Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2010, Article ID 939537, 12 pages
doi:10.1155/2010/939537

Research Article

Optimality Conditions and Duality in
Nonsmooth Multiobjective Programs

Do Sang Kim and Hyo Jung Lee

Division of Mathematical Sciences, Pukyong National University, Busan 608-737, South Korea
Correspondence should be addressed to Do Sang Kim, dskim@pknu.ac.kr

Received 29 October 2009; Accepted 14 March 2010

Academic Editor: Jong Kyu Kim

Copyright © 2010 D. S. Kim and H. J. Lee. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

We study nonsmooth multiobjective programming problems involving locally Lipschitz functions
and support functions. Two types of Karush-Kuhn-Tucker optimality conditions with support
functions are introduced. Sufficient optimality conditions are presented by using generalized
convexity and certain regularity conditions. We formulate Wolfe-type dual and Mond-Weir-
type dual problems for our nonsmooth multiobjective problems and establish duality theorems
for (weak) Pareto-optimal solutions under generalized convexity assumptions and regularity
conditions.

1. Introduction

Multiobjective programming problems arise when more than one objective function is to be
optimized over a given feasible region. Pareto optimum is the optimality concept that appears
to be the natural extension of the optimization of a single objective to the consideration of
multiple objectives.

In 1961, Wolfe [1] obtained a duality theorem for differentiable convex programming.
Afterwards, a number of different duals distinct from the Wolfe dual are proposed
for the nonlinear programs by Mond and Weir [2]. Duality relations for multiobjective
programming problems with generalized convexity conditions were given by several authors
[3-10]. Majumdar [11] gave sufficient optimality conditions for differentiable multiobjective
programming which modified those given in Singh [12] under the assumption of convexity,
pseudoconvexity, and quasiconvexity of the functions involved at the Pareto-optimal
solution. Subsequently, Kim et al. [13] gave a counterexample showing that some theorems of
Majumdar [11] are incorrect and establish sufficient optimality theorems for (weak) Pareto-
optimal solutions by using modified conditions. Later on, Kim and Schaible [6] introduced
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nonsmooth multiobjective programming problems involving locally Lipschitz functions for
inequality and equality constraints. They extended sufficient optimality conditions in Kim et
al. [13] to the nonsmooth case and established duality theorems for nonsmooth multiobjective
programming problems involving locally Lipschitz functions.

In this paper, we apply the results in Kim and Schaible [6] for this problem to
nonsmooth multiobjective programming problem involving support functions. We introduce
nonsmooth multiobjective programming problems involving locally Lipschitz functions
and support functions for inequality and equality constraints. Two kinds of sufficient
optimality conditions under various convexity assumptions and certain regularity conditions
are presented. We propose a Wolfe-type dual and a Mond-Weir-type dual for the primal
problem and establish duality results between the primal problem and its dual problems
under generalized convexity and regularity conditions.

2. Notation and Definitions

Let R" be the n-dimensional Euclidean space and R its nonnegative orthant.
We consider the following nonsmooth multiobjective programming problem involv-
ing locally Lipschitz functions:

minimize f(x) +s(x | C) = (fi(x) + s(xC1), ..., fm(x) + s(x | Cim))
MP
subject to gj(x) =0, je€P, h(x)=0, keQ, xeR" (M)

where f; : R" — R,ie M={1,2,...,m},g:R" - R,jeP={1,2,...,p},and hy : R" — R,
ke Q=1{1,2,...,q}, are locally Lipschitz functions. Here, C;, i € M, is compact convex sets
in R". We accept the formal writing C = (Cy,C, ..., C,»)! with the convention that s(x | C) =
(s(x]Cq),...,s(x| Cnm)), where s(x | C;) is the support function of C; (see Definition 2.2).
Throughout the article the following notation for order relations in R” will be used:

xSuessu-xelR},
x<ue=u-xeR}\ {0},
x<u<u-xeintR}, (2.1)

x £u is the negation of x < u,

x £u is the negation of x < u.

Definition 2.1. (i) A real-valued function F : R” — R is said to be locally Lipschitz if for each
z € R", there exist a positive constant K and a neighborhood N of z such that, for every
x,y €N,

|F(x)-F(y)| = K|x-y

, (2.2)

where || - || denotes any norm in R".
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(ii) The Clarke generalized directional derivative [14] of a locally Lipschitz function F
at x in the direction d € R", denoted by F (x;d), is defined as follows:

F'(x;d) = limsup ' (F(y +td) - F(y)), (2.3)

y—x,t—0+

where y is a vector in R".
(iii) The Clarke generalized subgradient [14] of F at x is denoted by

OF (x) = {g €R": F(x;d) = &'d, Vd € R”}. (2.4)

(iv) F is said to be regular at x if for all 4 € R" the one-sided directional derivative
F'(x;d) exists and F'(x;d) = F'(x;d).

Definition 2.2 (see [10]). Let C be a compact convex set in R". The support function s(x | C)
of C is defined by

s(x | C) :=max{x'y : y € C}. (2.5)

The support function s(x | C), being convex and everywhere finite, has a subdifferential, that
is, for every x € R" there exists z such that

s(y|C)2s(x|C)+z'(y-x), VYyeC (2.6)
Equivalently,
z'x = s(x | C). (2.7)
The subdifferential of s(x | C) is given by
ds(x|C):={zeC:z'x=s(x|CO)}. (2.8)
For any set S C R", the normal cone to S at a point x € S is defined by
Ns(x):={y eR": y'(z-x) <0,Vz € S}. (2.9)

It is readily verified that for a compact convex set C, y is in N¢(x) if and only if s(y | C) = x'y,
or equivalently, x is in the subdifferential of s at y.

In the notation of the problem (MP), we recall the definitions of convexity, affine,
pseudoconvexity, and quasiconvexity for locally Lipschitz functions.

Definition 2.3. (i) f = (f1, f2,---, fm) is convex (strictly convex) at x° € X if for each x € X
and any ¢ € 0f;(x°), fi(x) - fi(x?) = (>)él(x — x7), foralli € M.
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(ii) ga is convex at x” € X if for each x € X and any ¢; € 9gj(x°), gj(x) — gj(x°) =
§§ (x — x°), where j € A, and g4 denotes the active constraints at xY.

(iii) b = (hy,ha, ..., hy) is convex at x* € X if for each x € X and any ay € 9hy(x?),
hic(x) = hi(x°) 2 af (x - x°), forall k € Q.

(iv) h is affine at x° € X if for each x € X and any ax € 9hx(x?), hx(x) — he(x°) =
al (x - x"), forallk € Q.

(v) f is pseudoconvex at x° € X if for each x € X and any ¢; € df;(x"), &(x —x°) 20
implies f;(x) = fi(x"), foralli € M.

(vi) f is strictly pseudoconvex at x° € X if for each x € X with x#x° and any ¢; €
ofi(x?), & (x — x% = 0 implies f;(x) > fi(x"), for all i € M.

(vii) f is quasiconvex at x° € X if for each x € X with x#x” and any ¢ € 9fi(x?),
fi(x) £ fi(x") implies ¢ (x — x°) <0, for all i € M.

Finally, we recall the definition of Pareto-optimal (efficient, nondominated) and weak
Pareto-optimal solutions of (MP).

Definition 2.4. (i) A point x” € X is said to be a Pareto-optimal solution of (MP) if there exists
no other x € X with f(x) < f(x°).

(ii) A point x° € X is said to be a weak Pareto-optimal solution of (MP) if there exists
no other x € X with f(x) < f(x°).

3. Sufficient Optimality Conditions

In this section, we introduce the following two types of (KKT) conditions which differ only in
the nonnegativity of the multipliers for the equality constraint and neither of which includes
a complementary slackness condition, common in necessary optimality conditions [14].

Ju’ >0, 2° >0, w® >0 (uo eR™, " eRP, w'e Rq> such that

0e ig/fu? <afz (x0> + Zi) + JEZAU?ag] (x0> + ngwgahk <x0>/

(KKT)
g<x0> <0, h<x0> =0, zix? = s.'(x0 | Ci>, ieM,
where A = {] eP: g]-<x0> = 0}.
Ju’ >0, v° >0, w° (uo eR", W eRrRr, wle Rq> such that
0e Zu? <6fi (xo) + zi> + Zv?agj (xo) + ngahk <x0>,
ieM JEA keQ (KKT’)

g<x0> <0, h<x0> =0, zix0 = s(x0 | Ci>, ieM,

1771

where A = {jeP: gj<xo> =0}.
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In Theorems 3.1 and 3.2 and Corollaries 3.3 and 3.4 below we present new versions including
support functions of the results by Kim and Schaible in [6] for smooth problems (MP)
involving (KKT).

Theorem 3.1. Let (x°,u°,v°,w) satisfy (KKT). If f(-) + 2! (-) is pseudoconvex at x°, g4 and h are
quasiconvex at x°, and f is reqular at x°, then x° is a weak Pareto-optimal solution of (MP).

Proof. Let (x°,u®,v°, wP) satisfy (KKT). Then g(x°) <0, h(x°) =0,

0e Zu? <afi <x0> + zi> + %U?bgj <x0> + ngahk <x0>. (3.1)

ieM keQ
From (3.1), there exist ¢; € 9fi(x?), §j € 0g;(x"), and ay € dhi(x") such that

DG+ z) + D0l + D wjay =0. (3.2)

ieM jeA keQ

Suppose that x” € X is not a weak Pareto-optimal solution of (MP). Then there exists X € X
such that f(x) +s(x | C) < f(x°) + s(x? | C) that implies f(X) + z'X < f(x°) + z'x° because of
z'x < s(x | C) and the assumption z'x% = s(x° | C) which means that this function s(x | C) is
subdifferentiable and regular at x°. By pseudoconvexity of f(-) + z!(-) at x°, we have

(& + zi)f(z - x0> <0 for any & €0f; <x0>, ie M. (3.3)

Since gj(x) < 0 = gj(x°), j € A, we obtain the following inequality with the help of
quasiconvexity of g4 at x°:

§;. <E— x0> <0 forany ¢ €0g; (x0>, j € A. (3.4)
Also, since hi(X) = 0 = he(x°), k € Q, it follows from quasiconvexity of h at xY that
a <E— x0> <0 for any ay € Ohx <x0>, keQ. (3.5)

From (3.3)—(3.5), we obtain

t
Zu?(éi +zi) + ng?g]- + ngzxk] <E— x0> <0, (3.6)

ieM jEA keQ

0

which contradicts (3.2). Hence x" is a weak Pareto-optimal solution of (MP). O

Theorem 3.2. Let (x°,u°, v°,w?) satisfy (KKT). If f(-) + z'(-) is strictly pseudoconvex at x°, ga
and h are quasiconvex at x°, and f is reqular at x°, then x° is a Pareto-optimal solution of (MP).
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Corollary 3.3. Let (x°,u% v°, w?) satisfy (KKT). If f(-) + z'(-), ga and h are convex at x°, and f is
reqular at x°, then x° is a weak Pareto-optimal solution of (MP).

Corollary 3.4. Let (x°,u°,v%,w") satisfy (KKT). If f(-) + z'(-) is strictly convex at x°, g4 and h
are convex at x°, and f is reqular at x°, then x° is a Pareto-optimal solution of (MP).

Theorem 3.5. Let (x°,u°,v°,w") satisfy (KKT'). If f(-) + 2'(-) is quasiconvex at x°, (v°)'ga +
(w®)' h is strictly pseudoconvex at x°, and f, ga, and h are reqular at x°, then x° is a Pareto-optimal
solution of (MP).

Proof. Suppose that x° € X is not a Pareto-optimal solution of (MP). Then there exists X € X
such that f(x) +s(x | C) < f(x%) +s(x" | C), that implies f(X) + z'x < f(x°) + z'x because of
z'x < s(x | C) and the assumption z‘x" = s(x? | C). By quasiconvexity of f(-) + z(-) at x, we
have

(& + zi)f(y- x0> <0 forany € 8f,~<x0>, ie M. (3.7)

Since (x°, u’,v°, w") satisfy (KKT'), we obtain [3;c4 0]4; + Zeq wlar]'(x - x°) = 0 for some
(i € 0gi(x"), j € A, and ai € Ohk(x°), k € Q. By regularity of g4 and h at x°, there exists
B € 0(v°)'ga + (w°)'h such that pf(x — x°) = 0. With the help of a strict pseudoconvexity of
(©°) ga + (w°)'h, we have

() 520+ () 000 > (07 () () (), o
Since x € X, we obtain
() ga® + (") 'n® < 0. (3.9)

Since ga(x°) = h(x%) = 0, we obtain

(o) g () + () R(x") =0 @.10)

Substituting (3.9) and (3.10) for (3.8), we arrive at a contradiction. Hence x° is a Pareto-
optimal solution of (MP). O

Now we present a result for nonsmooth problems (MP) which in the smooth case is
similar to Singh'’s earlier result in [12] under generalized convexity.

Theorem 3.6. Let (x°,u°,v°,w®) satisfy (KKT'). If (u®)" (f(-) + z(-)) + (@°)'ga + (w®)'h is
pseudoconvex at x°, and f, ga, and h are regular at x°, then x° is a weak Pareto-optimal solution
of (MP).

Proof. Suppose that x° € X is not a weak Pareto-optimal solution of (MP). Then there exists
X € X such that f(x) +s(x | C) < f(x°) + s(x? | C), that implies f(x) + z'x < f(x°) + z'x°
because of z'x < s(x | C) and the assumption z/x? = s(x* | C). Since x € X, we have
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ga(X) = 0= ga(x°) and h(X) = 0 = h(x?). Therefore, f(x) + s(x | C) — f(x°) +s(x° | C) <0,
g4(X) - ga(x%) £0,and h(x) - h(x) = 0. Hence (1°)' (f (%) + z' (X)) + (v°) g (%) + (w°) k(%) <
@) (f (%) + 2H(x)) + (0°) ga (x%) + (w°) ' h(x°). Since f, g4, and h are regular at x°, we obtain

a<z u?<fi<x0> + s(x0 | Ci>> +%U?8j<x0> + kze(:gwlghk<x0>>

ieM

_ Z u?(@fi<x0> 4 as<x0 | Ci>> + %U?ag]- <x0> + Z wgahk <x0>.

ieM keQ

(3.11)

By pseudoconvexity of (1) (f(-) +z!(-)) + (v°) g4 + (w®)'h, we have p(x — x°) < 0 for any ff €
O(Sien ) (fi(x) +2ix°) + 3icn v;.)g]- (x0) + X peq wihi (x")). We easily see that this contradicts
0 € Siepm ud(0fi(x°) + z;) + Sliea v;.)agj (x%) + e w)Ohy(x). Hence x° is a weak Pareto-
optimal solution of (MP). O

Theorem 3.7. Let (x°,u®,v°,w°) satisfy (KKT'). If (u)' (f (-) + 2 (-)) + (2°)' ga + (w°)' h is strictly
pseudoconvex at x°, and f, g, and h are reqular at x°, then x° is a Pareto-optimal solution of (MP).

The proof is similar to the one used for the previous theorem.

4. Duality

Following Mond and Weir [2], in this section we formulate a Wolfe-type dual problem (WD)
and a Mond-Weir-type dual problem (MD) of the nonsmooth problem (MP) and establish
duality theorems. We begin with a Wolfe-type dual problem:

maximize f(y) +z'y +7v'g(y)e +w'h(y)e

subject to 0 € Zui(afi(y) +2zi) + Zv,-ag]- (y) + Zwkahk (), (WD)

ieM jepr keQ

yeER", u>0 withue=1,v=20 w=0.

Heree = (1,...,1) e R™.
We now derive duality relations.

Theorem 4.1. Let x be feasible for (MP) and (y,u, v, w) feasible for (WD). If f(-)+z'(-), g and w'h
are convex, and f is a regular function, then f(x) +s(x | C) £ f(y) + z'y + v'g(y)e + w'h(y)e.

Proof. Let x be feasible for (MP) and (y, u, v, w) feasible for (WD). Then g(x) < 0, h(x) =0,

0€ D ui(dfiy) +z:) + 2008 (y) + X widh(y)- (4.1)

ieM jer keQ
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According to (4.1), there exist §; € 9f;(y), §j € 0gj(y), and ax € Oh(y) such that

Zui(gi + Zi) + Zngj + Zwk(xk =0.

ieM jep keQ
Assume that
f(x)+s(x|C) < f(y) +Z'y+0'g(y)e+w'h(y)e.
Multiplying (4.3) by u and using the equality z'x = s(x | C), we have
W (f(x) +2'%) —u' (f(y) +2'y) - v'g(y) —w'h(y) <0
since u > 0 and u'e = 1. Now by convexity of f(-) + z'(-), g and w'h, we obtain

w(f) +2'%) —u' (f(y) +2'y) 2 DwiGi+z) (x-y), V& €dfi(y),

ieM
v'g(x) - v'g(y) = Dvigi(x~y), Vi €08 (y),
jep
w'h(x) - w'h(y) = Zwktxi (x-y), Va€ohe(y).
keQ

Since v'g(x) < 0 and w'h(x) = 0, we obtain the following inequality from (4.2), (4.5):

u' (f(x) +2'x) —u' (f(y) +2'y) - v'g(y) ~w'h(y) 2 0,

which contradicts (4.4).
Hence the weak duality theorem holds.

Now we derive a strong duality theorem.

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

Theorem 4.2. Let X be a weak Pareto-optimal solution of (MP) at which a constraint qualification
holds [14]. Then there exist u € R™, v € RP, and w € RY such that (X, u,v,w) is feasible for (WD)
and z'x = s(x | C). In addition, if f(-) +z'(-), g and w'h are convex, and f is a regular function, then

are equal.

Proof. From the (KKT) necessary optimality theorem [14], there exist u € R™, v € R?, and

w € RY such that

0€ D ui(0fi(X) +zi) + >, 0j0g;(X) + D, widhi (%),

ieM jepP keQ

v'g(x)=0, u>0, v=0.

(4.7)
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Since u > 0, we can scale the us, U;S and w; s as follows:

— U; — Uj — Wk

U = U= Wi = .
l Siemti’ ! Siem i’ Dliem Ui

(4.8)

that

f(X)+s(x|C)=f(x)+s(x|C)+0'gx)e+wh(x)e w9)
9
£f(y) +z'y +v'g(y)e + w'h(y)e

solution of (WD) and the optimal values of (MP) and (WD) are equal. O

Remark 4.3. If we replace the convexity hypothesis of f(-) + z!(-) by strict convexity in
Theorems 4.1 and 4.2, then these theorems hold for the case of a Pareto-optimal solution.

Remark 4.4. If we replace the convexity hypothesis of w'h by affineness of h in Theorems 4.1
and 4.2, then these theorems are also valid.

Theorem 4.5. Let x be feasible for (MP) and (y,u,v,w) feasible for (WD). If u'(f(-) + z'(-)) +
vl g +w'h is pseudoconvex and f, g, and h are reqular functions, then f(x)+s(x | C)£f(y) + z'y +
vig(y)e + w'h(y)e.

Proof. Suppose to the contrary that f(x) + s(x | C) < f(y) + z'y + v'¢(y)e + w'h(y)e. By
feasibility of x, we obtain

u' (f(x) +2'(x)) +v'g(x) + w'h(x) <u'(f(y) +2' (y)) + v'g(y) + w'h(y). (4.10)

Since f, g, and h are regular functions, we have f'(x — y) < 0 by the pseudoconvexity of

u(f()+2'()) +v'g+w'hforany p € 0(Ziep wi(fi(y) +2iy) + Zjep 08 (Y) + Xkeo Wik ())-
This contradicts the feasibility of (y, u, v, w). Hence the weak duality theorem holds. ]

Theorem 4.6. Let x be a weak Pareto-optimal solution of (MP) at which a constraint qualification
holds [14]. Then there exist u € R™, v € RP, and w € RY such that (x,u,v,w) is feasible for (WD)
and z'x = s(x | C). I in addition u'(f () + z'(:)) + v'g + w'h is pseudoconvex and f, g, and h are

of (MP) and (WD) are equal.
The proof is similar to the one used for Theorem 4.2.

Remark 4.7. If we replace the pseudoconvexity hypothesis of u!(f(-) + z!(-)) + v'g + w'h by
strictly pseudoconvexity in Theorems 4.5 and 4.6, then these results hold for the case of a
Pareto-optimal solution.
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We now prove duality relations between (MP) and the following Mond-Weir-type
dual problem:

maximize f(y) +z'y

subject to 0 € D> ui(8fi(y) +zi) + D v;08;(y) + D, wkdhi (v),
ieM jer keQ (MD)

v'g(y) +w'h(y) 20,

yeER", u>0 withule=1,v=0, w=0.

Theorem 4.8. Let x be feasible for (MP) and (y,u, v, w) feasible for (MD). If f () +z'(-), g and w'h
are convex, and f is a reqular function, then f(x) +s(x | C)£f (y) + z'y.

Proof. Let x be feasible for (MP) and (y, u, v, w) feasible for (MD). Then g(x) =0, h(x) =0,

0e N ui(dfi(y) +zi) + >vdgi(y) + > widh(y), @.11)
ieM jepP keQ
v'g(y) +w'h(y) 0. (412)

According to (4.11), there exist & € 0fi(y), ¢; € 0gj(y), and ax € ohi(y) such that

ieZMui(gi + Zi) + j;)’()jgj + %wkak =0. (4.13)
Assume that
f(x)+s(x|C) < f(y) +2'y. (4.14)

Multiplying (4.14) by u and using the inequality z'x < s(x | C), we have
u' (f(x) +z'x) <u' (f(y) +2'y). (4.15)
By convexity of f(-) + z'(-), g and w'h, we obtain
' (f(x) +2'x) +v'g(x) + w'h(x) 2 u' (f (y) + 2'y) +v'g(y) + w'h(y). (4.16)
From (4.12) and (4.16), we obtain
u' (f(x)+z'%) —u' (f(y) +z'y) =20, (4.17)

since v'g(x) < 0 and w'h(x) = 0. However, (4.17) contradicts (4.15). Hence the proof is
complete. O
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Theorem 4.9. Let x be a weak Pareto-optimal solution of (MP) at which a constraint qualification
holds. Then there exist u € R™, v € RP, and w € RY such that (x,u,v,w) is feasible for (MD) and
z'x = s(x | C). If in addition f(-) + z'(-), g and w'h are convex, and f is a reqular function, then

equal.

Proof. Let x be a weak Pareto-optimal solution of (MP) such that a constraint qualification
is satisfied at x. According to the (KKT) necessary optimality theorem, there exist u € R™,
v € RP, and w € RY such that

0e Zul(afl(i) + Zi) + Zv,@g,(?) + Zwkahk(x)/
ieM jep keQ (4.18)

v'g(x)=0, u>0, v=0.

Since u > 0, we can scale the us, v;.s, and w}(s as in the proof of Theorem 4.2 such that

of (MD) and the optimal values of (MP) and (MD) are equal. O

Remark 4.10. If we replace the convexity hypothesis of f(-) + z/(-) by strict convexity in
Theorems 4.8 and 4.9, then these theorems hold in the sense of a Pareto-optimal solution.

Remark 4.11. If we replace the convexity hypothesis of w'h by affineness of h in Theorems 4.8
and 4.9, then these theorems are also valid.

Theorem 4.12. Let x be feasible for (MP) and (y,u,v,w) feasible for (MD). If u'(f(-) + z'(-)) +
v'g + w'h is pseudoconvex and f, g, and h are regular functions, then f(x) + s(x | C)f (y) + z'y.

Proof. Suppose that f(x) + s(x | C) < f(y) + z'y. By using the feasibility assumptions and
z!x < s(x | C), we obtain

u' (f(x) +z'x) +v'g(x) + w'h(x) <u' (f(y) + Z'y) +v'g(y) + w'h(y). (4.19)

By the same argument as in the proof of Theorem 4.5, we arrive at a contradiction. O

Theorem 4.13. Let X be a weak Pareto-optimal solution of (MP) at which a constraint qualification
holds. Then there exist u € R™, v € RP, and w € RY such that (x,u,v,w) is feasible for (MD)
and z'x = s(x | C). I in addition u'(f () + z'(:)) + v'g + w'h is pseudoconvex and f, g, and h are

of (MP) and (MD) are equal.
The proof is similar to the one used for the previous theorem.

Remark 4.14. If we replace the pseudoconvexity hypothesis of u!(f(-) + z'(-)) + v'g + w'h by
strict pseudoconvexity in Theorems 4.12 and 4.13, then these results hold for the case of a
Pareto-optimal solution.
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