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The purpose of this paper is to prove a strong convergence theorem for a finite family of uniformly
L-Lipschitzian mappings in Banach spaces. The results presented in the paper improve and extend

the corresponding results announced by Chang (2001), Cho etal. (2005), Ofoedu (2006), Schu
(1991) and Zeng (2003 and 2005), and many others.

1. Introduction and Preliminaries

Throughout this paper, we assume that E is a real Banach space, E* is the dual space of E, K
is a nonempty closed convex subset of E, and ] : E — 2F" is the normalized duality mapping
defined by

Je) = {f € B : (x f) = IxIP = | FIP% Il = lixl}},  ¥x€E, (11)

where (-,-) denotes the duality pairing between E and E*. The single-valued normalized
duality mapping is denoted by j.

Definition 1.1. Let T : K — K be a mapping. Therefore, the following are given.
(1) T is said to be uniformly L-Lipschitzian if there exists L > 0 such that, for any
x,y €K,

|T"x -T"y|| < Ll|x-y

, Vn>1. (1.2)
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(2) T is said to be asymptotically nonexpansive if there exists a sequence {k;,} C [1,c0)
with k, — 1 such that, for any given x,y € K,

[T =Ty ||< kullx -y

, Vn>1 (1.3)

(3) T is said to be asymptotically pseudocontractive if there exists a sequence {k,} C
[1, 00) with k, — 1 such that, for any x, y € K, there exists j(x — y) € J(x — y) as follows:

2 Wn>1. (1.4)

(T'x - T"y,j(x - y)) < kn|lx -y

Remark 1.2. (1) It is easy to see that if T is an asymptotically nonexpansive mapping, then
T is a uniformly L-Lipschitzian mapping, where L = sup,.,k,. And every asymptotically
nonexpansive mapping is asymptotically pseudocontractive, but the inverse is not true, in
general.

(2) The concept of asymptotically nonexpansive mappings was introduced by
Goebel and Kirk [7], while the concept of asymptotically pseudocontractive mappings was
introduced by Schu [4] who proved the following theorem.

Theorem 1.3 (see Schu [4]). Let H be a Hilbert space, K be a nonempty bounded closed convex
subset of H, and let T : K — K be a completely continuous, uniformly L-Lipschitzian and
asymptotically pseudocontractive mapping with a sequence {k,} C [1,00) satisfying the following
conditions:

(i) k, —» lasn — oo,
(i) 322, (g% — 1) < oo, where g, = 2k, — 1.

Suppose further that {a,} and {f,} are two sequences in [0, 1] such that € < a,, < B, < b, for all

n>1, wheree > 0and b € (0,L2[(1+ Lz)l/2 — 1]) are some positive number. For any x1 € K, let
{xn} be the iterative sequence defined by

X1 = (1 —an)xy, +a,T"x,, VYn>1. (1.5)

Then {x,} converges strongly to a fixed point of T in K.

In [1], the first author extended Theorem 1 to a real uniformly smooth Banach space
and proved the following theorem.

Theorem 1.4 (see Chang [1]). Let E be a uniformly smooth Banach space, K be a nonempty bounded
closed convex subset of E, and T : K — K be an asymptotically pseudocontractive mapping with a
sequence {k,} C [1,00) with k, — 1, and let F(T) # 0, where F(T) is the set of fixed points of T in
K. Let {a,,} be a sequence in [0, 1] satisfying the following conditions:

(1) ay, — 0,
(i) X520 an = oo.

For any xo € K, let {x,} be the iterative sequence defined by

X1 = (1 —ay)x, +a,T"x,, VYn>0. (1.6)
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If there exists a strict increasing function ¢ : [0,00) — [0, c0) with ¢(0) = 0 such that
(T"x, = x*, j (%0 = X)) < knll2n = X*|* = (|l — x*||), Yn >0, (1.7)

where x* € F(T) is some fixed point of T in K, then x, — x*asn — oo.
Very recently, in [3] Ofoedu proved the following theorem.

Theorem 1.5 (see Ofoedu [3]). Let E be a real Banach space, let K be a nonempty closed convex
subset of E, and let T : K — K be a uniformly L-Lipschitzian asymptotically pseudocontractive
mapping with a sequence {k,} C [1,00), k, — 1 such that x* € F(T), where F(T) is the set of fixed
points of T in K. Let {a,} be a sequence in [0, 1] satisfying the following conditions:

(1) X0 an = o,
(i) Yoo an < oo,
(iii) 3% an(kn — 1) < oo,

For any xo € K, let {x,} be the iterative sequence defined by
X1 = (1 —ay)x, +a,T"x,, VYn>0. (1.8)
If there exists a strict increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that
(T"x = x*, j(x = x%)) < kullx = x*[* = p(|lx - x*|)), VxeK, (1.9)

then {x,} converges strongly to x*.

Remark 1.6. It should be pointed out that although Theorem 1.5 extends Theorem 1.4 from
a real uniformly smooth Banach space to an arbitrary real Banach space, it removes the
boundedness condition imposed on K.

In [8], Xu and Ori introduced the following implicit iteration process for a finite family
of nonexpansive mappings {T;};c; (here I = {1,2,...,m}), with {a,} as a real sequence in (0,
1), and an initial point x € K:

xp=1-ay)xpq +a,Tyx,, Vn>1, (1.10)

where T, = Ty(modm) (here the modm function takes values in I). Xu and Ori proved the
weak convergence of this process to a common fixed point of the finite family defined in a
Hilbert space.

Chidume and Shahzad [9] and Zhou and Chang [10] studied the weak and strong
convergences of this implicit process to a common fixed point for a finite family of
nonexpansive mappings, respectively.
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Recently, Feng Gu [11] introduced a composite implicit iteration process with errors
for a finite family of strictly pseudocontractive mappings {T;}}%; as follows:

Xn = (1 —Qap — Yn)xn—l + anTnyn + Yully, N2 1, (1 11)
Yn = (1 - ,Bn - 6n)xn + ,BnTnxn +6,0,, n2>1,

where T, = Tyy(mod m), {@n}, {Pn}, {¥n}, {6x}, are four real sequences in [0, 1] satisfying a, +7, <
land B, + 6, < 1foralln > 1, {u,} and {v,} are two bounded sequences in K, and xq is a
given point in K. Feng Gu proved the strong convergence of this process to a common fixed
point for a finite family of strictly pseudocontractive mappings {T;};%; in a real Banach space.

Inspired and motivated by the abovesaid facts, we introduced a two-step implicit
iteration process with errors for a finite family of L-Lipschitzian mappings {T;};"; as follows:

Xn = (1= ap = Yn)Xn1 + @u L) Yn + Yuthy, n2>1, )
Yn = (1 _ﬂ" - 6n>xn +ﬁnTryzlxn + 6nvn/ n>1,

where T, = Ty(mod m), {@n}, {Pn}, {yn} and {6,}, are four real sequences in [0, 1] satisfying
ap+y,<land B, +6, < 1lforalln >1, {u,} and {v,} are two bounded sequences in K, and
Xo is a given point in K.

Observe that if K is a nonempty closed convex subset of E and {T;};%; : K — K be m
uniformly L;-Lipschitzian mappings. If a,,(1+f,(L—1))L <1, where L = max{L;, Ly, ..., Ly},
then for given x,,1 € K, y,u, and 6,,v, € K, the mapping S, : K — K defined by

Su(x) = (1= an = Yn)Xn-1 + an Ty { (1 = B — 60)x + BuTyx + 6,05} + yutty, Yn>1 (1.13)

is a contractive mapping. In fact, the following are observed

[1Sn(x) = Su() = anl| T3 { (1 = B = 6) x + PuTyix + Euvn}

“Ti{ (1= Pu = 6n)y + PuTyy + Suvn ||
<anL||(1=fu—6n) (x —y) + Pu(Tix - Tyy) |
<anL{(1-pn—6n)|x —y| + Bl Tix - Tiy||} (1.14)
<ayL{(1-pn—6n)|x -y +BuLllx - y|]}
< anL (1~ Pu+ PuL)|lx -yl
<anL(1+ pu(L-1))|x - y]|, ¥x, y € K.

Since a,L(1 + (L -1)) <1 foralln > 1, hence S, : K — K is a contractive mapping. By
Banach contractive mapping principle, there exists a unique fixed point x,, € K such that

Xn = (1= ap = Yn)Xn1 + 0n T Yn + Yy, n>1, -
Yn=(1=Pn—6n)xn+PuTpxn+6,0,, n>1
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Therefore, if a,L(1 + f,(L — 1)) < 1 for all n > 1, then the iterative sequence (1.12) can be
employed for the approximation of common fixed points for a finite family of uniformly L-
Lipschitzian mappings.

Especially, if {a,} and {y,} are two sequences in [0, 1] satisfying a, + y, < 1 for all

n>1, {u,} is a bounded sequence in K, and xj is a given point in K, then the sequence {x,}
defined by

Xn = (1= an = yn)Xn-1 + @y Tpxy + Yy, Yn2>1 (1.16)

is called the one-step implicit iterative sequence with errors for a finite family of operators
(T

The purpose of this paper is, by using a simple and quite different method, to study
the convergence of implicit iterative sequence {x,} defined by (1.12) and (1.16) to a common
fixed point for a finite family of L-Lipschitzian mappings instead of the assumption that T is a
uniformly L-Lipschitzian and asymptotically pseudocontractive mapping in a Banach space.
Our results extend and improve some recent results in [1-6]. Even in the case of y,, = 6, = 0,
foralln >1or N =1 are also new.

For the main results, the following lemmas are given.

Lemma 1.7 (see Petryshyn [12]). Let E be a real Banach space and let J : E — 2F be the
normalized duality mapping. Then, for any x,y € E,

llx+y[*< lxl® + 2(y, j(x +v)),  Vi(x+y) € J(x+y). (1.17)

Lemma 1.8 (see Moore and Nnoli [13]). Let {0,} be a sequence of nonnegative real numbers and
{An} be a real sequence satisfying the following conditions:

0<A <1, Ddy=oco. (1.18)

If there exists a strictly increasing function ¢ : [0,00) — [0, 00) such that

02, < 02— 1yp(Ons1) + 0, Vm>my, (1.19)

n+l =

where ny is some nonnegative integer and {o,} is a sequence of nonnegative number such that o, =
o(\y), then 0,, — 0asn — oo.

Lemma 1.9. Let {a,} and {b,} be two nonnegative real sequences satisfying the following condition:

an1 < (1+Ay)an +by, Yn>mng, (1.20)

where { A} is a sequence in (0, 1) with 3,775 Ay < 00. If X773 by < o0, then limy,_, o, a, exists.
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2. Main Results
In this section, we shall prove our main theorems in this paper.

Theorem 2.1. Let E be a real Banach space, K be a nonempty closed convex subset of E, T; : K —
K, i =1,2,...,m be m uniformly L;-Lipschitzian mappings with F = (", F(T;) #0, where F(T;)
is the set of fixed points of T; in K, and let x* be a point in F. Let {k,} C [1,00) be a sequence with
ky, — 1.Let {a,}, {Pn}, {yn}, and {6,} be four sequences in [0, 1] satisfying the following conditions:
Ay +Yn <1, Ppn+6, <1, foralln > 1. Let {u,} and {v,} be two bounded sequences in K, and let {x,}
be the iterative sequence with errors defined by (1.12), then the following conditions are satisfied:

(i) Xnlo an = o,
(i) 3520 a7 < oo,
(iii) Xoprp anPu < 0,
(iv) 320 Yn < 00,
(V) 2o anbn < o,
(Vi) DX an(ky, —1) < oo,
(vii) an(1+ B, (L-1))L <1, forall n > 1, where L = max{Li, Ly, ..., Ly}.

If there exists a strict increasing function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that
(T =", jx = x)) < Kalle = 2|2 = gl = x°]), (2.1)

forall j(x —x*) € J(x —x*)andx € K, i€ I ={1,2,...,m}, then {x,} converges strongly to x*.

Proof. The proof is divided into two steps.
(i) First, we prove that the sequence {x,} defined by (1.12) is bounded.
In fact, it follows from (1.12) and Lemma 1.7 that

I = 212 = || (1 =ty = ) (et = %) + @ (T2 = *) + Yt — ) |
<(l-a,- Yn)2||xn_1 — x|+ 20, (Thyn — X%, (x5 — x¥))
+ 2¥n(tty — X*, j (2 — X¥))
< (1= an)?[locns = x" |7 + 2 (Tpoty — X*, (0 — X*) ) (2.2)
+ 20, (T} = Tixn, j (2 = x7)) + 2yl — 7| - [l — x|
< (1= an)?lanr = 1P + 20 { Kl = 27117 = bl = 1)}

+ 20, L ||y — x| - N30 = x| + 2y M| x5 — X,
where

M = max{sup|lu, — x*||, sup|lv, —x*|}. (2.3)
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Note that

lyn = xu| = ||Bn(Ty xn = 1) + 60(vn — x2) ||
< Bull T xn = xu| + Enllvn — x|
< T+ L)Bullxcn = x| + S flltn — x| + |20 — x7||}
<{@A+L)Bn + 6 }llxn — X" || + 6, M
= dullxn — x*|| + 6, M,

where d,, = (1 + L), + 6,. By the conditions (iii) and (v), the following are given:

[ee)
Z(xndn < 0.
n=0

Substituting (2.4) into (2.2), we have
ll2cn = x*1* < (1= an)l|2n1 = x| + 2anknllxn = x* |1 = 2 ([l 20 — x*|))
+ 2, dn |2, — X*||* + 2(26,L + ¥n) M|2c, — x*||
< (1= an)flxns = x° |7 + 2ankn e = x*[* = 2 ([l - x°|))

+ 20y Ly = x| + (@8l + 1) { M2 + [, - x|},

and hence
. 1-ay)? . 2a . a,6,L +
ot =1 < S s = 2 = 22 e - )y + 2T g
2a,(ky — 1) + a2 + 2a,d, L + a,6,L +
:{“ R Y"}uxnl—x*n2
n

2a . a,6,L +

- A: P(lxns1 — x*|) +%-M2,
where

A, =1-2ank, - 2a,d,L — a,6,L — yy,.

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

Since a, — 0, X2 @ndy < 00, Do @6y < 00,and y, — 0asn — oo, there exists a positive

integer ng such that 1/2 < A,, <1 for all n > ny. Therefore, it follows from (2.7) that

lhw = I < {1+ 2[2an(kn = 1) + @2 + 20y L + @80l + 1] Hltus = x|

_Zand)(”xn _X*”) +2(an6nL+Yn)M2, \7’n 2 Ny,

(2.9)
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and so

llxn = x*|% < {1 + Z[Zan(kn —1) + a2 + 2tydyL + ay5,L + yn] }||x,1,1 — x|

(2.10)
+2(a,6,L + Yo) M2, ¥n > ny.
By the conditions (ii), (iv)~(vi), and (2.5), the following are considered:
ZZ[Zan(kn —1) + a2 + 2dyL + oSy L + yn] < o,
n=0
(2.11)

> 2(anbuL +y) M? < o0.

n=0

It follows from Lemma 1.9 that the limit lim,_, . [|x, — x*|| exists. Therefore, the sequence
{llxn — x*||} is bounded. Without loss of generality, we can assume that ||x;, — x> < M*,
where M* is a positive constant.

(ii) Now, we consider (2.9) and prove that x,, — x™*.

Taking 0,, = ||xp-1 — x*||, A = 2a,, and

Op = Z[Zan(kn —1) + @ + 2apd,L + a,S,L + yn]M* +2(aBuL + 1) M2, (2.12)

then (2.9) can be written as

02, < 02— 1, p(0ns1) + 0, VYn > my. (2.13)

n+l =

By the conditions (i)~(vi), we know that all the conditions in Lemma 1.8 are satisfied.
Therefore, it follows that

n“f&,”x" -x*||=0, (2.14)
thatis, x, — x*asn — oco. This completes the proof of Theorem 2.1. O

Remark 2.2. (1) Theorem 2.1 extends and improves the corresponding results in Chang [1],
Cho etal. [2], Ofoedu [3], Schu [4], and Zeng [5, 6].

(2) The method given by the proof of Theorem 2.1 is quite different from the method
given in Ofoedu [3].

(3) Theorem 2.1 extends and improves Theorem 3.2 of Ofoedu [3]; it abolishes the
assumption that T is an asymptotically pseudocontractive mapping.

The following theorem can be obtained from Theorem 2.1 immediately.
Theorem 2.3. Let E be a real Banach space, let K be a nonempty closed convex subset of E, let

T, : K - K, i=1,2,...,mbe m uniformly L;-Lipschitzian mappings with F = (", F(T;) #0,
where F(T;) is the set of fixed points of T; in K, and let x* be a point in F. Let {k,} C [1,00)



Journal of Inequalities and Applications 9

be a sequence with k, — 1. Let {a,,} and {y,} be two sequences in [0,1] satisfying the following
conditions: an + Y, < 1, for all n > 1. Let {u,} be a bounded sequence in K, and let {x,} be the
iterative sequence with errors defined by (1.16), then the following conditions are satisfied:

(i) 2o an = oo,
(i) X, a% < oo,
(iii) 3720 ¥n < 00,
(iv) Xy an(ky, —1) < oo,
(v) a,L <1 forallV n > 1, where L = max{Lq,Ly,...,Ly}.

If there exists a strict increasing function ¢ : [0,00) — [0, 00) with ¢p(0) = 0 such that
(T'x =", j(x = X)) < Kallx = x7[* = p(llc = x7), (2.15)

forall j(x —x*) € J(x —x*)and x e K,i € I = {1,2,...,m}, then {x,} converges strongly to x*.

Proof. Taking f3, = 6, = 0 in Theorem 2.1, then the conclusion of Theorem 2.3 can be obtained
from Theorem 2.1 immediately. This completes the proof of Theorem 2.3. O

Theorem 2.4. Let E be a real Banach space, let K be a nonempty closed convex subset of E, let
T : K — K be a uniformly L-Lipschitzian mappings with F = F(T) # 0, where F(T) is the set of
fixed points of T in K, and let x* be a point in F. Let {k,} C [1, 00) be a sequence with k,, — 1. Let
{an} and {y,} be two sequences in [0, 1] satisfying the following condition: a, +y, <1,V n>1, and
let {uy,} be a bounded sequence in K satisfying the following conditions:
(i) 3520 an = o0,

(i) Xyg e, < oo,

(iil) X2 ¥n < oo,

(iv) Soq an(k, —1) < 0.

V) ayL<1,Yn>1

For any xo € K, let {x,} be the iterative sequence defined by
= (1 -y — Yn)Xn-1 + anT" Xy + Yulty. (2.16)
If there exists a strict increasing function ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that
(T"x = x7,j(x = x7)) < Kallx = " = (flc = x7])), (2.17)

forall j(x —x*) € J(x —x*) and x € K, then {x,} converges strongly to x*.

Proof. Taking m = 1 in Theorem 2.3, then the conclusion of Theorem 2.4 can be obtained from
Theorem 2.3 immediately. This completes the proof of Theorem 2.4. O

Remark 2.5. In Theorem 2.4 without the assumption that T is an asymptotically pseudocon-
tractive mapping, Theorem 2.4 extends and improves Theorem 3.2 of Ofoedu [3].
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