o, is the reflection with respect to the root v. We prove that any complex Dunkl polyharmonic
function f has a decomposition of the form f(z) = fo(z) +( T},V:l z}z)fl (z)+---+ (Z,’:]:I z]z)"flfn,l (2),
for all z € Q, where f; are complex Dunkl harmonic functions, that is, A, f; = 0.

1. Introduction

A fundamental result in the theory of polyharmonic functions is the celebrated Almansi
theorem [1-3], which shows that for any polyharmonic function f of degree n in a starlike

domain D in RN with center 0, that is,

N 62
(Ar)"f = — ], f=0, (1.1)
s
there exist uniquely harmonic functions fy, ..., f4-1 such that
F(x) = fox) + |xPfi(x) + -+ [xP" V0 (x), YxeD. (1.2)
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The Almansi formula is a genuine analogy to the Taylor formula:

f,(0)+...+t”m.f_..._ (13)
1! n!

f#)=f0)+t

Compared with the Taylor formula, the Almansi formula is obtained by the scheme

d
4 a, (1.4)

and since the constants £ (0)/n! are solutions of (d/dt)(f™(0)/n!) = 0, they are replaced
by the solutions of the Laplace equation Ag fi = 0.

In [1], Aronszajn et al. indicated some applications of the Almansi formula in several
complex variables. Its most eminent application is in spherical harmonic function theory [4,
5]. The polyharmonic functions have also applications in the theory of elasticity [6], in radar
imaging [7], and in multivariate approximation [8, 9].

The purpose of this article is to extend Almansi’s theorem to the theory of complex
Dunkl harmonics. The theory of Dunkl harmonics developed by Dunkl [10-13] is an
extension of the theory of ordinary harmonics. In 1989, Dunkl [10] constructed for each
Coxeter group a family of commutative differential-difference operators 9;, called Dunkl
operators, which can be considered as perturbations of the usual partial derivatives by
reflection parts. These operators step from the analysis of quantum many body system of
Calogero-Moser-Sutherland type [14] in mathematical physics. They also have roots in the
theory of special functions of several variables. With Dunkl operators in place of the usual
partial derivatives, one can define the Laplacian in the Dunkl setting, which is a parametrized
operator and invariant under reflection groups. These parametrized Laplacian suggests the
theory of Dunkl harmonics. In [15], we obtained the Almansi decomposition for the real
Dunkl operator. Now we continue to consider the Almansi decomposition for the complex
Dunkl operator.

As a direct consequence, we will show that the Almansi Theorem implies the Gauss
decomposition of the homogeneous polynomials into complex Dunkl harmonics.

We need some notations before stating our main result. Let R be a root system in RN
and G the associated Coxeter group. Let x : R — C be a fixed multiplicity function v — x,
on R. Fix a positive subsystem R, of R, and denote y = y, := X g, Ko We will always assume
that

Rey, > —g. (1.5)

Let ®; be the Dunkl operator attached to the Coxeter group G and the multiplicity function
x, defined by (see [16])

o - f(o0
?,f(z) = a_g-(z) £ 3 KUMUJ-, (1.6)

] vER, < Z,0 >

where o, denotes the reflection in the hyperplane orthogonal to v.
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The Dunkl operators enjoy the regularity property: if f € H(Q), the space of
holomorphic functions in Q, then ®; f € H (). This follows immediately from the formula

f(2) = f(ovz) _ J1<Vf(tov2+ a _t)z),z—v>dt (1.7)
0

(z,0) [vf*

forany f € H(Q) and v € R.
The Dunkl Laplacian is defined as

Ap =21+ + 9%, (1.8)

more precisely,

(V@0 5, [ o)

Anf(z)=Af(z)+2 Ko vl?. 19
nf(z) = Af(2) ; (zo) 2 w0 [ (1.9)
Here A and V are the complex Laplacian and gradient operator:
2 2
A::Acza_+...+a_,
0z2 0z2
(1.10)

0 0
V= (a—m,,a—zn>

Throughout this paper we let Q be a G-invariant convex domain in CV including 0, that is,
G(Q)cQ,0eQ and tx+(1-f)y € Qforallt € [0,1] and x, y € Q. This class of domain turns
out to be natural for the Almansi decomposition. It is known that Ay, is a regular operator in
such a domain. Namely, if f € H(Q), then A, f € H(Q).

Definition 1.1. A holomorphic function f : Q — C is Dunkl polyharmonic of degree n if
(Ap)"f =0.1f n =1, it is called Dunkl harmonic function.

Let I be the identity operator. For any s € C with Res > 0 we define the operator
I;: H(Q) — H(Q) by

Lif(x) = f: ftx)t=dt. (1.11)

If f is Dunkl harmonic in Q, then so is I;f. For any j € N, by assumption (1.5) we can
introduce the operator:

Q .

i = g loveag-vzemdeviag-o)ze - Iz (1.12)
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For any z € CVN and j € N, we denote
Zz=Z%+"'+Z%\V sz = <22>] = <Z%+"'+Z]2\]>]. (113)

Our main result is the following theorem.

Theorem 1.2. Assume that R is a root system in RN and G its associated complex Coxter group. Let
Q be a G-invariant convex domain in CN including 0. If f is a Dunkl polyharmonic function in Q of
degree n, then there exist uniquely Dunkl harmonic functions f, ..., fu-1 such that

f2) = fo(z) + 22 fi(z) + -+ 22"V f (), VxeQ. (1.14)
Moreover the Dunkl harmonic functions fo, ..., fa-1 are given by the following formulae:

fo= <I - zleAh> <I - z4Q2Ai) (1 _ Zz("_l)Qn-lAZ_l>f(z)
i 01 20u8]) - (- 2000 0

(1.15)

A LT
frno1 = Qua Al f(2).

Conversely, the sum in (1.14), with fo,..., fu1 Dunkl harmonic in Q, defines a Dunkl
polyharmonic function in Q of degree n.

Remark 1.3. By the Scheme in (1.4), we know that the formulae of f; above play the role of
Taylor coefficient formulae. These formulae are new even in the classical case x = 0.

2. Preliminaries

Let us recall some notation in the theory of Dunkl harmonics; see [16, 17]. Concerning root
system and reflection groups, see [18].

A root system R is a finite set of nonzero vectors in RN such that 0, R = Rand RNRo =
{+v} forall v € R.

The positive subsystem R. is a subset of R such that R = R, U (-R;), where R, and
—R, are separated by a hyperplane through the origin.

For a nonzero vector v € CV, the reflection ¢, in the hyperplane orthogonal to v is
defined by

(z,0)

Opzi=2-2——>"0, zeCV, (2.1)

9]

where the symbol (z,v) = Zj]\il ziv; and |z = (z, z).
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The Coxeter group G (or the finite reflection group) generated by the root system R is
the subgroup of the unitary group U (IN) generated by {o, : u € R}.

A multiplicity function %, is a G-invariant complex valued function defined on R, that
is, Ky = Kgp forall g € G.

Notice that Dunkl operators were studied in literature for Re x,, > 0.

The Dunkl operator ®;, associated with the Coxeter group G and the multiplicity
function x, is the first-order differential-difference operator. The remarkable property of
Dunkl operators is that they are commutative:

DD = D;D;. (2.2)
The Dunkl Laplacian Ay, = Zﬁl %]2' can be split into three parts
Ah = A+Gh+Dh (2~3)
with

. (Vf(2),0)
Gnf(z) = ng;fvwr
(2.4)
Dif(z) =2 3w, B S 02) 0

VER, < U>

When « = 0, the Dunkl Laplacian Ay, is just the ordinary complex Laplacian A.
Consider the natural action of U(N) on functions f : CN — C, given by gf(z) =
f(g7'z). The Dunkl Laplacian Aj, is G-invariant, that is,

goAy=A47Ay0g, VgeG. (2.5)

Example 2.1. Let N be an integer and N > 2. Since we need to consider the sum i#j and i
runs from 1 to N, this forces N > 2. Take the Coxeter group G = Sy, which is the symmetric
group in N elements, acting on RN by permuting the standard basis e;, ..., en (see [17, page
289]). We regard the transposition (ij) in Sy as a reflection o;; such that

aij(ei — ) = ~(ei = ¢))- (2.6)
Therefore, Sy is a finite reflection generated by o;; with a root system

R={+(e;-e)):1<i<j<N}. 2.7)

As all transpositions are conjugate in Sy, the vector space of multiplicity function is one
dimensional. The complex Dunkl operators associated with the multiplicity parameters x € C
are given by

5 - f(oy
2,/ = 5 (2)+ nzf(z)zlffg”z), 29)

i#]
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where 0;; acts on CN by interchanging z; and z;; more precisely, iz = (0ijz1, . .., 0ijz,) with
0ijzi = zj, 0ijzj = z;, and 0j;zx = zx for any k #1, j.
In this case, the condition (1.5) of the main theorem reduces to

1
_ _ 2.9
7N 29)

Example 2.2. In the one-dimensional case N = 1, the root system R is of type A;, the reflection
group G = Z, and the multiplicity function is given by a single parameter x € C. The Dunkl
operator ® := 9; and the Dunkl Laplacian Ay, are given, respectively, by

%f(z) — fl(z) +Kf(Z) _Zf(_Z)/

f@) _, f@-f2)
z

Z2

(2.10)
Af(2) = f'(2) +2x

If f is an even function, then the third term in the formula of Ay, f vanishes, while the
sum of the first two items provides a singular Sturm-Liouville operator.

3. Proof of the Main Theorem

Before proving Theorem 1.2, we need some lemmas.
Denote

Rs =sI+ sz—'. (3.1)

We write R instead of Ry when s = 0.

Lemma 3.1. If s € C,Res >0, and f € H(Q), then
f(z) = LR f(z) = R, f(z). (3.2)
Proof. Forany s € C,Res >0 and f € H(Q),

1
f(z) = L %(ts f(tz))dt. (3.3)

By direct calculation

%(tsf(tz)) = st f(tz) + 17 <iw,i> (tz), (3.4)

i1 aw,-



Journal of Inequalities and Applications

where w; = tz;. Therefore

f(z) = f <sf(tz)+ <Zw, >(t )>t5‘1dt;

1
f(z) = Sfo f(tz)tS—ldt + <Zw1 > f ftz)t 14,

(3.5)

From the above two identities and the definitions of I; and R,, we have f(z) = IR, f(z) and

f(z) = RIs f ().
Lemma 3.2. If f € H(Q), then for any s € C,Res > 0, and z € Q

AhIsf(z) = Is+2Ahf(z)'

Proof. By definition, we have for a.e. z € Q

(V{I:f(2),v)

(z,0)

GhIsf(Z) =2 Z Koy

VER,

1 N
=23 K g(tz)v,tsdt

0ER, <ZU> 0 5 0zi

(23 e T ey
0

VER, >
1
= f Guf (tz)t5*'dt
0

= I0Grf(2).

Similarly

) Z . (I ) (z) = (Isf) (002)

VER, <Z U>

:—ZZK,,<

VER,

DhIsf(Z) = | |

z)) 7 dt

:J'_zz

VER, <

= s+2th(Z)-

- (f(tz) - f(toyz))EHdt

O

(3.6)

(3.7)

(3.8)
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It is also easy to see
AIsf(Z) = Is+2Af(Z)- (3.9)

Since A, = A + Gy + Dy, it follows that Aplsf(z) = ILApf(z) for ae. z € Q. From
the regularity property of Dunkl operators, A, maps C*(Q) into C(Q). By the continuity,
Lemma 3.2 follows. O

Lemma 3.3. Let Hy = {f € H(Q2) : Apf =0}. If s >0and Q; as in (1.12), then
R.H; = Hy, I.H, = Hy, QjH; = Hi. (3.10)
Proof. Note that (3.6) implies
Rs2Anf(z) = ApRsf(z), z€Q. (3.11)

Indeed, from Lemma 3.1, Re0An, = RepAplsRs = ReonlsnApRs = ApRs. As direct
consequence of (3.6) and (3.11), we find that I;f and R,f are Dunkl harmonic, whenever
f is Dunkl harmonic. From the definition of Q;, we thus obtain Q;H; = Hj. O

Lemma 3.4. Let g € H(Q), j € N, Then for any z € Q
A (zzi g(x)) = 22 01,8 (x) + 4j220 D Rinaj) /24y + 278 (2)- (3.12)
Proof. For any f,g € H(Q)
A(f8) = (Af)g+2(Vf,Vg) + f(Ag). (3.13)

Take f(z) = z%/ and apply identities (8/0z;)(z%) = 2jz;z?0~V and A(z%) = 2j(N +2j-2)z%(-D
to yield

A <szg> = szAg + 4jZ2(j_1)R(N+2j_2)/2g. (3.14)
By our assumption R, C RN. Therefore
v=7, UER,. (3.15)

As a result,

2% = (0y2)* (3.16)
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forany z € Q and v € R.. Indeed

(0v2)* = ZEV: <z]~ - 2<Z’Z> ]>
j=1 |‘0|
— ZZ _4<Z/U><Zr5> +4<Z,U>2<7),5>
[of ol

Then

2 B 2i
Dy, <szg(z)> =-2 Z KUZ '8(2) - (0v2) 7 g(002) o2

2
VER, < z, U)

=z Dyg(z).

By definition, we have

VER, <Z,U>
o (V(z%),v)
= zzfch(g) + Zvéjcv—(z,w g

= 2Gn(g) +4jrz0 Vg (2).

(3.17)

(3.18)

(3.19)

Since Ay, = A + Gy, + Dy, summing up the above identity leads to identity (3.12) forz € Q. O

Lemma 3.5. For any complex Dunkl harmonic function f in Q,
AZ"Quf(2) = f(2), zeQ
Proof. From (1.12) and Lemma 3.1, we know that
Q! = 4"nIR(N+2(m-1)) /24y R(N+2(1-2)) /24y * * Ry2sy-
Denote g = Q, f. Then g is Dunkl harmonic in © due to (3.10), and
f(z) =4"n'Rinv2(n-1)) 24y RiNv2(n-2)) /24y - - RNy24y8(2)-
We need to show
ARz g(2) = 4" nIR(N+2(n-1)) /20y RiN+2(n-2)) /24y - R/241 8 (2)

for any Dunkl harmonic function g in Q and n € N.

(3.20)

(3.21)

(3.22)

(3.23)
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Let g be Dunkl harmonic in Q and n € N. Then Lemma 3.4 shows
Ah<22"8 (z)> = 4nz"" U R(Ns2(n-1)) /247 8 (2).- (3.24)

We use induction on 7 to prove (3.23). It is easy to prove when n = 1. For the general case,
from (3.24) we have

Ay <22"g(z)> = AZ‘l (Ah <zzng(z)>>

(3.25)
= 4nAZ‘1 <Z2(n_1)R(N+2(n—1))/2+Yg(Z))'

Equation (3.23) follows directly from the assumption of induction. O

Now we come to the proof of our main theorem.

Proof of Theorem 1.2. Denote H, = {f € H(Q) : (Ap)" f = 0}. It is sufficient to show that
H,=H,1+T,1Hi, neN, (3.26)
where T,, = z2"I. Notice that Lemma 3.5 states that
AT, Q=1 (3.27)

We split the proof into two parts.

(i) H, > Hp-1 + T,-1 Hy. Since H,,—1 C H,, we need only to show T,,_1H; C H,,. For any
g € Hy, by (3.27) and (3.10) we have

AZ (Tn—lg) = Ah<Az_lTn—lQn—l>Q;11g = AhQ;hg =0. (3.28)
(i) H, ¢ Hy-1 + T,-1H;. For any f € H,,, we have the decomposition
f=(1-TuaQuadi ™) £+ Tua (Quad'f). (3.29)

We will show that the first summand above is in H,,_; and the item in the braces of the second
summand is in H;. This can be verified directly. First,

A (1= Ty Qua &) f = (A3 = (A1 Qe ) A7)

(3.30)
= (At -apt)f=o.

Next, since AZ‘l f € Hy and Q,-1H; C Hy, we have Q4 AZ‘l f € Hj, as desired.This proves
that H,, = H,,—1+T,-1 H;. By induction, we can easily deduce that H,, = H1+T1 Hi+- - -+T,,-1 Hj.
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Next we prove that for any f € H, the decomposition
f =g+ Tn—lfn/ g€ H,, fn € H; (331)
is unique. In fact, for such a decomposition, applying A7"' on both sides we obtain

A = A g4 A T

= AP T,1Q01Q 1 fr (3.32)
= QL fu
Therefore
fu=QuaAl'f, (3.33)
so that
g=f-Tuifu=(I-Tr1Quaa"")f. (3.34)

Thus the uniqueness follows by induction.
To prove the converse, we see from (3.23) that, for any n € N, AZ*lzZ"Hl = 0.
Replacing n by j, we have

Az H; =0 (3.35)

for any n > j. O

4. Gauss Decomposition

As a direct consequence of Theorem 1.2, we can get the extended Fischer decomposition
theorem. Let 1, denote the space of homogeneous polynomials of degree m in CN. Notice
that ®; maps [y, into [y,-1, so that ALy, C Py If f € Pi, then

AP () = 0, (4.1)

and I;f(z) = (1/(m+s)) f(z) so that
Qjf(z) =djmf(2), (4.2)
where d]‘}l =4 j(N/2+y+ n)j and (a), =a(a+1)---(a+mn-1). Denote

1
YjI(N/2+y +m=2j);

Cj =djm2j = (4.3)
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Corollary 4.1. Let f be a homogeneous polynomial of degree m in CN. Then there exist uniquely
Dunkl harmonic homogeneous polynomials f; of degree m — 2j such that

f(2) = fo(z) + 22 fi(z) + -+ 2" fl01(2), VzeQ. (44)
Moreover the Dunkl harmonic functions fo, ..., fim/2) are given by the following formulae:
fo= <I - C122Ah> (I - czz4Ai> <I - C[m/z]zzlm/zlALm/2]>f(z)
fi= C1Ah<I - sz4Afl> (I - c[m/z]z2[m/2]A,[1m/2]>f(z)
(4.5)
f[m/2]—1 _ C[m/2]—1ALm/2]_l <I — Cmy2 Zz[m/2]A£1m/2]>f(Z)
fima) = ctmr by f(2).

Proof. Let f € P, then f is Dunkl harmonic of degree [m/2] + 1, so that Theorem 1.2 gives
the decomposition of f as in (4.4). It remains to check the formulae of fo, ..., fi/2). We only
consider the formula of f, since the others are similar. That is, we need to show

fo= (I - ZleAh> (I - Z4Q2Ai> <I - zz[m/z]Q[m/2]A}[1m/2]>f(z)

4.6
= (I - clzzAh> <I - czz4A;21> (I - c[m/z]zz[m/z]A}Em/z]>f(z). o
Notice that for any f € D,,, ALm/ 2 f € Pm—o[m/2) N Hy, so that (4.2) implies
Q8" f(2) = et/ 8" £ (2). (47)
Therefore
22Q 0 A £ (2) = ey 22 AP f(2) € P, (4.8)
and also
<I _ zZ[m/ZJQ[m/z]AL’"/z])f(z) _ <I _ C[m/Z]ZZ[m/Z]ALm/2]>f(Z) € P (4.9)
The remaining proof follows by induction. O
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