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Motivated and inspired by the recent works on implicit iteration methods, we prove necessary
and sufficient conditions for strong convergence of the eventually implicit iteration methods with
errors to a common fixed point of a discrete family which is continuous total asymptotically
nonexpansive (in brief, TAN) on g-uniformly smooth Banach spaces with a perturbed mapping
F,1 < q £2, under some suitable control conditions of parameters. Some applications to viscosity
approximation methods or to the eventually implicit algorithms with errors for a finite family of
TAN self-mappings in real Banach spaces are also added.

1. Introduction

Let X be a real Banach space with norm || - || and let X* be the dual of X. Denote by (-, -) the
duality product. When {x,} is a sequence in X, we denote the strong convergence of {x,} to
x € X by x, — x and the weak convergence by x,, — x. Let K be a nonempty closed convex
subset of X and let T : K — K be a mapping. Now let Fix(T) be the fixed point set of T;
namely,

Fix(T) :== {x e K : Tx = x}. (1.1)

Also, for viscosity approximation methods in Section 4, we use Ik to denote the collection
of all contractions on K, thatis, f € ITx means that there exists a constant a € (0, 1) such that

If(x) = f(y)ll € allx —y| forall x,y € K.
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Recently, Alber et al. [1] introduced the wider class of total asymptotically nonexpan-
sive mappings to unify various definitions of classes of nonlinear mappings associated with
the class of asymptotically nonexpansive mappings; see also Definition 1 of [2]. They say that
amapping T : K — K is said to be total asymptotically nonexpansive (in brief, TAN) [1] (or [2])
if there exist two nonnegative real sequences {c,} and {d,} with ¢,, d, — 0, and ¢ € I'(R")
such that

[T"x = T"y| < [lx =yl +ead([lx = yl]) +du, (1.2)
forall x,y € K and n > 1, where R* := [0, 00) and

¢ eT(R") & ¢ is strictly increasing, continuous on R*and ¢(0) = 0. (1.3)

In this case, T is often said to be TAN on K with respect to (in short, w.r.t.) {c,}, {d.},
and ¢. Sometimes we also write ¢,,(T), d,(T), and ¢r instead of ¢, d,, and ¢ whenever the
distinction of the mapping T is needed.

Remark 1.1. Note firstly that if T is continuous, the property (1.2) with ¢, = O foralln > 1
is equivalent to the following one which is said to be asymptotically nonexpansive in the
intermediate sense [3]:

timsup sup {[[T7 - Ty - [lx - y]} <. "

n—o x,yekK
Indeed, taking ¢, = 0 in (1.2) firstly, we have

sup {[[T"x =T"y|| - llx -y} < dx (1.5)

x,yeK

for each n > 1, and next taking the limsup on both sides as n — oo immediately gives the
property (1.4) because d, — 0asn — oo. Conversely, taking

dy = max{O, sup {||T"x - T"y|| - ||x - y||}} (1.6)

x,yeK

for each n > 1, (1.4) immediately implies d, — 0 asn — oo; see also [2]. Note also that a
mapping satisfying the property (1.4) is non-Lipschitzian; see [4]. Also, if we take ¢(t) = ¢
forallt > 0and d, =0 forall n > 1in (1.2), it can be reduced to the well-known concept of
asymptotically nonexpansive mapping [5] as

|T"x =T y|| < (1 +cn)||x-y|| (1.7)
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for all x,y € K and n > 1. Furthermore, in addition, taking ¢, = 0 for all n > 1 in (1.2), it can
be reduced to the concept of nonexpansive mapping as

ITx = Tyl| < [lx - vl (1.8)

forall x,y € K.

Recently, motivated and stimulated by (1.2), Kim and Park [6] introduced a discrete
family J = {T,, : K — K} of non-Lipschitzian mappings, called TAN on K, namely, J =
(T, : K — K} is said to be TAN on K w.r.t. {c,}, {d,}, and ¢ if there exist nonnegative real
sequences {c,} and {d,}, n >1withc,, d, — 0,and ¢ € I'(R*) such that

[ Tox = T[] < llx =yl + cad(llx = yl]) + du, (1.9)

forall x,y € K and n > 1. Furthermore, we say that J is continuous on K provided each T, € J
is continuous on K; see [6] for examples of continuous TAN families. In particular, we say
that J = {T,, : K — K} is simply TAN when K = X. Then they established necessary and
sufficient conditions for strong convergence of the sequence {x,} defined recursively by the
following explicit algorithm:

Xps1 = Tyxpy, n2>1, (110)

starting from an initial guess x; € K, to a common fixed point of J in Banach spaces as
follows.

Theorem 1.2 (see [6]). Let X be a real Banach space K a nonempty closed convex subset of X.
Let a discrete family J = {T,, : K — K} be continuous TAN on K w.r.t. {c,}, {d,}, and ¢ with
C = N1 Fix(Ty,) # 0. Assume that {c,}, {d,}, and ¢ satisfy the following two conditions:

(C1) there exist at, p > 0 such that ¢(t) < at forall t > f;
(C2) 37 cn <00, Doy dy < 0.

Then the sequence {x,} defined by the explicit iteration method (1.10) converges strongly to a common
fixed point of J if and only if liminf, _, ,d(x,, C) = 0, where d(x,, C) = inf.ec||x, — z||.

Now let us briefly investigate the recent history concerning the implicit iterative
algorithms (with errors) for nonexpansive mappings and asymptotically nonexpansive
mappings. Let {T;} Y, be a finite family of nonexpansive self-mappings of a nonempty closed
convex subset K of a Hilbert space H with MY, Fix(T;) # 0. In 2001, Xu and Ori [7] introduced
the following iterative algorithm defined implicitly in H:

Xp = ApXpa + (1 —ay)Tiuyx,, n2>1, (1.11)

where {a,} C (0,1), xo € K is arbitrarily chosen, and T4} := T, mod N, Namely, the mod
function takes values in the set {1,2,...,N} as T}, = Tn forr = 0; Ty = Tr for 0 <r < N
whenever n = kN + r for some integers k > 0 and 0 < r < N. As C := ﬂf\:[l Fix(T;) #0 and
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a, — 0, they proved the weak convergence of the sequence {x,} defined by the implicit
iteration process (1.11) to a common fixed point of {T;}2,.

In 2002, Zhou and Chang [8] introduced the following implicit iterative process with
errors for a finite family {T;} Y, of N asymptotically nonexpansive self-mappings of K:

Xp = ApXp-1 + pnT[r;l]xn + Yulln, N2 1, (112)

where xp € K is arbitrarily chosen, , {Bn}, and {y,} are sequences in [0, 1] such that
Ay +Pu+7y,=1foralln > 1, and {un} is a bounded sequence in K. As C := (Y, Fix(T;) #0
and >7; ¢, < oo, assuming, in addition, that there exists a constant L > 0 such that for any
i,je(1,2,...,N} withi#j,

n>1, (1.13)

|77 -179] <

for all x,y € K, they established the weak and strong convergence of the implicit iterative
process (1.12) with errors in uniformly convex Banach spaces, under some suitable conditions
of parameters and the assumption (1.13). Subsequently, Sun [9] introduced the following
modified implicit process for a finite family {T;}Y; of N asymptotically nonexpansive self-
mappings of K:

Xp = Xy 1+ (1- zxn)Tk(")xn, n>1, (1.14)

where k(n) is given as k(n) = k forr = 0; k(n) = k+1for 0 < r < N whenever n = kN +r
for some integers k > 0 and 0 < r < N (in this case, note that k(n) — o0 asn — oo,
k(n-N) = k(n) -1 and T},_nj = T[y for n > N), and he studied the necessary and sufficient
conditions for the strong convergence of the implicit iteration scheme (1.14) for such a finite
family {T;}Y, as the conclusion in Theorem 1.2, under assumption of the existence of {x,}
generated implicitly by (1.14). Recently, for removing the condition (1.13), Chang et al. [10]
also introduced the following modified implicit iteration scheme with errors for a finite family
{T;} Y, of N asymptotically nonexpansive self-mappings of K satisfying K + K ¢ K:

Xy = apXy-1+ (1 - an)T xn +u, n>1, (1.15)

where {u,} is a bounded sequence in K. In case the control sequence {a,} is bounded away
from 0 and 1, they studied the weak and strong convergence of the sequence {x,} generated
implicitly by (1.15).

On the other hand, Zeng and Yao [11] recently consider the following iterative process
defined implicitly for a finite family {T;}~, of nonexpansive mappings from a whole Hilbert
space H into itself with a perturbed mapping F:

X = U Xn-1 + (1= o) [TnyXn — AaptF (Tmyxn)], n>1, (1.16)
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where xg € H is arbitrarily chosen, {a,} C (0,1), {A,} C [0,1), u € (0, p) for some p > 0, and
F: H — H is k-Lipschitzian and 7-strongly monotone, that is,

|Fx-Fyll <xllx-yl,  (Fx-Fyx-y)>nlx-y|’ (1.17)

for all x,y € X and for some x > 0 and 77 > 0. They established necessary and sufficient
conditions for the strong convergence of the implicit iteration scheme (1.16) for such a finite
family {T;}~, with the perturbed mapping F.

Remark 1.3. Notice that, in the implicit iterative algorithm (1.16), taking all the A,, = 0 reduces
to (1.11) equipped with K = H.

Let a discrete family 3 = {T,, : X — X} be continuous TAN with a perturbed mapping
F,namely, F : X — X is x-Lipschitzian and 7-strongly accretive on X, that is,

IFx-Fy| <xlx-yll,  (Fx-Fy,J(x-y))znlx-y| (118)

for all x,y € X and for some ¥ > 0 and 77 > 0, where J denotes the normalized duality
mapping on X. Then we consider the following eventually implicit iterative algorithm with
errors for such a family J = {T,, : X — X} with the perturbed mapping F:

X = nXn-1 + (1= ay = Bn) [TuXn = Maptn F (Tnxn)] + Prtn (1.19)

for all sufficiently large n > ny, where x,,_1 := u € X is arbitrarily chosen, a,, € (0,1], , €
[0,1-ay,], Ly € [0,1), un € (0, p) for some p > 0, and {w,} is bounded in X. We next exhibit
that the sequence {x,} defined implicitly and eventually for the family J = {T, : X — X}
with the perturbed mapping F as in (1.19) is well defined for all sufficiently large n, using the
well-known Meir-Keeler’s theorem due to Meir and Keeler [12].

Remark 1.4. Note that taking all the A, = 0 in (1.19) reduces to the following eventually
implicit algorithms:

X = pXn-1 + (1= ay = Bn) TuXn + Prwn (1.20)

for all sufficiently large n, where a,, € (0,1] and g, € [0,1 — a,]. In this case, note also that
the domain X of all the self-mappings T}, can be restricted within a nonempty closed convex
subset K of X.

Finally, inspired and motivated by recent works of Chidume and Ofoedu [2], Zhou
and Chang [8], Sun [9], Chang et al. [10], and Zeng and Yao [11], we shall give necessary
and sufficient conditions for strong convergence of the eventually implicit iteration processes
(1.19) with errors to a common fixed point of such a discrete family J = {T,, : X — X}
with a perturbed mapping F on reflexive, strictly convex and g-uniformly smooth Banach
spaces, 1 < g < 2, under some suitable conditions of parameters and (;2; Fix(T,) # 0. Some
applications to viscosity approximation methods or to the eventually implicit algorithm

(1.20) with errors for a finite family of TAN self-mappings in real Banach spaces are also
added.
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2. Preliminaries

Let X be a real Banach space and let X* be its dual. For 1 < p < oo, the mapping J, : X — 2%
defined by

Jo() = {x € X" : e, x) = Il Nl = [P | (2.1)

for each x € X is called the (generalized) duality mapping on X. In particular, J := J, is called
the normalized duality mapping on X. It is well known that J,(x) = [|x[P72] (x) for x #0; see [13]
or [14] for more properties of duality mappings.

The moduli of convexity and smoothness of X are functions 6x : [0,2] — [0,1] and
px : [0,00) — [0, 0) defined respectively by

) x +
ox(e) = int{ 1= [X22] chxt <1 Il <1, -l 2 ),

(2.2)

x+yl|| + |[x-
Px(t)=sup{” A g <1, IIyIISt}-

X is said to be uniformly convex if 6x (€) > 0 for all € > 0 and uniformly smooth if limy opx (t) /t =
0.Let g > 1be a given real number. Then X is said to be g-uniformly smooth if there is a constant
¢ > 0 such that px(t) < ct; see also [14-16] for more details. It is well known [17] that no
Banach space is g-uniformly smooth for g > 2, and also thatif 1 < r < g < 2, then g-uniformly
smooth space is r-uniformly smooth. Hilbert spaces, LP (or #7) spaces, 1 < p < oo, and the
Sobolev spaces, Wh,1 < p < oo, are g-uniformly smooth. Hilbert spaces are 2-uniformly
smooth while

p-uniformly smooth if 1<p< 2;
LP(or €P) or W1, is (2.3)
2-uniformly smooth if p> 2.

The following result due to Xu [18] is very useful for our argument.

Lemma 2.1 (see [18]). Let 1 < g < 2 be a given number. X is g-uniformly smooth if and only if there
exists a constant c; > 0 such that

”x+y”q < ||x||q+q<y/]q(x)>+Cq”y”q (2.4)
forallx,y € X.

Remark 2.2. Note that c; = 1 in a Hilbert space H because ||x + y/||* = ||x||* + 2(y, x) + ||y||* for
x,y € H.
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Let X be a g-uniformly smooth Banach space with 1 < g < 2 and let the mapping F :
X — X be «-Lipschitzian and 7-strongly accretive on X. Then using (2.4), J;(x) = ||x[|772] (x)
and (1.18), we compute for all x,y € X,

| (I = uF)x = (I = uF)y||" = || (x - y) - p(Fx - Fy)||?
lx =yl - qu{Fx - Fy, J;(x = y)) + ¢4||u(Fx - Fy) ||

1= ylI" = qun llx = yI"+ eqpin?l|x - y]|” (2.5)

IN

IN

= (1-qun+ couix)||x -y

= [1-n(an— e llx - wll",

where I denotes the identity operator on X. Let u € (0, p), where

1 1/(g-1)
p = min{ —, <ﬂ> } (2.6)
an \ cqx’

(the choice of p < 1/4gm is just a way to ensure that 1—p(gn— cou?™'x7) > 0 to take the g-root.).
Then I — uF is a contraction because

11 = pF)x = (1= )yl < /1= pan - eqpatsct) [|x -y (2.7)

forall x,y € X and 0 < (/1 —u(gn — cquitxq) <1 for p € (0, p).
Let a discrete family J = {T,, : X — X} be TAN. Given A € [0,1), 4 >0, and k > 1, let
the mapping ®4#*) : X — X be defined by

@WK x = Tyx — AuF (Tyx) (2.8)
for all x € X. Then the eventually implicit iteration algorithm (1.19) is simply expressed as
X = 0pXp-1 + (1— 0y — Brn) DU )+ B0, (2.9)

for all sufficiently large n.
The following lemmas will be used frequently throughout this paper.

Lemma23. If0<A<1,0<u<p,andk > 1, then there holds for ®*#5) . X — X,

”(D()wﬂ,k)x _ (D(/\/H,k)y” <A-A)|Tix-Twy|, xyeX, (2.10)

where T :=1 - \"/1 —u(qn — cquix) € (0,1).



8 Journal of Inequalities and Applications

Proof. Using (2.7), we get for all x, vy € X,

||(I)()wl4,k)x _ (I)()w,u,k)y” - ||Tkx — AuF (Tyx) - (Tk]/ _ )L‘MF(Tky))”
= ||A(I = pF)Tiex + (1 = ) Tex = [A(I = uF) Ty + (1= V) Ty ||
<A (I = pF)Tiex = (I = uF) Ty || + (1 = V) || Tex — Tey ||

<M1= plan - cqui-'x9) || Tex = Ty || + (1 = )| Tiex = Tey |

= (1 - A7) ||Tex - Try||-
@2.11)

This completes the proof. O

In 1969, Meir and Kleeler [12] established the following fixed point theorem which is
a remarkable generalization of the Banach contraction principle.

Theorem 2.4 (see [12]). Let (X, d) be a complete metric space and let ®@ be a Meir-Keeler contraction
(MKC, for short) on X, namely, for each € > 0, there exists & > 0 such that

d(x,y) <e+6 implies d(Dx,dy) <e (2.12)

forall x,y € X. Then @ has a unique fixed point z € X and also {®"x} converges strongly to z for
all x € X.

Then the following easy observation is crucial for the construction of the eventually
implicit iteration algorithm (2.9).

Proposition 2.5. Let a discrete family 3 = {T,, : X — X} be TAN, t € (0,1), and k > 1. Then
(1= t)Tx is an MKC on X for all sufficiently large k.

Proof. Given € > 0, choose 6 = te/2(1 —t). On setting

Ayi=(1-t)[e+6+cup(e+06)+dy, (2.13)
A, — (1-t)(e+06)asn — oo because ¢, d, — 0, and so we can see

OSAng(l—t)(e+6)+%€ (2.14)
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for all sufficiently large k. Let x,y € X with [|[x — y|| < € + 6. Then use (1.9), the strictly
increasing property of ¢, and (2.14), in turn, to derive

”(1 —)Tex— (1 - i’)Tky” =(1- t)||Tkx - Tky”
< (E=Bllx -yl +exg(llx - yll) +di]

<(1-t)[e+6+ckdp(e+86)+di] = Ak (2.15)
< (1—t)(e+6)+%€=€,
Hence (1 - t)T is an MKC on X for all sufficiently large k. O

Lemma 2.6 (see [19, 20]). Let {a,}, {a,}, and {p,}be sequences of nonnegative real numbers such
that

An+l S (1 + an)an + ﬂn (216)

for all n > 1. Suppose that 37”1 a, < oo and Y571 Pn < co. Then lim,, _, a, exists. Moreover, if in
addition, liminf, _, . a, = 0, then lim,,_, ,a, = 0.

3. Necessary and Sufficient Conditions for Convergence

Let X be a g-uniformly smooth Banach space with 1 < g < 2 and let the mapping F : X — X
be x-Lipschitzian and #7-strongly accretive on X. Let a discrete family J = {T,, : X — X} be
TAN. Lett € (0,1], se [0,1—-¢].Letk >1, 1 € [0,1), and p € (0, p), where p is the constant in
(2.6). Fix u, w € X and let the mapping I'“*% : X — X be defined by

TR x =ty + (1 -t — s)OMF x 4 s (3.1)
for all x € X. Using Lemma 2.3, we have
nr(t,s,k)x _ r(t,s,k>y“ - ”(1 s MR x (1 - S)(I)(f\,#rk)y”
=(1-t-5s) ”q)u,ﬂ,k) x— cpu,u,my” (3.2)
<(A-t-9)||Q-A1)Tiex — (1 - A7) Tiey||

for all x, y € X. First, in case of A #0, by Proposition 2.5, (1-A7)T} in (3.2) is an MKC on X for
all sufficiently large k and hence so is T**%). In the other case of A = 0, note that ®“#k) = Ty
and (1-t-s)®M#K) = (1-t-s)Ty. Applying Proposition 2.5 again, (1—t-s)Tx (hence, [#55))
is an MKC on X for all sufficiently large k. Therefore, in any case, 'tk ijs an MKC on X for
all sufficiently large k. Applying Theorem 2.4 (Meir-Keeler), there exists a unique fixed point
X(t,sk) of T5K) in X, that is,

X(t,s,k) = tu+ (1-t-5s) [Tkx(t,s,k) - )L[lF(TkX(tls,k))] + sw (3.3)
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for all sufficiently large k, where t € (0,1], s € [0,1 -], A € [0,1), and p € (0,p). This
equation (3.3) exhibits that the eventually implicit iteration schemes (1.19) with perturbed
mapping F are well defined and so we can present necessary and sufficient conditions for
strong convergence of the sequence {x,} defined implicitly and eventually by (1.19) on g-
uniformly smooth Banach spaces.

Theorem 3.1. Let 1 < g < 2 be a real number and N > 1. Let X be a g-uniformly smooth Banach
space. Let F : X — X be x-Lipschitzian and n-strongly accretive for some constants x > 0, 1 > 0.
Let also a discrete family 3 = {T,, : X — X} be continuous TAN with C = ;2 Fix(T,,) #0.
Let {x,} be the sequence defined by the implicit iteration method (1.19) with bounded errors {w,}
in X. Assume that {c,} and {d,} satisfy the condition (C2) in Theorem 1.2, and that ¢ satisfies the
following property:

(C1)' there exist a >0, > 0 such that ¢(t) < at forall t > p.

Assume also that {a,}, {Pn}, {An}, and {p,} are sequences of nonnegative real numbers satisfying
the following control conditions:

(C3) {An} € [0,1) for all sufficiently large n and >;7 1 A,y < oo;

(C4) 0 < pn < p for for all sufficiently large n, where p and c, are constants in (2.6) and
Lemma 2.1, respectively;

(C5) 0 < a :=liminf, . a, <limsup, | _a, <1;

(C6) P € [0,1 — a,] for all sufficiently large n and >,7"; B, < co.
Then {x,} converges strongly to a common fixed point of J if and only if liminf, _, ,d(x,, C) = 0.
Lemma 3.2. Under the same hypotheses as Theorem 3.1, there hold the following properties:

(i) lim,,— o ||, — p|| exists for all p € C, and hence {x,} and {®Yw+™ x, } are bounded;
(ii) limy,, — o d(x,,, C) exists.

Proof. First, note that it follows from (C1)" and the strictly increasing property of ¢ that
p(t) < P(P) +at, t>0. (3.4)

In fact, if t < B, since ¢ is nondecreasing, we have ¢(t) < ¢(f). For any ¢t > f, by (C1)’, we
get ¢(t) < at. Hence (3.4) is required. Now to prove (i), let p € C and let n > 1 be arbitrarily
given. Use (2.8), (2.10), (1.9), and (3.4), in turn, to derive

s sy« |
< (U= Aam) [ Tan = Tup || + Xapen | Fp|

< (1= ama) |20 = pll + cad([|l2n = pII) + du] + Xapn || Fp|
< (1= Mm) [(1+ acy) || xn = pl| + §(B)cn + dn] + Aupin||Fp ||,

(3.5)
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where T, := 1—\‘7/ 1 — pu(gn — cqun'x9) € (0,1) as in Lemma 2.3. This inequality (3.5) together
with (C4) yields

I =PIl < s =l + (1= = ) 0050, p 4 e~

< aploen-1 =pll + (1= an = fn)
x [(1 = Xumn) (L + acy) ||xn = p| + @(B)cn + dn] + Anpin || Fp||
+ Bu(llzonll + [P

< an”xn—l - P” + (1= an +anym) (1 + acn)”xn _P”

+¢(B)cn + du + Mup||Fp|| + B M1

< an”xn—l - P” +(1—an+azdy)(1+ acn)”x,, - P”

+¢(B)cn + dn + Anp||Fp|| + B M

< ay||xp-1 = p|| + [1 - an + apdn (1 + acy) + acy]||xa - p||

+¢(B)cn +dn + Lup||Fp|| + B M

(3.6)

for all sufficiently large n, where M; = sup{||wy| : n > 1} +||p|| < co. Since a = liminf, , ,a, €
(0,1), A, — 0,and ¢, — 0, we can choose

acy,

0< 1y = (1 +ac,) + <1 (3.7)

an
for all sufficiently large n and 17, — 0O asn — oo. Now using (3.7), we get

1 1
[|xn = pl| < g l|2¢n-1 = p| + m(‘i’(ﬁ)cﬁdn +up || Fpl| + puM)

. 1
< (1 r ?nn>llxn_1 -pll+ a(1——11n)(¢(ﬂ)c” +du + Aup||Fpl| + puM1)  (38)

M
< (14 Matgy) a1 = pll + == ($(B)en + du + up || Fpl| + puMy),

for all sufficiently large n, where M, := sup{1/(1 - 1,) : n > 1} < oo and hence there exists a
suitable constant M > 0 such that

ll2en = pll < (1+ M) |1 = p| + Mo, (39)

for all sufficiently large n, where o, := ¢,+d,+A,+,. Since 0 < 17, < A, +ac,(1+1/a), it follows
from (C2), (C3), and (C6) that 3 77, < o0 and 3, 0, < oo. Hence the limit lim,, _, o, ||, —p|| exists
from Lemma 2.6. Since {x,} is bounded, so is {T},,x,,} because

1T =pll < 1 =l + cad (o =) + (3.10)
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for a fixed p € C by (1.9). Then it follows from Lemma 2.3 that {®"»#:" x, } is also bounded.
Hence (i) is obtained.

Now to show (ii), taking the infimum over all p € C on the both sides of inequality
(3.9), we obtain

d(x,,C) < (1+ Mn,)d(xy-1,C) + Mo, (3.11)

for all sufficiently large n. Applying Lemma 2.6 again, (ii) is quickly obtained. O

Proof of Theorem 3.1. It suffices to show the sufficiency. Assume that

lim inf d(x,, C) = 0. (3.12)

n— oo

Then it follows from (ii) of Lemma 3.2 that lim,,_,d(x,,C) = 0. Since 0 < 7, < 1 for all
sufficiently large n in (3.7) and }; 77, < oo in the proving process of Lemma 3.2, we see that

1<K:=]]1+Mn,) <eME" < 0. (3.13)

Given € > 0, since lim,, . .d(x,,C) = 0 and >} Mo, < oo, we can choose a positive integer 1
sufficiently large so that (3.9) holds for all n > ny, and

€ & €
d(xn, C) < R, ;MO}' < R, n 2> ngp. (314)

Let n,m > ny and p € C. First, use the inequality (3.9) repeatedly together with (3.13) to
derive

n n-1 n
lxn=pll < TT (1+Mn) [lxn, - pll + >, Moi [ ] (1+ M) + Mo,

i=np+1 i=ng+1 k=i+1

(3.15)
n
<o -pl+ 35 o]
i=np+1
which implies that
e = xmll < [|2n = p| + [|xm = p]
n m
< K[leno -pll+ > Mol] +1<[||an —pll+ 3 Mo{l

i=ng+1 i=ng+1 (3.16)

< ZK[”x,10 -p|l + Z Moy-:l.

i=np+1
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Taking the infimum over all p € C firstly on both sides and next using (3.14), we have

120 — Xl SZK[d(an,C) + > Ma,-]

i=n0+1

(3.17)

€ €
§2K<—+—> =€, n,m?>ny.

This shows that {x,} is a Cauchy sequence in X. Say x, — x* € X. Finally, we claim that
x* € C. In fact, note first that

" = pll < llx* = xall + ||x0 = p| (3.18)

for all p € C and n > 1. Taking the infimum again over all p € C on both sides ensures that
d(x*,C) < [|lx* = x| + d(x,,C) — 0 (3.19)

as n — oo. Since C is closed by continuity of J, it follows that x* € C and the proof is
complete. m

Corollary 3.3. Under the same hypotheses as Theorem 3.1, the sequence {x,} converges strongly to
a common fixed point p € J if and only if there exists a subsequence {x,,} of {x,} which converges
strongly to p.

As taking all the A, = 0 in (1.19), in view of Remark 1.4, we have the following direct
consequence of Theorem 3.1 in real Banach spaces.

Theorem 3.4. Let N > 1, let K be a nonempty closed convex subset of a real Banach space X, and let
a discrete family 3 = {T,, : K — K} be continuous TAN on K w.r.t. {c,}, {dn}, and ¢ with C :=
Myt Fix(Ty,) # 0. Let {x,} be the sequence defined implicitly and eventually by (1.20) with bounded
errors {wy} in K. Assume that {c,} and {d,} satisfy the condition (C2) and ¢ satisfies the property
(C1)', and also that {a,} and {B,} are sequences in [0,1] satisfying (C5) and (C6) in Theorem 3.1.
Then {x,} converges strongly to a common fixed point of J in K if and only if liminf, _, ,d(x,, C) =
0.

Remark 3.5. Theorem 3.4 is just an implicit iterative version with error terms of Theorem 1.2.

4. Viscosity Approximation Methods

Recall firstly that a mapping ¢ : R* — R is said to be an L-function if ¢(0) = 0, ¢(t) > 0
for each t > 0, and for every s > 0 there exists u > s such that ¢(t) < s (f € [s,u]). Asa
consequence, every L-function ¢ satisfies ¢ (t) < t for each t > 0. Also, for a metric space
(X,d), amapping f : X — X is said to be (¢, L)-contraction if ¢ : R* — R* is an L-function
and d(f(x), f(y)) < ¢(d(x,y)) for all x, y € X with x #y; see [21] for more details.

In 2001, Lim [22] established the following characterization of Meir-Keeler type
mappings in terms of (¢, L)-functions.



14 Journal of Inequalities and Applications

Theorem 4.1 (see [22]). Let (X, d) be a metric space and let f : X — X be a mapping. Then f is
an MKC if and only if there exists an L-function ¢ : R* — R such that f is a (¢, L)-contraction.

Let K be a nonempty closed convex subset of a real Banach space X andletT : K — K

be a nonexpansive mapping. Given a real number t € (0,1) and an f € Ik, we define th :
K — Kby

T/ x=tf(x)+ (1-t)Tx (4.1)

for all x € K. For simplicity, we will write T, for th provided no confusion occurs. Obviously,
T; is a contraction on K and the well-known Banach Contraction Principle guarantees the
unique fixed point of T, say x;. Then x; is the unique solution of the following fixed point
equation

xp=tf(x;) + (1 -1)Txy, (4.2)

which is later called the (continuous) implicit method, while the (discrete) implicit algorithm
is specially expressed as

Xp = anf(xn) + (1 - an)Txnr (43)

where {a,} is a sequence in (0, 1) tending to zero. On the other hand, the first explicit viscosity
algorithm is given in 2000 year by Moudafi [23] as

X1 = f (x) + (1 —ap)Tx,, n>1, (4.4)

where x; € C is arbitrarily chosen and {a,} is a sequence in (0,1). Recently, Petrusel and
Yao [21] introduced the following implicit viscosity approximation scheme for a uniformly
asymptotically regular sequence {T,} of nonexpansive mappings from K into itself in a
reflexive Banach space X:

Xn =tnf (xn) + (1 =ty)Tyx,, n>1, (4.5)

where {t,} is a sequence in (0,1) witht, — 0,and f : K — K is a generalized contraction
(recall that it is called a generalized contraction in [21] whenever f is either an MKC or a
(¢, L)-contraction in the sense of Theorem 4.1). As C := N2 Fix(T),) #0, they studied strong
convergence of the sequence {x,} generated by (4.5) to a common fixed point p of {T;,} such
that p € C is the unique solution to the variational inequality

(f(p)-pJ(y-p) <0, yeC (4.6)

see Theorem 3.6 of [21] for more details. In a similar way, Lin [24] very recently established
strong convergence of an explicit viscosity approximation scheme generated by a generalized
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contraction and a nonexpansive semigroup in reflexive Banach spaces; see also [25] for
approximating fixed points of nonexpansive mappings.

From now on, unless other specified, assume that K is a nonempty closed convex
subset of a real Banach space X and a discrete family J = {T,, : X — X} is TAN. In this
section, as a special case of (1.20), we shall consider the following eventually implicit iteration
method with no errors and a fixed anchor xq € K for such a family J:

Xp = apxo + (1 —a,)Tyxy, (4.7)

for all sufficiently large n, where a,, € [a,1] for some a € (0,1).
Here we need the following properties for Meir-Keeler contractions, studied recently
by Suzuki [26].

Lemma 4.2 (see [26]). Let K be a convex subset of a Banach space X. Let @ be an MKC on K. Then
there hold the following properties:

(i) given € > 0, there exists v € (0,1) such that, forall x,y € K,

lx-yll e implies [|ox - oyl < rllx -y

; (4.8)

(ii) if T : K — K is nonexpansive, then T o @ is an MKC on K.

Proposition 4.3. Fixa € (0,1), a, € [a, 1] for all n. Let @ be an MKC on K and let a discrete family
J={T,: X — X} be TAN on K. Then a mapping x — a,®x + (1 —a,,) T,,x is an MKC on K for all
sufficiently large n.

Proof. We employ the ideas of Proposition 3(ii) in [26] and Proposition 2.5. Define

Tx=a,Ox+ (1 -a,)T,x (4.9)

for all x € K. Given € > 0, by (i) of Lemma 4.2, there exists r € (0, 1) satisfying (4.8). Choose

5 ae(l-r)

Fix x,y € K with ||x — y|| < € + 6. Then we must claim that ||[I';x — T',y|| < e for all sufficiently
large n. Indeed, in case of ||x — y|| > €, we first use (4.8), (1.9), and the strictly increasing
property of ¢ to derive

ITx = Ty < a0 ~ Dy | + (1 = ) [ Tux ~ T,y
< aurll =yl + (=) [lx = yll + cop (lx - yll) + ]
<[1-an(1-1)]||x - y|| +cadp(||x - y||) + dn (4.11)
<[1-a(l-r)](e+06)+cup(e+06)+dy
= Ay,
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where A, — [1-a(l-r)](e+6)asn — oo because ¢,,d, — 0. Then we can see

OSA"S[l‘“(l—r)](€+6)+%_r)
(1-7) 1-1) (4.12)
ae(l —r ae(l =7
:[1—a(1—r)]<e+2[1_a(1_r)]>+ =

for all sufficiently large n. In the other case of 0 < ||x — y|| < € (because x = v is trivial), we
can take €' such that ||x — y|| < €' < e. For this €' > 0, it follows from the definition of MKC in
Theorem 2.4 that there exists 6’ > 0 such that

|x-vy|| <€ +8 implies ||®x - Dy| <€ (4.13)
for all x, y € K. Now repeating the previous techniques, we have

T = Ty < |0 - @y + (1 = ) [Tox ~ T
<ae'+ (1= an) [x-yll + cup(llx - ) + ]
<ane' + (1-ay)[e +cnd(€') +dn) (4.14)
<€ +cup(€) +dn

= Bn/
where B, — € asn — oo. Then we can also see
0<B,<é'+(e-€)=¢ (4.15)

for all sufficiently large n. This completes the proof. O

Remark 4.4. Let T : K — K be nonexpansive. If we take T, =T, a, = a € (0,1) foralln > 1,
then a mapping x — a®x + (1 — a)Tx is an MKC on K; see (ii) of Proposition 3 in [26].

Proposition 4.5. Let ¢ satisfy the condition (C1)" in Theorem 3.1. Assume that lim,,_, ,,x,, exists for
any anchor xo € K, where the sequence {x,} equipped with the anchor xg is defined implicitly and
eventually as x, = anxo + (1 — a,) Tux, for all sufficiently large n. Define

P(xo) := r}ijrgcxn. (4.16)
Then P is nonexpansive on K.
Proof. Let xo, 10 € K be any different anchors. Let {x,,} and {y,} be defined as

Xp = 0pXo + (1 - lxn)Tnxn/
(4.17)
Yn = anyo + (1 - an)Tnyn
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for all sufficiently large n. By virtue of (1.9) and (C1)’, we can compute

[l = ull < anllxo = ol + (1 = an) | Tuxn = Tuyu|
< anllxo = yoll + (1= an) [[|200 = yul| + en (l|xn = yull) + ]

(4.18)
< auflxo = yol| + (1~ an) (A + acw)[|xu = yul| + cud (P) + dn
< anflxo = yol| + (1~ an +aca) [0 = yul| + cnp (B) + du
for all sufficiently large n. A simple calculation yields
ac, 1
I =l = (14 22 Yo = ol + —— (cub(®) + ) ®.19)

because a,, € [a,1] for some a € (0,1). Since ¢,,d, — 0asn — oo, we have ||Pxy — Pyl <
llxo — yo|| and the proof is complete. O

Now, in case all the 3, = 0 in (1.20), we prove strong convergence of the following
viscosity approximation methods for a discrete family J = {T,, : K — K} which is continuous
TAN on a nonempty closed convex subset K of a real Banach space X.

Theorem 4.6. Under the same hypotheses of K, X, J, C, {cn}, {dn}, ¢, {an}, and {B,} as
Theorem 3.4, assume that Pxy = lim, _, X, exists for any anchor xy € K. Let ® be an MKC on
K, and let {y,} be the sequence defined implicitly and eventually as

Yn = “ncD(]/n) +(1- an)Tnyn (4.20)

for all sufficiently large n. Then {y,} converges strongly to the unique point z € C satisfying Po®z =
Z.

Proof. Our proving method employs the idea used for proving Theorem 7 in [26]. Note first
that P o @ and a,® + (1 — a,,)T,, are MKCs on K from (ii) of Lemma 4.2 and Proposition 4.3,
respectively. Hence, Theorem 2.4 (Meir-Keeler) ensures the existence and uniqueness of y,
and z. By our assumption, P o ®z = P(®z) = lim,,_, ,x, = z € C exists for the anchor @z € K,
where {x,} is a sequence defined implicitly and eventually by

Xp =, Pz + (1 -a,)Tyx, (4.21)

for all sufficiently large n. We must claim that y, — z asn — oo, too. Indeed, repeat the
proving technique used for arriving at (4.19) to get

1Mn (cnd (B) +dn) (4.22)

acy,

v =3l < (14 255 ) [0y, - @] + —



18 Journal of Inequalities and Applications

for all sufficiently large n, where a = liminf, . ,a, € (0,1). Now to prove the claim by
contradiction, assume that {y,} does not converge to z. Then there exist ¢ > 0 and a
subsequence {y,,} of {y,} such that ||y, — z|| > € for all k > 1. By (i) of Lemma 4.2, for
this e > 0, there exists r € (0,1) satisfying (4.8). Then using (4.22) combined with (4.8), we
can compute

v = 2l < [y = x| + ll2cm, = =1

ACypy 1

< - —

: (1 + a—acnk)”q)y”" Ozl + s (end(B) + ) + =2l
ac 1

< (1 +— ac )rllynk 2|+ — o (@ (B) +dn, ) + ||, — 2|

for all sufficiently large k. Since c,,,d,, — 0, and x,,, — z as k — oo, taking the lim sup as
k — oo on both sides yields

limsup ||y, — z|| < rlimsup||yn, — z||, (4.24)

— o0 — o0

which immediately shows that limy_, /s, = z. This contradicts to the construction of {y,,}.
Therefore, it must be yy, — z asn — oo. This completes the proof. O

Remark 4.7. Note that if all the T,, : K — K are nonexpansive, our Theorem 4.6 can
be reduced to Theorem?7 of [26]. However, if all the T, : K — K are asymptotically
nonexpansive, it still seems new.

5. Applications to a Finite Family of TAN Self-Mappings

Let X be a smooth Banach space and let N > 1 be fixed. Let {T;}Y, be a finite family
of N continuous TAN mappings defined on X; more precisely, for each 1 < i < N, T; is
continuous TAN w.r.t. {c,(T;)}, {d.(T})}, and ¢r,. In this section, as special cases, we consider
the following eventually implicit iteration algorithm with errors for such a finite family {T;} Y,
with a perturbed mapping F:

Xp = OpXp-1 + (1 -y - ﬂn) [Anxn - )Ln,unF(Anxn)] + ﬂnwn (51)

for all sufficient large n, where A, is any one among Ty, T[I:f]") ,and TN AYTY, all the

Ag") € [0,1] with 37, )Lf”) =land \; = inf{x\ﬁ") :n>1}>0for1<i< N;seeProposition1.2
in [6] for more details.

Remark 5.1. Note that the discrete family J := {A, : X — X} is obviously continuous TAN
w.rt. {¢,}, {dn}, and ¢, where
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Cn = E}gﬁcn(ﬂ), dy = E}g])\(]dn(Ti)/ ¢ = max ér,, (5.2)

and also that ﬂf\:ll Fix(T;) € Mj2; Fix(A,). As in Remark 1.4, taking all the A, = 0 in (5.1)
reduces to the following eventually implicit iteration algorithm for a finite family {T;}Y, of
N continuous TAN self-mappings of K, a nonempty closed convex subset of a real Banach
space X:

Xn = 0pXn-1 + (1= ay = Bn) AnXn + rwy (5.3)

for all sufficiently large n.

As direct consequences of Theorems 3.1 and 3.4, we have the following necessary and
sufficient conditions for strong convergence of the eventually implicit iteration methods (5.1)
and (5.3), respectively, for such a finite family {T; }X, of N continuous TAN self-mappings.

Theorem 5.2. Let 1 < g < 2 be a real number and N > 1. Let X be a q-uniformly smooth Banach
space. Let F : X — X be x-Lipschitzian and n-strongly accretive for some constants « > 0, 17 > 0. Let
{T;) Y, be a finite family of N continuous TAN mappings defined on X with C := (X, Fix(T;) #0.
Let {x,} be the sequence defined by the eventually implicit iteration method (5.1) with bounded errors
{wn} in X. Assume that {c,}, {dn}, and ¢ given as in (5.2) satisfy the conditions (C2) and (C1)’,
and also that {a,}, {Pn}, {Xn} and {p,} are sequences satisfying the control conditions (C2)—(C6)
in Theorem 3.1. Then {x,} converges strongly to a common fixed point of {T;}~, if and only if
liminf, . d(x,,C) = 0.

As taking all the A, = 01in (5.1), in view of Remarks 5.1 and 1.4, we have the following
direct consequence of Theorem 5.2.

Theorem 5.3. Let N > 1, let K be a nonempty closed convex subset of a real Banach space X, and
let {T;}N, be a finite family of N continuous TAN self-mappings of K with C := NY, Fix(T;) #0.
Let {x,} be the sequence defined implicitly by (5.3) with bounded errors {w,} in K. Assume that
{en}, {dn}, and ¢ given as in (5.2) satisfy the conditions (C2) and (C1)', and also that {a,} and {f,}
are sequences in [0,1] satisfying (C5) and (C6) in Theorem 3.1. Then {x,} converges strongly to a
common fixed point of {T;} 2, in K if and only if liminf,, _, ,d(x,, C) = 0.

Remark 5.4. (i) Theorem 5.2 improves and extends the corresponding Theorem 2.2 due to
Zeng and Yao [11] for a finite family of nonexpansive self-mappings in Hilbert space settings
in case when p,, := p is fixed and f, = 0 forall n > 1.

(ii) Our results are still new when all the A, = 0 and f, = 0; compare with the
corresponding results of Xu and Ori [7] in Hilbert spaces.

(iii) Theorem 5.3 is just an implicit iterative version of Theorem 8 of Chidume and
Ofoedu [2] for a finite family of N continuous TAN self-mappings in real Banach spaces, and
it still seems new.
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