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The authors consider the multilinear Riesz potential operator defined by Oa,m(?) (x) =

7,
[y FryD) f2y2) = fn(ym) /1 = Y1, oo, = Ym) ") Ap(y1) - - - dp(ym), where f denotes the m-
tuple (fi, f2, ..., fm), m,n the nonnegative integers withn > 2, m > 1,0 < a < mn, and p is a
nonnegative n-dimensional Borel measure. In this paper, the boundedness for the operator 9, ,, on
the product of homogeneous Morrey-Herz spaces in nonhomogeneous setting is found.

1. Introduction

Let B(x,r) denote a ball centered at x € R with radius r > 0, and for any € > 0, B(x, £r) will
mean the ball with the same center as B(x, r) and with radius ¢r. A Borel measure y on R is
called a doubling measure if it satisfies the so-called doubling condition; that is, there exists
a constant C > 0 such that

u(B(x,2r)) < Cu(B(x,7)) (1.1)

for every ball B(x,r) C R The doubling condition is a key feature for a homogeneous
(metric) measure space. Many classical theories in Fourier analysis have been generalized
to the homogeneous setting without too much difficulties. In the last decade, however, some
researchers found that many results are still true without the assumption of the doubling
condition on p (see, e.g., [1-4]). This fact has encouraged other researchers to study various
theories in the nonhomogeneous setting. By a nonhomogeneous space we mean a (metric)
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measure space, here we will consider only R¢, equipped with a nonnegative n-dimensional
Borel measure y, that is, a measure satisfying the growth condition

u(B(x,r)) <Cr" (1.2)

for any ball B(x,r) C R and n is a fixed real number such that 0 < n < d. Unless otherwise
stated, throughout this paper we will always work in the nonhomogeneous setting.

As one of the most important operators in harmonic analysis and its applications, the
Riesz potential operator I, defined by

I f (x) := J‘Rd%d‘u(y), O<a<mn, (1.3)

was studied by Garcfa-Cuerva and Martell [1] in 2001. Garcfa-Cuerva and Martell proved
that I, is bounded from LP(u) to L(u) forallp > 1and 1/q = 1/p — a/n > 0 and that I,
is bounded from L' (u) to WL™ "= (). Here LP (1) and WLP () denote the Lebesgue spaces
and weak Lebesgue spaces with measure y, respectively.

Simultaneously many classical multilinear operators on Euclidean spaces with Leb-
esgue measure have been generalized for nondoubling measures, that is, the case
nonhomogeneous setting see [3, 4]. For example, based on the work of Kenig and Stein [5],
Lian and Wu [4] studied multilinear Riesz potential operator

fi(y) f2(v2) -+ fn(ym)

@ | (x =y, x = ym) |

Dam(f ) () = f dp(yr) -+ dp(ym) (1.4)

in the nonhomogeneous case, where, and throughout this paper, we denote by?> the m-tuple
(f1, f2,---, fm), m,n the nonnegative integers with n > 2,m > 1. They obtained the following.

Proposition 1.1 (see [4]). Letm e N, 1/s=1/r1+1/r+---+1/rp—a/n>0with0 < a < mn,
1< < oo, then

(a) ifeach r; > 1, D m is bounded from L™ (p) x -+ x L™ (u) to L°(p),
(b) if r; = 1 for some i, D is bounded from L™ () x --- x L™ () to WL (p).

Obviously, it is Lemma 7 in [5] if p is the Lebesgue measure in the proposition above
and it is a multilinear setting of the result of Garcia-Cuerva and Martell [1].

In addition, in the article [6-8], we have obtained the boundedness of the operator
Dam on the product of Morrey type spaces, (weak) homogeneous Morrey-Herz spaces, and
Herz type Hardy spaces in the classical case and extended the result of Kenig and Stein. As
a continuation of previous work in [4, 6-8], in this paper, we will study the operator J,,, in
the product of (weak) homogeneous Morrey-Herz spaces in the nonhomogeneous setting.
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The definitions of the (weak) homogeneous Morrey-Herz spaces (WMK;'Z,‘ (n)
MK;’,’;‘ (u) and (weak) homogeneous Herz spaces (WK"(1))K7" (i) will be given in
Section 2, here we only point out that WMK,, () = WLP(u) and MKy, (u) = LP(u) for
1<p<on

We will establish the following boundedness of the multilinear Riesz potential
operator 9, ,, on the homogeneous Morrey-Herz spaces.

Theorem 1.2. Let 0 < a <mn, 0 < Ay <n—-a/m 0<p; <o, 1< g <oo,and\j +a/m-—
n/qi < oi <n(l-1/q;) fori =1,2,...,m. Suppose that A = Ay + -+ Ly, O = 01 + - + O,
1/p=1/p1+-+1/pm—a/n>0,1/g=1/q1+ - +1/qn —a/n >0, then

- m
9“*”( f ) ”mk;i:'q‘(w : Cl;[ I ||Mf<§f:3§ *) (1.5)

with a constant C > 0 independent 0f7.

In the case 0; = n(1 - 1/g;) fori = 1,2,...,m, we will use the weak homogeneous
Morrey-Herz spaces WMK%‘ (4) and weak homogeneous Herz spaces WKg’p(/,t) to derive
the following boundedness for the operator J, .

Theorem 1.3. Let 0 <a <mn, 0< N <n—-a/m 0<p;<landl <gi<oofori=1,2,...,m

Suppose that A = Ay +-- -+ Ay, 1/p =1/p1+---+1/pp—a/n>0,1/qg=1/q1+---+1/gm-a/n >0,
then

— m
Oa1m< f) || WMK;(qul/q)fa,,\(ﬂ) S CI_1[ ||fl ||MK;'l(l1q;1/‘h)Jx (/l) (1.6)
2 i=

with a constant C > 0 independent 0f7.

Remark 1.4. The restriction 0 < p; < 1 in Theorem 1.3 cannot be removed see [9] for an
counter-example when m =1 and n = d.

In addition, we remark that the (weak) homogeneous Morrey-Herz spaces generalize
the (weak) homogeneous Herz spaces. Particularly, MKS,’S(;L) = K;’p(//{) and WMK;‘f[g(y) =
WK;'P(//t) for 0 < p,q < oo and o € R. Moreover, we have KZ’p (n) = LT;‘(, (u), the weighted L?

spaces Lb,(u) = {f : fw € LP(u)} for 1 < p < oo and o € R, for details, see Section 2.
Hence, it is easy to obtain the following corollaries from the theorems above.

Corollary 1.5. LetO<a <mn, 1/p=1/p1+---+1/pm—a/n>0,1/g=1/qg1+---+1/qgm—a/
n>0.
) If0<pi<ow,1<gi<o,0=01++0,witha/m—-n/q <o; <n(l-1/q) for
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i=1,2,...,m. Then
|20 7)

with a constant C > 0 independent of?.
(i) If0<pi<land1<g;<oofori=1,2,...,m,then

with a constant C > 0 independent of?.

m

— m
Oa,m(f) ||WKZ(mfl/q)—a/p(l/l) < CH”fzI K;l_(l-l/qim ) (18)
i=1 '

Corollary 1.6. Let0 <a <mn,1/p =1/p1+---+1/pm—a/n>0withl <p; < o0,0 = 01+ -+0p,
witha/m—-n/p; <o <n(l-1/p;) fori=1,2,...,m, then

with a constant C > 0 independent of?.

Dem(f)

m
< CH”fl ”L"”"‘Ui ) (1.9)
i=1 x

Lo~

Throughout this paper, the letter C always remains to denote a positive constant that
may vary at each occurrence but is independent of all essential variables.

2. The Definitions of Some Function Spaces

We start with some notations and definitions. Here and in what follows, denote by By =
B(0,2%) = {x e R? : |x| < 2%}, Ex = Bi \ Bi_1, and Xk = XE, for k € Z the characteristic function
of the set Ey.

Definition 2.1. Letoc € R, 0 < p < o0, and 0 < g < oo. The homogeneous Herz spaces K;”p (1)
are defined to be the following space of functions:

K" (u) = {f e LL (R \ (0}) : | £]

KZ,P(H) < OO}, (21)

where

[es) 1/p
o= { S 271l 22)
k=—c0

and the usual modification should be made when p = oo.

Definition 2.2. Letc € R, 0 < p < oo and 0 < g < oo. The weak homogeneous Herz spaces
WK," () are defined by

WK, () = {f is a measurable function on R? and | f||,, ¢ ) < oo}, (2.3)

o
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where

o 1/p
c /
[ sugr{ > 2Pu({x € Ex: |f(x)] >y} "} , (2.4)
¥> k=—o0

and the usual modification should be made when p = oo.

Definition 2.3. Letoc € R,0 < p < 00,0 < g < oo, and 0 < A < oo. The homogeneous Morrey-
Herz spaces MKE,’; (u) are defined by

MK} (1) = {f e L]

loc

® A1) ¢ [ lakgz g < 0} (25)

where

1/p
”f"MK;,’;;(M) = iigz_km{ Z ZkaP”.ka”Lq(‘u)} ’ (2~6)
0

k=—o0

and the usual modifications should be made when p = oo.

Definition 2.4. Letc € R,0 < p < 00,0 < g < oo and 0 < A < oo. The weak homogeneous
Morrey-Herz spaces W MK, () are defined by

WMKG:; (n) = { f is a measurable function on R” and || f ||,y ssxo

oo < oo}, (2.7)

where

ko 1/p
”f”WMK‘”(‘u = supysup2 kUA{ Z zkapﬂ({x € Ex: |f(x)| > Y})p/q} ’ (2.8)
k

koE€Z =—

and the usual modifications should be made when p = oo.

3. Proof of Theorems 1.2 and 1.3

Without loss of generality, in order to simplify the proof, we only consider the situation when
m = 2. Actually, the similar procedure works for all m € N.
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Indeed, we decompose f; as

fi)= Y fin@ = X fitx), i=12 ke (3.1)

l,'=—OO li=—00

To shorten the formulas below, we set

AN ={(l, k) : h,h<k-2},

Ao={(l,b):h<k-2k-1<L <k+1},
As={(l,b):h <k-2L>k+2},

Ay={(,):k-1<l <k+1,h,<k-2},
As={(,b):k-1<1;,L<k+1}, (3.2)
Ao ={(b):k-1<h <k+1,L>k+2},

A7 ={(l, k) h>k+2,hb<k-2},
As={(,L):h>k+2,k-1<L<k+1},
Ag={(li,lp) : I, 1 > k +2}.

It is easy to see that the case for (I1,1,) € A, is analogous to the case for (I1,1;) € Ay,
the case for (I1,1;) € Az is similar to the case for (l1,l;) € Ay, and the case for (I1,l;) € Ag is
analogous to the case for (I;,1>) € Ag, respectively. Thus, by the symmetry of f; and f, in the
operator J,,, we will only discuss the cases for (I1,1) belong to A1, Ay, Az, As, Ag and Ay,
respectively.

By a direct computation, we have the following fact that, for x € Ej,

Cz—k(ana)”fll ”Ll(#) ”flz”Ll(‘u) if (I, ) € A1, Ay,
|Ou,2 (fl]lflz) (x)l < Cz(k+lz)(tl/2*7l) “fll ”Ll([l) "flz "Ll(/t) if (ll/ 12) € A3, A6/ (33)
C2 @2 fi || o il gy 3 (T 12) € Ao

We will use estimates (3.3) in the proof of theorems below. In addition, we always let 1/g =
/g1 +1/q2,1/1=1/p1 +1/p2, 1/hi =1/q; —a/2n for i = 1,2, and use the notations

Gi(s) = 2sn/al)rail - fp(g) = psln/aima/2vail 5= 2, (3.4)
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It is easy to see that 3,22, Gi(s) < oo when n(1/g; — 1) + 0; < 0, and that >,22, Ho(-s) +
>, 252, (-s) < oo when a/2 — n/qgp<l+a/2-n/q <o,

We will also use repeatedly the inequality (3, |ax|)” < >i |ax|” for0 <y < 1.

Now we are ready to the proof of Theorem 1.2. Suppose that f; x f, € MKgl‘:fi‘l‘ (p) x

MK (1), by the decomposition of f; above, we get

P2.92
ko ) p
— —koA kop
o) s =322 S 27 oD, |
ko o P vp
<sup27 0t N 2PN 005 (fi) i) | Xk (3.5)
ko€Z k=—oo I l=—co Li(p)
9
< CZUE/
2=1
where
p 1p

>0 12a2(firs fu) |x (3.6)

(hla)eNe

ko
Up=sup2iore 3 2kp
ko€Z k=—00

La(p)

To estimate the term U;, we first note that inequality (3.3) and the growth condition
(1.2) of p imply that

2 k-2
sqmmwn<zzWWthw)
i=1

L9 li=e

>0 122 (fu, fi) | xx

(h)en

-au(5(02)) 1

1

k-2
< Z o—k(n-a/2) ” fi, ||L1 (#)> (3.7)

li=—c0

2 k-2
< CH( Z o-k(n-a/2)+kn/h; "fli ||L1(/4)> .
i=1 \/

i=—00
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Hence, by the fact p < [, the Cauchy inequality and the growth condition (1.2) of u, we
can show that

2 PP
o <caprif 3 2op]( S avemonyy,, Y]
k=— !

ko€Z = i=1 i=—00

2
< Csupz—ko/\ Z 2k0’PH< Z zkn(l/qz 1)||fl "L M)> }

ko€Z k=—c0 li=—00

ko 2 k-2
< Csupz—ko)t( Z H<2ko‘, Z 2kn 1/qi— 1)||fl ”Ll(”)> }
ko€Z k=—co i=1 J—

k-2
e 3 20 )

[*e]

0 2
< Csup 2-kok { H

ko€EZ k=—o0 i=1

ko k-2 p
ccapl o 3 (S ammmopgy,, )]
k =

(3.8)

ko€Z =1 =—o0 -0

< Csup HZ kol { Z

ko€Z =1 —00 Z—*OO

. piy 1/pi
Z zkn(l/qi_1)+k0i‘[,[<B (0, 21’))1_1/% "fli ”L‘“ (/4)> }

2 ke / k-2 Py
< Csupnz—ko)q {kz <ZZ 2kn(1/‘1i-1)+k0izlin(1_l/qi)”fli”Lqi(H)> }
=—00

ko€Z i=1 i=—00

=: Csup¥11 (ko) x Ur2(ko),
ko€Z

where

ke [ k=2 piy Lpi
Vsi(ko) = 2"”"{ > < > Gilk —ll->2’f"f||fzillm<,4>> } : (3.9)
k=—o0 \lj=—o0
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In case 0 < p; < 1, using the fact n(1/g; — 1) + 0; <0, we have

ko -2

1/}71
Unilko) <2744 3 Z Gilpi(k = 1)]2""| ||m<u>}

k=—o0 lj=—c0

. " 1/}71
{5 5 ape-np i,
i=—0 +

ko—2 Vpi
< 2—ko)u( Z 21 Oipi ”fl qu(”)< Z G; [Pz(k -1 )]> }

li=—o0 k=1;+2

- 1/pi
< pkoki Z olioipi ||fz ||qu(m (ZGl(sp, >}

li=—c0 5=2

1/pi
S Cz—ko)u { Z 21 UtPt”f Xl | Lai /4)}

li=—c0

< Cllfill gz -

In case 1 < p; < oo, using the Holder inequality, we get

Kk [/ k=2 Py P
Uli(ko) — 2—k0)Li { < Z Gi(k - li)zligi ||fli "th‘ (ﬂ)> }
k I

=—00 j=—00

ko pi-1 1/}’1’
< Z‘ko)"{ Z < Z Gz(k—l)zl alpl”fl L’h(y)> < Z Gl(k_l)> }
k=-o \lj=— li=—o0

k[ k=2 o p1) /P
< 2-koki {k_z <I_Z (k= 1; )21 ioipi ||fl ||Lm(#)> <ZZG1'(S)> }

ke / k=2 Vi
sawfz(zcwwwwmm@}
k=—

ko

o 1/pi
< C2 kol Z Z k = 1)2"P| £, “L%(/t)}

= o0 k=l;+

1/pi
ccrel S, (o))

< Cllfill gz
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In case p; = oo, recalling the definition of Morrey-Herz spaces we get

k-2
U1i(ko) = 2—k0)u'sup{ sup 2li0'i "fli ”L‘?i(,u) < Z Gl(k - ll)> }
l,‘Z—OQ

k<ko \ lisk-2

< Cz_ko)t,-sup{ sup 21,-6:‘ ||fl,- ”Lqi (W) <ZGi(S)> }
k<ko \ lik-2 =2
(3.12)
< C2 koki Sup{ sup 2l ”fli ” Lii () }
k<ko | li<k—2

< Cz—kolisup 2 (k=2)4; ”fl
k<ko

< C||fi||MI‘<§§,’;,‘,."(/4)'

ez

Therefore, for any 0 < p; < co, we have obtained that

Uy < Csup Ui (ko) x Ura(ko) < C||f1||MK;11:311(#)||f2||MKczrkz(#)- (3.13)

ko€Z P2/92

For U,, by the growth condition (1.2) of y, inequality (3.3) and the Cauchy inequality,
we use the analogous arguments as that of U; to deduce that

ke / k-2 piy /e
U, < Csup 2-’%{ > < > Gi(k —1)2" | £, ||m<m> }

ko€Z k=-00 \lj=—o0

ko k+1 p2y Vp2 3.14
« 2—ko/\z{ Z < Z G (k - 12)21202 ”flz ”qu(‘u)> } ( )

k=-00 \L=k-1

= Csup 021 (ko) X Uzz(ko).

ko€Z
We observe that Uy (ko) is equal to Uy1(ko), and so we have

U2l(k0) S C”fl”MK;l,;]l(‘u) (315)

with a constant C independent of k.
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For Uy (kp), noting that 1 < g, one can see easily that

ko k+1 P2 1/p2
Un (ko) = z—koAz{ Z < Z Z(k—lz)n(l/q2—1)+koz”flz||mz(”)> }

k=—o00 \l=k-1

ko k+1 Py
_ 2—ko)tz { Z zkozpz < Z 2(k—lz)n(1/qz—1) ”flz ”qu ([4)) }

=—00 lz:kfl
kol k() r 1/P2 (316)
<C2® 2{ D2 "2”2||f2X{2k2<|-s2k+11(')||'§z(ﬂ>}
k=-—c0
ko+1 1/P2
< Cz_ko)tz{ Z 2konp: ||f2x1<| ,Iiiz (#)}
k=-—c0
< Cllfallxgzizgn
with a constant C independent of k.
Combining inequalities (3.15) and (3.16), we obtain
Uz < Csup Ui (ko) x Una (ko) < Cllfllyygens o 1f2ll rezz - (3.17)

ko€Z

For U3, by using the growth condition (1.2) of p, estimate (3.3), and the Cauchy
inequality, we obtain

ko k-2 P
Us < Csup 2—k0)L{ Z 2k0p< Z p-k(n—a/2)+kn/h ”fh "L1(;4)>
L

ko€Z k=—c0 =

) py1/p
><< Z 2—lz(n—a/2)+kn/hz”flz”Ll(M)> }

lz=k+2

ko k-2 !
S C Sup Z—kg)n{ Z 2k0‘l < Z 2_k(7’l—u/2)+kn/hl ||j-’l1 ”L1 (M)>
kL

ko€Z k=—o0 =—0

- 1 /1
><< Z 2—lz(n—a/2)+kn/hz”le”Ll(M)> }

lz=k+2
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ko k-2 i
< Csup 2—ko)u1{ Z 2k01p1< Z Zkﬂ(l/ql—l)"fl1 ||L1(;4)> }

ko€Z k=—o0 lj=—c0

ko © P
" 2—k0/\2 { Z 2k0’2p2 < Z 2—lz(n—u/2)+kn/h2 ||f12 ||L1 > }
> 2, ()

ky /[ k=2 Py t/p
< Csup 2=koks { Z < Z Gi(k - 11)2110-1 ||fl1 “L'h (m) }

koeZ k=—00 \lj=—0

ko 0 Sk
Xz—ko/\z{ Z < Z Hz(k_12)21202"flz||L‘12(ll)> }

k=-0 lzzk+2

=: Csup Uz1 (ko) x Usz(ko). (3.18)

ko€Z
NOtil’lg that 031 (ko) = 021 (ko) = 011 (ko), by (315), we get

Usi(ko) <C|| f1 ”MK;’;;;; w® (3.19)

with a constant C independent of k.
As for Usz(kg), we can also write

ko ko p2y 1/p2
Uz (ko) SZ_kOAZ{ > < > HZ(k_12)21202||flz||L'72(ﬂ)> }

k=—00 \L=k+2

ko o p2y V/p2 (320)
+2—ko)»z{ Z < Z Hz(k _ lz)zlzmllﬁzllmz(‘u)> }

k=—00 12=k0+1

= UL, (ko) + Uy (ko).

Now, we estimate U3, (ko) and U3, (ko), respectively. For U3, (ko), using similar methods
as that for Uy;(ko), we consider the following three cases.
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If0<p, <1, thefacta/2-n/g, < Ay + a/2 —n/g < 0, implies that

ko ko Vp2
U;z(kO) < 2’ko/\2 Z Z H2 [pZ(k 12)]21202P2 ||flz “[ﬁz (/4) }

k=—00 L=k+2

A 1/p2
<otl 3N Hy[pa(k - ) 212"2”2||fzzllm<m}

h=-—00 k=—0

(3.21)

" 1/p2
D T <ZH2<‘S’”’>}
5=2

lz——OO

ko

1/p2
< Czko)nz{ Z 2120'2PZ ||flz| L2 4) }

bh=-o0

S C”fZ”MKZg,ﬁzZ(#)'

If 1 < py < oo, the Holder inequality and the fact a/2 —n/g, < 0, yield that

ko ko P2y VP2
o< 2] $ (% o2l ilng) |

k=—o00 \lb=k+2

ko L-2

1/p2
Z Hy(k - 1)22772 || f,, ”qu(#)}

Ih=—c0 k=—00

koo d Loops — _ 1 (322)
sC Z 2 ”.f |qu ZHZ( s)
s=2

< Cz—kolz

lz——oo

ko 1/p2
< 2 Koz Z 2hoap2 ”fl2 1) }

< Clllmrgzizgo-



14

If pr = o0, we get
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ko
Uk (ko) <27%supd 3" Hy(k - )22 | fzzllm(m}
k<ko \ =k+2
ko S
< 2~ Ko ZSup SUlezo'z ”flz ”qu( ) Z Hz(k - l2)
"
k<ko | la<ko L=k+2 (3.23)
< 27koka 2kola . " Fy (-
<2sup 20| oll e ( 2Ha(-2)
S C||f2||M1'<,‘,’§;§22(y)‘
Thus, we get
Vs (ko) < Cllfal pygene (3.24)
paaz (1)
with a constant C independent of k.
For Z)%Z(ko), by the facta/2 -n/q, <\ + a/2 -n/q, < 0, we have
ko - p2y /P2
V2, (ko) < 2-’<0*2{ > < > Ha(k=1)2"% || fi,|| (#)> }
k=-o0 12:k0+1
B . 1/p2 ] P2 1/p2
0 o0 2
< 2 ko2 Z Z Hy(k-1p) < Z 2J02p2 ||f2Xj| ’Z%;z(ﬂ)>
k=—o0 | h=ko+1 j=—
ko o p2y 1/p2 (3.25)
se { 2 [ 2, Hak=L)2"" | foll g (#):I }
k=—00 12:k0+1
ko 1/pe 0
< C"f2||MI'<"2’A2(/1)2_kO)L2 Z Ha (kp2) Z 2% Hy (1)
P k=—c0 b=ko+1
< C”fZ"MK;’;j; W
Therefore, the inequality above and inequalities (3.19), (3.20), and (3.24) yield
03 S C”fl ||MK;'11//;11 (‘M) ||f2 ”MK”Z')LZ (/’l)' (326)

P2.92

To estimate the term Us, using Proposition 1.1, the L9-boundedness for J,,, we obtain

”9a,2(fllflz)Xk”m(y) S C”fh ”L‘h ) ”flz ||L‘72(;4)'

(3.27)
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Thus, a similar argument shows that

ko€Z (hl)€As

ol rol k+1 ! k+1 nY
<Csup2™ 2% ’ )
ez Z <hz_1”f s “”) <h§_1”f el “"> (3.28)

k+1 piy L/pi
<Csup2” kMH{ Z 2k0]p‘< Z | fi ”L‘My)) }

ko€Z

py /p
ko
05 Ssupz—ko)t{ Z 2kO'P< Z "0u,2(fllrflz)xk”Lq(”)> }
k=-—c0

<C|lfi ”MKZ%L)H] W || f2 ”MK?ZZ,';;ZZ(M)'

For U, by condition (1.2) and inequality (3.3), we have

ke [/ kil Py e
U < sup 2~koki { Z < Z Gy(k- 11)21101 ||fll ||th (ﬂ)> }

ko€Z k=-c0 \Ii=k-1

ko © Py 12 (3 29)
Xz_km{ 3 ( > Hz(k—12)21202||flz||m2(ﬂ)> }

k=— L=k+2

=: sup Us1 (ko) x Ugz(ko) < C”fl”MK"l *1(,4)||f2“M1<"2*2

ko€Z #)

Finally to estimate the term Uy, by the Holder inequality, condition (1.2), and inequal-
ity (3.3), one sees that

ko oo Py /P
Uy < supz—ko)ﬂ{ Z < Z Hl(k—11)21101||f11||L41(”)> }

ko€Z k=—00 \l1=k+2

N /oo AN (3.30)
XZ_km{ 3 < > Hz(k—12)21202||flz||m(ﬂ)> }

k=— Lh=k+2

=: sup Uy (ko) x Ugp (ko) < C”fl”MKUl ‘1(,4)||f2||M1<"2 I

ko€Z P22

Combining all the estimates for U; fori =1,2,...,9, we get

||9a,2(fllflz) ”MKGq(‘u) < C”fl "MK"1 Pt ||f2 “MK"2 22 ()" (3.31)

P2492

This is the desired estimate of Theorem 1.2.
The proof of Theorem 1.2 is completed.
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Next we turn to the proof of Theorem 1.3. Let fi, f> be functions in MK P 1/q)h (1)

pPLq
and MKZZ(lqzl/qﬁ A (u), respectively. Obviously, to prove the theorem, we only need to find a

constant C > 0 independent of7> such that

2wl >or)) )

< C”fl ||MK;1(:1]/’71M1 () ||f2 ”MK;'Z(:;/PZ""Z )

ysup2- kO)L{ Z okn(2- 1/g)p‘u<{x cE -

ko€Z

(3.32)

for all y > 0.
By the decomposition of f; above, we get

kot o ka-1/g) /q}l/p
ysup2 {kz 2 gpy({x € Ex: C)(x)| > 9}/})

ko€Z -

1/p

ko o p/q
< CY sup 2—kol{ Z 2kn(2—1/8)r’#<{x € Ek . Z IO,,,,Q(fll,flz)(x)I > 9Y}> }

ko€Z k=—o0 li=—o0

9 9
< Z<Ysup2 kOAG(z(ko)> = CY A,
=1

/=1 ko€Z
(3.33)

where

1/p

ko p/q
Gelko) = Z 2kn(2—1/g)lf"u<{x € Ey : Z |Oa,2(f11,f12)(x)| > Y}> . (3.34)

k=—00 (I1,)eNe

Similar to the proof of Theorem 1.2, we only need to estimate H1, Ho, H3, H5, Hs, and
Hy, respectively.
For &#;, using the Chebychev inequality, the Hoélder inequality, (1.2), and (3.3), we

obtain
1/q
l,{<{x€Ek: Z |9a,2(f11/f12)(x)|>Y}>
(hl2)eA

<Cy” 1H< Z pn(li=k) (1~ 1/q,)||ﬁ ”m(#)>

li=—0

(3.35)
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Therefore, the facts | < p, 0 < p; < 1 and the Cauchy inequality imply that

2 ko k-2 1/pi
<] [upr| 3 S 2, )

i=1 ko€Z k=—00 li=—c0

: ko ko o 1/pi (3.36)
S CH”fi”MK”_“fl/qi),Ai(#)SUpz_ 0 E 2 (k=2)Aipi

=1 Pifdi koEZ =

< Cllfillysgrans g I follggasvmn

Now, we consider the estimate of the term &#,. Using a similar argument as that of #1,
we can deduce that

ko k-2 Py /e
H, < Csup 2—ko)t1{ Z okn(1-1/q1)p: < Z zn(ll—k)(l—l/%)"fll ”L‘ﬁ (ll)> }

ko€Z k=—o0 li=—c0

ko k+1 p2y 1/p2
x 2—kQ)Lz{ Z 2kn(1—1/qz)pz < Z Zn(lz—k)(l—l/qz) ”flz ”qu (#)> }

k=-o0 l=k-1

on | &S nacra) P o 537
_ — 1
< Csup2ohf N % ohn-Vap £ ||L‘71(/4)

ko€Z k=—00 l;=—c0

k0+1 1/p2
« zko)lz{ Z 2RnA-1/42002 || £ x| quz( )}
U

k=—

<C|lfx ||MK;Sq—11/q1>,.x1 W ||f2||MK;lz(1'q—21/q2),Az W’

as desired.
To estimate 3, we point out the fact

2 1/q
ﬂ<{erk: > D a2 (fur fr) ()] >Y}>

11=*00 12=k+2

(3.38)

k-2 =
< CY-1< Z 2n(ll—k)(]—l/q1)||fll”qu (u)>< z(lz—k)(zx/z—n/qz)||ﬁz||Lq2(”)>.
I L=k

=—00 2= +2
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So we can show that

ko k-2 Vp
#3 < Csup 2—k0/\1{ Z Z 21111(1—1/‘11)}’71 ||f11| ’Z}n (‘u)}

ko€Z k=—c0 l1=—c0

ko o0 1/p2
« DKok { Z Z 2 (=k)(a/2-n)p2+ln(1-1/q2)p2 ”flzl ﬁz(‘u) }
k=—00 l=k+2

=: Jé3l(k0) X O[ZSZ(kO)‘

(3.39)

From the estimates of #1, we know #3; (ko) < C|| f1]] MRV, SO We only need to
P11

show that #3; (ko) < C||f2“MK;2(1,‘;21/42),/\2(ﬂ).
For #3;(ky), we write

1/p2
ko ko
J€32(k0) S 2—k0/\2 { Z Z 2(12-]()(R/Z—H)p2+lzn(1—l/q2)p2 ”flz | ’17;2 (‘u) }

k=—c0 I=k+2

k() [ee] 1/p2
2{ > S et | >}
2
k=-0 12:k0+1 "

= H1, (ko) + H2, (ko).

First, the fact 0 < a < 2n yields that

_ 1/P2
k() lz 2
‘%éz(ko) < 27kodz Z Z 2(12—k>(a/z—n)pz+lzn(1—1/qz>pz||f12| ﬁz(#)}

lh=—c0 k=—c0

ko [ee] 1/Pz
< 2-kokz J Z ohbn(1-1/4:)p: ||flz| quz ® <225(a/2—n)p2> }

122—00 5=2

< C||f2 ||MK:2(}UI—21/q2),,\2 W

(3.40)

(3.41)
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Second, the fact 1, < n —a/2 implies

1/p2
ko 0
J%Z(ko) < 2—ko)~2{ Z Z 2(lz—k)(u/Z—n)PZZZzn(l—l/‘h)Pz ||flz| ’Igjiz(‘u)}

k=-c0 12:k+2

k=—c0 Lb=k+2 j=—

1/p2
ko © I
il § 8 awvn( S,
(3.42)

ke - 1/p2
< C”f2 ||M1’<;’£‘;21/qz),,\2 (ﬂ)Z_kD)‘Z { Z Z 2(a=k)(a/2-m)p2 9l }

k=-0 12:k+2

< C”f2 ||MK;'£;21/‘72)"‘2(“),

as desired.
To estimate the term 5, by Proposition 1.1, the weak L7-boundedness for J,,, we
obtain

”Oa,Z(fllflz)Xk”WLq(‘u) < C”fh ”M (#)”flz”qu(#)' (3.43)
Similar to the estimates of Us, we have

ko

py 1/p
J€5§Csup2_k“ szn(z_l/g)p Z ”fll”L‘?l(y)”le”L‘iZ(y)>

ko€Z k=-0 (ll,lz)EAs

) K a1 piy /pi (344)
< CSup Hz—km\i{ Z 2kn(1—1/qi)P,-< Z ||fli ||L4i (#)> }

ko€Z: i=1 k=-c0 li=k-1

< Clfllpgrmns o L2 ll pggmne -
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For H#¢, we obtain

ko kil Pyt
He < Csup 2—ko)t1{ Z 2kn(1—1/‘11)P1< Z zfl(ll—k)(l—l/l]l)"fll ”qu (ll)> }

koeZ k=-c0 li=k-1

ko oo P2 1/p2
ol § s § oo, Y]

k=-0 L=k+2

5 v (3.45)
< Csup2-otiy 372k Vam | £ |7 )
ko€Z k=—o0 H

ko =3 1/p2
x Z—ko)tz{ Z Z 2 (L=k)(a/2-n)p2+ln(1-1/42)p> ”flz ”FEZ( )}
k=—ool=k+2 a

< CllAN g o 2 llsigsm -

Finally, we have to estimate the term #y. It can be deduced that

kU [e'e] Pl 1/p1
Hy < sup 2—ko)»1{ Z 2kn(1—1/¢11)P1< Z 2(11—k)(06/2—n/111)||fl1 ”qu (”)> }

ko€Z k=—c0 L =k+2

f 2 e (3.46)
B 3 L

k=—co L=k+2

=: sup Ho1 (ko) x Hoz(ko) < C|| f1

koeZ ”MKgllié}f () 172 ”MK;Z,';ZZ "

Here the estimate of o (kg) and g, (ko) is similar to that of 3, (ko).
Finally, a combination for the estimates of #; (i = 1,2,...,9) finishes the proof of
Theorem 1.3.
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