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We obtain global weighted Caccioppoli-type and Poincaré inequalities in terms of Orlicz norms
for solutions to the nonhomogeneous A-harmonic equation d*A(x, dw) = B(x, dw).

1. Introduction

The LP-theory of solutions of the homogeneous A-harmonic equation d*A(x,dw) = 0 for
differential forms has been very well developed in recent years. Many LP-norm estimates
and inequalities, including the Hardy-Littlewood inequalities, Poincaré inequalities,
Caccioppoli-type estimates, and Sobolev imbedding inequalities, for solutions of the
homogeneous A-harmonic equation have been established; see [1-11]. Among these results,
the Caccioppoli-type inequalities and the Poincaré inequalities for differential forms have
become more and more important tools in analysis and related fields, including partial
differential equations and potential theory. However, the study of the nonhomogeneous
A-harmonic equation d*A(x, dw) = B(x, dw) just began [4, 6]. Roughly, the Caccioppoli-type
inequalities or estimates provide upper bounds for the norms of Vu or du in terms of the
corresponding norm of u or u—c, where u is a differential form or a function satisfying certain
conditions. For example, u may be a solution of an A-harmonic equation or a minimizer of a
functional, and c is some constant if u is a function or a closed form if u is a differential form.
Different versions of the Caccioppoli-type inequalities and the Poincaré inequalities have
been established during the past several decades. For instance, Sbordone proved in [12] the
following version of the Caccioppoli-type inequality:

A(|dul)dx < CJ[BRA<|u_—RuRI>dx (1.1)
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for a quasiminimizer u of the functional F(£;v) = fg A(|dv|)dx, where A is a continuous,
convex, and strictly increasing function satisfying the so-called A,-condition, By is a ball with
radius R > 0, and ug = J(BR” dx; see [12]. Using the above Caccioppoli-type inequality, Fusco
and Sbordone obtained in [13] the higher integrability result

A (|dul)dx < c(f A(|du|)dx> (1.2)
Br

Bgr/a

for the gradient of minimizers of the functional I(Q;v), where r > 1 is some constant. In
[14], Greco et al. studied the variational integrals whose integrand grows almost linearly
with respect to the gradient and the related equation div A(x, f + Vu) = 0, where A is slowly
increasing to oo. For instance, A(t) =log”(1+1t), a >0, or A(t) = log log(e + t). They proved
that the minimizer u subject to the Dirichlet data v satisfies the estimate

I |Vu| A€ (|Vu|)dx < CI |Vo| A% (|Vo|)dx (1.3)
Q Q

at least for some small € > 0. In [15], Cianchi and Fusco investigated the higher integrability
properties of the gradient of local minimizers of an integral functional of the form J(u, Q) =
fQ f(x,u,du)dx, where Q is an open subset of R”, n > 2, and f is a Carathodory function
defined in Q x RN x R™Vsatisfying some growth conditions. Using a new form of the
Caccioppoli inequality and some other tools, such as the Sobolev inequality and a generalized
version of the Gehring lemma, they proved that if u is a local minimizer of J(u, Q), for
Qo cC Q there exists 6 > 0 such that

5
A(ldu)) <M> dx < oo, (1.4)

Q |du]

where A satisfies the so-called A,-condition. However, all versions of the Caccioppoli-type
inequality developed or used in [12-15] are about the minimizer u of some functional. In this
paper, we will prove the Caccioppoli-type inequalities and the Poincaré inequalities with the
L3 (log L)*-norm for differential forms satisfying the nonhomogeneous A-harmonic equation.
The method developed in this paper could be used to establish other L®(logL)"-norm
inequalities for solutions of the homogeneous A-harmonic equation or the nonhomogeneous
A-harmonic equation.

Throughout this paper, we always assume that €2 is an open subset of R”, n > 2. The n-
dimensional Lebesgue measure of a set E C R" is denoted by |E|. We say that w is a weight if
w € Llloc(]R”) and w > 0 a.e. For 0 < p < oo, we denote the weighted LP-norm of a measurable
function f over E by ”f”p,E,w“ = (fE |f(x)|’”w"‘(x)dx)1/iﬂ, where « is a real number. We write
I pE = LA p,E 06 if w = 1. A continuously increasing function ¢ : [0,c0) — [0,00) with
©(0) = 0 and ¢(o0) = oo is called an Orlicz function. The Orlicz space L¥(£2) consists of all
measurable functions f on € such that

|f1
IQ¢<T>dx< o0 (1.5)
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for some k = k(f) > 0. L?(L2) is equipped with the nonlinear Luxemburg functional

I, = inf{k>0:|15|fg<p<|ikl>dxg1}. (1.6)

A convex Orlicz function ¢ is often called a Young function. If ¢ is a Young function, then
| - [l, defines a norm in L¥(€2), which is called the Luxemburg norm or Orlicz norm. The
Orlicz space L¥(Q2) with ¢(t) = t’log”(e + t/c) will be denoted by LP(logL)*(€2) and the
corresponding norm will be denoted by || |1 (1og1)*(@), Where 1 < p < o0, @ > 0, and ¢ > 0
are constants. The spaces L¥(log L)O(Q) and L' (log L)1 (Q) are usually referred as L7 (£2) and
Llog L(Q2), respectively. From [16], we have the equivalence

P a |f| v
”f”LP(logL)“(Q) = <f9 |f| lOg <e+ ”fllp,Q)dx) . (17)

Similarly, we have

i o
”f”U’(logL)”‘(Q,y) = <J | f|Plog" <3 + >dﬂ> , (1.8)
Q IA1l,q

where p is a measure defined by du = w(x)dx and w(x) is a weight. In this paper, we simply

write
£ v
”f”LP(logL)“(E,w“) = (I |fPlog® (e + >w“dx> , (1.9)
E I, e

and || fllzraogry*(e) = I fllLr (og Ly*(E,1), Where w is a weight.
We keep using the traditional notations related to differential forms in this paper. Let
A? = A*(R") be the linear space of the ¢-covectors on R”, ¢ =1,2,...,n. It is a normed space

of dimension <Z> A differential ¢-form w on Q is a Schwartz distribution on Q with values

in A?(R"™). We write D'(Q, A?) for the space of all differential ¢-forms and L?(Q, A) for all
f-forms w(x) = Xy wr(x)dxy = 3, wiyiyei, (X)dxi, A dxiy, A -+ A dx;, with wy € LP(Q, R) for all
ordered #-tuples I. Thus, LP (€, A) is a Banach space with norm

1/p p2 \ VP
el = ([ woeorax) - <fg (lef(x)l2> dx> . (110)
1

We use LP (log L)* (R, A’) to denote the space of all differential ¢-forms u on Q with

1/p
u
2l og 1y (@) = f [ulPlog” 6+L dx < oo. (1.11)
Q ||u||p,Q
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We use d : D'(Q,AY) — D'(QA*!) to denote the differential operator and d* :
D'(Q, A1) — D'(Q, A®) to denote the Hodge codifferential operator given by d* = (—1)"1+1 *
dx on D'(Q,A*1), ¢ = 0,1,...,n. Here  is the well-known Hodge star operator. We use B to
denote aball and 0B, ¢ > 0, is the ball with the same center as B and with diameter o diam(B).

A differential form u is called closed if du = 0 and a differential form v is called coclosed if
dov=0.

Definition 1.1. Let A : QxA°(R") — A?(R") and B : QxA*(R") — A*1(R") be two operators
satisfying the conditions:

A&l <algl™, A8 -¢2 P, [B(xé) <blElf (1.12)

for almost every x € Q and all ¢ € A?(R"). Then the nonlinear elliptic equation
d*A(x,dw) = B(x, dw) (1.13)

is called the nonhomogeneous A-harmonic equation for differential forms. Here a,b > 0 are
constants and 1 < p < oo is a fixed exponent associated with (1.13).

We should notice that if the operator B equals 0 in (1.13), then (1.13) reduces to the
following homogeneous A-harmonic equation, or the A-harmonic equation:

d*A(x, dw) =0, (1.14)

which has received much investigation during the recent years; see [3, 5, 7-11]. A solution to
(1.13) is an element of the Sobolev space Wllof (Q, A®1) such that

f A(x,dw) -dp + B(x,dw) -9 =0 (1.15)
Q

for all ¢ € w7 (Q, A*1) with compact support. The solutions of the A-harmonic equation

loc
are called A-harmonic tensors. For any differential form w defined in a bounded and convex

domain D, there is a decomposition

w=d(Tw)+T(dw). (1.16)
Using the operator T, we can define the I-form wp € D'(D, A®) by

wp = |D|_1f w(y)dy, €=0, and wp =d(Tw), ¢=1,2,...,n, (1.17)
D

forall w € LP(D,A%), 1 < p < oo. It is known that up is a closed form. Hence, u — up is still a
solution of (1.13) whenever u is a solution of (1.13).
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2. Preliminaries

The purpose of this section is to establish some preliminary results that will be used in the
proof of our main theorems. In [6], the weighted Poincaré inequality for solutions of the
nonhomogeneous A-harmonic equation was established. From [7], we have the following
local Poincaré inequality.

Lemma 2.1. Let u € D'(Q, A°) be a differential form in a domain Q C R" and du € L(Q,A**Y),

£=0,1,...,n Assume that 1 < s < oo. Then

e = usllyp < CIBI"™ |l op (2.1)

for all balls B with cB C Q. Here C is a constant independent of u and ¢ > 1 is some constant.
From [7], we have the following local Caccioppoli-type inequality.

Lemma 2.2. Let u € D'(Q,A!), 1 =0,1,...,n, be a solution of the nonhomogeneous A-harmonic
equation (1.13) in a domain Q C R™ and let p > 1 be some constant. Assume that 1 < s < oo is a fixed
exponent associated with the A-harmonic equation (1.13). Then there exists a constant C, independent
of u, such that

ldullyp < CIBI™ "l = ¢l (2.2)

for all balls B with pB C Q and all closed forms c.

The following weak reverse Holder inequality appears in [7].
Lemma 2.3. Let u be a solution of (1.13) in Q and 0 < s, t < oo. Then there exists a constant C,
independent of u, such that

el 5 < CIBI™" 1l o5 (2.3)

for all balls or cubes B with oB C Q for some ¢ > 1.
Now, we prove the following local Orlicz norm estimates.

Proposition 2.4. Lef u be a solution of (1.13) in Q, a >0, 0 >1,and 1 < p < co. Then there exists
a constant C, independent of u, such that

Bl 1p (10g )78y < Clltll i og Ly (oB)- (2.4)

1 = uBllr og 1y=8y < Cllu = Clltrog 1) (o) (2.5)

for all balls B with 0B C Q and diam(B) > dy. Here dy > 0 is a constant and c is any closed form.
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Proof. Let B C Q be a ball with diam(B) > dy > 0. Choose € > 0 small enough and a constant

M large enough such that |B|/?" < M. From Lemma 2.3, we have

||uB||p+£B < C1|B|(p (P+e))/P(rl+s)”u ”

(2.6)

for some ¢ > 1. Similar to (3.4) in the proof of Theorem 3.1, we may assume that

|ug|/||lusllp,s > 1 on B. For above € > 0, there exists C, > 0 such that
£
log®( e + lus| '\ . C |us|
lusll,5 /) ~ llusll,,o8
From (2.6) and (2.7), it follows that
] w
u gy = uglPlog®( e + ——21— )dx
18| r (og )" (B) <IB| s[’log < ||uB||p,B> >
1/p
<Cs —I lug|P*dx
luslly,on
1/(p+e)
() ™)
llusll, o,

Cy

<t
sl

(p+e)/p

<|B|(P—(P+€))/p(p+s) ||MB||,, aB) (p+e)/p

2
< CslBI™/" |[upll, -
From [17], we know that
”uB”p,oB < Céllu”p,O'B'

Putting (2.9) into (2.8) and noting that

; Jul
lo e+ >1
& < lull, o

Bl gog ye () < Crllully,op < Cslltllir og 1) (oB)-

for « > 0, we obtain

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

This ends the proof of inequality (2.4). If c is a closed differential form, from (1.16) and (1.17),

we find that

c=dT(c)+T(dc) =dT(c) = cs.

(2.12)
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Applying triangle inequality and (2.4), we conclude that

flu— uB”LP(logL)"(B) =||(u-c) - (up - CB)”LP(logL)“(B)
=|[(u—-c)—(u- C)B”LP(logL)“(B)
<Hlu = cllipog ) + 11 = )pllrgog 1) (5) (2.13)
S Nl =cllpogry=) + Coll = el aog 1y (o)

< Cyllu— C”LP(IogL)“(oB)

for any closed form c. The proof of Proposition 2.4 has been completed. O
Next, extend the weak reverse Holder inequality above to the case of Orlicz norms.

Lemma 2.5. Let u be a solution of (1.13) in Q, 0 > 1,and 0 < s,t < oo. Then there exists a constant
C, independent of u, such that

22l s og Ly=(B) < C|B|(t_S)/St”u||Lt(log L) (oB) (2.14)

for any constants a > 0 and B > 0, and all balls B with B C Q and diam(B) > dy > 0, where dy is a
fixed constant.

The proof of Lemma 2.5 is similar to that of Proposition 2.4. For completeness, we
prove Lemma 2.5 as follows.

Proof. For any ball B ¢ Q with diam(B) > dy > 0, we may choose ¢ > 0 small enough and a
constant C; such that

|B|™*/s! < C. (2.15)

From Lemma 2.3, we have

1l g5 < Cal B E D ug], o (2.16)

for some ¢ > 1. Similar to (3.5) in the proof of Theorem 3.1, we may assume that |u|/||u||:z > 1
on B. For above ¢ > 0, there exists C3 > 0 such that

log” e+ﬂ <Cz [ ) (2.17)
[l Il 8
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From (2.16) and (2.17), we have

1/s
|ul
[l2el| s “py = f'”lsloa e+ Jdx
L(log L)*(B) 5 & llulls 5
1/s
= <||u|| J, '”'(W)dx)
t,oB
1/(s+e) (s+e)/s (2.18)
< ™ ||‘€/S <<I |u |S+de> >

t,ocB

C <| |(t (s+£))/t(s+s)” ” >(S+E)/S
"l
t,oB

t—s—. t
< Co|BI" lu|, o -

From (2.15) and (2.18) and using logﬂ(e + |ul/||ulltoB) > 1, p > 0, we obtain

= o
,0

1/t
< C7|B|(t—s—€)/st f |u|tlogﬁ e+ |u| dx
oB llulleon (2.19)

f—5— t
< C7IBI" ™ lull s gog 1y o5)

2l s qog £y=(B) < ColBI

t— t
< Cg|B|*)/ ||”||Lt(1ogL)ﬂ(aB)'

This ends the proof of Lemma 2.5. O

Using a similar method developed in the proof of Lemma 2.5 and from Lemma 2.9 in
[6], we can prove the following version of the weak reverse Holder inequality with Orlicz
norms. Note that the following version of the weak reverse Holder inequality cannot be
obtained by replacing u by du in Lemma 2.5 since du may not be a solution of (1.13).

Lemma 2.6. Let u be a solution of (1.13) in Q, 0 >1,and 0 < s, t < co. Then there exists a constant
C, independent of u, such that

el 0 £y < CIBIE el g 1t o) (2.20)

for all balls B with cB C Q and diam(B) > dy > 0. Here d is a fixed constant, and a > 0 and > 0
are any constants.
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It is easy to see that for any constant k, there exist constants m > 0 and M > 0, such
that

mlog(e +t) < log<e + i) < Mlog(e+t), t>0. (2.21)

From the weak reverse Holder inequality (Lemma 2.3), we know that the norms ||uls s and
|lu||p are comparable when 0 < d; < diam(B) < d, < oo. Hence, we may assume that 0 <
my < ||ullsp < Mi < oo and 0 < my < ||ullgp < Ms < oo for some constants m; and M;, i =1,2.
Thus, we have

Cilog(e + |ul) < log<e + > < Cylog(e + |ul),

(2.22)

Cszlog(e + |ul) < log<e + — ) < Cylog(e + |ul)

for any s > 0 and t > 0, where C; is a constant, i = 1,2, 3,4. Using (2.22), we obtain

| | 1/s | | 1/s

S a S a u

Cs J [u’log”™( e + dx < ||u||L5(10gL)a(B) < Cg f |u|’log™( e + dx ,
B llull, 5 B lull, g

(2.23)

1/t
||
(log L)" (I lu|'log® < T dx < Csllullrog £)*(B) (2.24)
S,

for any ball B and any s > 0, t > 0, and & > 0. Consequently, we see that ||u||1s 10 1)7(B) < o0 if

and only if
u v
f |ul’log” dx < co. (2.25)
" lle5

We recall the Muckenhoupt weights as follows. More properties and applications of
Muckenhoupt weights can be found in [1].

Crllullpe

Definition 2.7. A weight w(x) is called an A,(E) weight in a set E C R" for r > 1, write

w € A,(E), if
1 1 1\ /-1 (r-1)
il _— — 2.26
sup (g L“’dx)<|3| [(5) @) <= (220)

for any ball B C E.
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We will need the following reverse Holder inequality for A, (E)-weights.

Lemma 2.8. If w € A,(E), r > 1, then there exist constants k > 1 and C, independent of w, such
that

1-k)/k
1wl < Clg|" ™ wl o (2.27)

for all balls or cubes Q C E.

3. Caccioppoli-Type Estimates

In recent years different versions of Caccioppoli-type estimates have been established; see
[1,2,4,12-15,17-19]. The Caccioppoli-type estimates have become powerful tools in analysis
and related fields. The purpose of this section is to prove the following Caccioppoli-type
estimates with L? (log L)*-norms for solutions to the nonhomogeneous A-harmonic equation.

Theorem 3.1. Let u € LF(logL)"(Q, A%),€=0,1,...,n—1, be a solution to the nonhomogeneous
A-harmonic equation (1.13) in Q C R". Then, there exists a constant C, independent of u, such that

-1
e rog 1y 8y < CIBI™ "l = cllirog 1y (oB) (3.1)

for some constant o > 1 and all balls B with cB C Q and diam(B) > dy > 0. Here dp, 1 < p < o
and a > 0 are constants, and ¢ € LP (log L)*(Q, A°) is any closed form.

Proof. Let B C Q be a ball with diam(B) > dy > 0. Let € > 0 be small enough and a constant
C; large enough such that

IB'7 < C;. (3.2)

Applying Lemma 2.9 in [6], we have

dull, e p < Col B~ FF/PE ||, (33)

p+e,B

for some o > 1. We may assume that |du|/||dul|,5 > 1 on B. Otherwise, setting B; = {x €
B : |dul|/||dull,s > 1}, B, = {x € B : |du|/||dull,s < 1}, and using the elementary inequality
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|a +b|* <2°(|al® + |b|*), where s > 0 is any constant, we have

”du”LP(log L)*(B)

|du| 1/p
= dulPlog”*( e + ———— )dx
(L" g< |uww> )
1/p
|du| |du|
= dulPlog“( e + —— )dx + dulPlog”( e + dx
<h" g< Y A L A 7

\du| P \dul 1
<ol/p f dulPlog”( e+ dx + f dulPlog®( e+ dx .
<<&" g( Mww> > <&" 8\ etul

(3.4)

First, we estimate the first term on the right. Since |du|/||dul|,5 > 1 on By, then for ¢ > 0
appeared in (3.2), there exists C3 > 0 such that

] |dul jdul \
log®( e+ 12\ <y 1AMl (35)
8 < ldull,s ) = >\ ldull, o5

Combining (3.2), (3.3), and (3.5), we obtain

\dul 1/p 1 1/p
j |dulPlog®( e + ——— )dx <Cy —gf |dulP*¢dx
B, lldull,, 5 ldully, 6,5 J B,
1 r
SQ(E—T—IWWWM>
ldully, o5 )5
G <<J‘ |du|P+edx>1/(p+€)>
=
lldull,, 5, 5 B

Cs

< o
ldullS?

(p+e)/p

<|B|(P—(P+€))/p(p+5)“du”p )(P+5)/p

,01B

< Golldull,o,5,
(3.6)

where o7 > 1 is a constant. Since

log"| e+ |du] < Mijlog®(e+1) < M,, x€ By, (3.7)
ldul], 5
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we can estimate the second term similarly

|du| 1/p
|du[Plog®( e + dx < Cyl\dull,, o5, (3.6)'
<LZ &\ Tdull, 5 T et

where 0, > 1 is a constant. From (3.4), (3.6), and (3.6)’, we have

ldull p1og y=(8) < Cslldull,, o,/ (3.8)
where 03 = max{oy, 02}. By Lemma 2.2, we obtain
lldul, .5 < ColBI™ ™l = cll, 5 (3.9)

for some 04 > 03 and all closed forms c. Note that

o |u_ C| i
1 — ) >1 . .
og <e + = C”p,ozB >1, a>0 (3.5)

Combining last three inequalities, we obtain
-1 -1
ldull p og y=(8) < Cr0lBl - cllp,o5 < CiolB| - clltr og L) (04B) (3.10)

The proof of Theorem 3.1 has been completed. O

If we revise (3.5) and (3.5)’ in the proof of Theorem 3.1, we obtain the following version
of Caccioppoli-type estimate.

Corollary 3.2. Let u € LP(log L)*(Q,A%), € =0,1,...,n -1, be a solution to the nonhomogeneous
A-harmonic equation (1.13) in Q C R". Then, there exists a constant C, independent of u, such that

\dul r C lu - ¢l e
dulPlog”( e + dx < — J‘ u—clPlog*( e + ———— )dx
(L;' | g( ||du||,,,g> > cham(B><oB' | g< ||u—c||p,g> >

(3.11)

for some constant ¢ > 1 and all balls B with cB C Q and diam(B) > dy > 0. Here dp, 1 < p < o0
and a > 0 are constants, and ¢ € LP (log L)*(Q, A®) is any closed form.

Theorem 3.3. Let u € LP(log L)*(Q, A?), € =0,1,...,n 1, be a solution to the nonhomogeneous
A-harmonic equation (1.13) in a bounded domain Q C R" and w(x) € A,(Q) for some r > 1. Then,
there exists a constant C, independent of u, such that

ldull p 1og Ly B0y < CIB[™"|lu - clltr og L) (0B .w) (3.12)

for any closed form c, some constant o > 1 and all balls B with B C Q and diam(B) > dy > 0. Here
do, 1 < p < o and a > 0 are constants, and c € LP(log L)*(Q, A®) is any closed form.
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Proof. Let B be a ball with cB C Q and diam(B) > dy > 0. Since Q is bounded, then dy <
diam(B) < diam(€) < oo. Thus, 0 < v; < |B| < v2 < oo for some constants vy and v,. By
Lemma 2.3, we have

ml”””s,plB < ”u”t,B < mzllu”s,sz (313)

for any solution u of (1.13) and any constants s, > 0, where 0 < p; <1, po > 1,0 <m; <1,
and m, > 1 are some constants. By Lemma 2.8, there exist constants k > 1 and Cy > 0, such
that

l[elly, < ColBI" ™ F|[w]ly - (3.14)

Choose s = pk/(k - 1), then 1 < p < sand k = s/(s — p). We know that u € LP(log L)*(Q, A¢)
implies u € LP(Q, A?). Then, for any closed form ¢ € L?(log L)*(Q, A?), it follows that u — ¢ €
LP(log L)*(Q, A%). Thus, u — ¢ € LP(Q, A°). By Caccioppoli inequality with LP-norms, we
know that du € LP(Q, A?) which gives ||dul,o = N < oo. If ||dull,s = 0, then du = 0 a.e.
on B and Theorem 3.3 follows. Thus, we may assume that 0 < m; < ||dullspg < M; and
0 < my < ||dullpp < M> by (3.13). Since 1/p = 1/5 + (s — p)/ps, by the Holder inequality,
(3.14) and (2.23), we have

|| du]| - f |du|Plog” ( e + |du] w dx v
LP(log L)*(B,w) B g ”du”pﬁ
1/
*/ dul N\ )
= |dullog™*( e + w'P ) dx
B lldull,, s
s (s-p)/sp
< J |du|slogas/p e+ |du| dx (f ws/(s—p)dx>
B ||d”||p,3 B
1/s 1/k 1/p
<G J‘ |du|log™? ( e + tul dx <I wkdx>
B ||d”||s,B B
1/s
(1-k)/kpy 11/p §10a5/p |du|
< C,|B| llwoll, 5 |du|’log e+ dx .
“\Js lldull;

(3.15)

Applying Theorem 3.1 yields

1/s
du _
<-[B dul"log"™"" (e ! ||a|lu||| B >dx> < ColBI " - Cllrsqogry» o 3)- (3.16)
S,
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Here c is any closed form. Next, choose t = p/r. Using (3.16) and Lemma 2.5 with = a/r,
we obtain

1/s
du - -
<IB |du|510gas/p <e + |du| >dx> < C4|B| 1/n|B|(t s)/st”u _ C”Lf(logL)ﬂ(ozB) (3.17)

ldull, 5
for some 0, > 01. Using the Holder inequality again with 1/t = 1/p + (p — t) /pt, we obtain

[l — C”U(logL)ﬂ(ozB)

el v
u-c
J‘ |u—c|tlogﬁ e+ — )dx
o,B ”u - C“t,()'zB
; 1/t
f |u—c|logﬂ/t e+ﬁ w"Pw VP ) dx
0,B = cllyo,5
1/p t/(p—t) (p-t)/pt
_ 1 P
< f lu—clPlogf*’t e+& wdx I (—) dx
0B ”u_C”t,o-zB nB \W
1\ /D (r-1)/p
< “u - C||U7(logL)"(UzB,w) <J023 <E) dx> :

(3.18)
Combining (3.15), (3.17), and (3.18), we conclude that

lldul| (log L)* (B,w)

/p-1/ 1\ /- =D\ /P
< Gs|BI™7 Ml = cllirgog Ly (028,0) Lwdx<f B<5) dx)
o (3.19)
1/p
1/(1’1)rUZB> '

1

—r/p-1
< GCs|B| s /n||u—C||Lp(1ogL)“(azs,w)<||w||1,023' w
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Since w € A,(Q), then

1/p
<|IWII1,UZB : >
1/(r-1),00B
1\ VD) -1\ VP
= <J‘ wdx><f <—> dx)
0B B \W (320)
1 1 1\ /D r-1\ /P
=|( |owB|' | — wdx — dx
o2 |<|GzB| LZB ><|023| 023<w> >

< Co|B|"'P.

1
w

Substituting the last inequality into (3.19) it follows obviously that
-1
ldull 1p og 1y B0y < C71BI Ml - Clltr tog 1) (02B,10) (3.21)

This ends the proof of Theorem 3.3. O
Let « = 1 in Theorem 3.3; we obtain the following corollary.

Corollary 3.4. Let u € LP(log L) (L2, A%),€=0,1,...,n -1, be a solution to the nonhomogeneous
A-harmonic equation (1.13) in a bounded domain Q C R" and w(x) € A,(Q) for some r > 1. Then,
there exists a constant C, independent of u, such that

1/n

”du”LP(IogL)(B,w) < C|B|7 ”u - C”LP(logL)(O'B,w) (322)

for any closed form ¢, some constant o > 1 and all balls B with B C Q and diam(B) > dy > 0. Here
doand 1 < p < oo are constants, and ¢ € LF (log L)(Q, A¢) is any closed form.

We know that if w € A,(E) and 0 < A < 1, then w' € A,(E). Thus, under the same
conditions of Theorem 3.3, we also have the following estimate:

1
ldull L tog 1y (B0 < CIB - Il (log L)* (0B 0) 7 (3.23)

where ¢ is any closed form, and 0 < A < 1 and a« > 0 are any constants. Choose A = 1/p,
1 < p < o0,in (3.23). Then, for closed form c and any constant a > 0, we have

”du”LP(logL)“(B,w”P) < C|M|_1/n||” - C”LP(logL)“(oB,w‘/P)' (3.24)

We have proved Caccioppoli-type inequalities with L (log L)"-norms for solutions to
the nonhomogeneous A-harmonic equation. Using the same method developed in [12], we
can obtain the more general version of the Caccioppoli-type inequality for differential forms
satisfying certain conditions. A special useful Young function ¢ : [0,00) — [0, c0), termed
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an N-function, is a continuous Young function such that ¢(x) = 0 if and only if x = 0 and
limy o (x)/x =0, limy ¢ (x) /x = +00. We say that a differential form u € Wllo'g(Q, Af)isa
k-quasiminimizer for the functional

I(Q;v) = J‘Q g (|du|)dx (3.25)

if and only if, for every ¢ € Wlloc1 (Q, A?) with compact support,
I(supp ¢;u) < k-I(suppp;u+¢), (3.26)

where k > 1 is a constant. We say that ¢ satisfies the so-called A,-condition if there exists a
constant p > 1 such that ¢(2t) < pys(t) for all t > 0, from which it follows that

@A) < APys(t) (3.27)
for any t > 0 and A > 1; see [12].
We will need the following lemma which can be found in [19] or [12].
Lemma 3.5. Let f(t) be a nonnegative function defined on the interval [a,b] with a > 0. Suppose

that for s, t € [a,b] witht <s,

£ € o + B0 (9 (3.29)

holds, where A, B, a, and 0 are nonnegative constants with 8 < 1. Then, there exists a constant
C = C(a, 0) such that

flp) < c<ﬁ + B) (3.29)

forany p, R € [a,b] with p < R.

Theorem 3.6. Let u be a k-quasiminimizer for the functional (3.25) and let ¢ be a Young function
satisfying the Ay-condition. Then, for any ball Br C Q with radius R, there exists a constant C,
independent of u, such that

IBR/Z plldudx < C IBR qf( |u1; : )dx’ (3.30)

where c is any closed form.

The proof of Theorem 3.6 is the same as that of Theorem 6.1 developed in [12]. For the
complete purpose, we include the proof of Theorem 3.6 as follows.
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Proof. Let Bx = B(xp,R) C be a ball with radius R and center xp, R/2 < t < s < R. Set

1(x) = g(|x — xo|), where

1, 0<7t<t,
g(T) = { affine, T<t<s,
0, T > s.

Then, 71 € Wé’w(Bs), 7(x) =1 on By, and

(s—t)_l, t<|x—xg|<s,
|dn(x)] = .

, otherwise.
Let v(x) = u(x) + ((x))P (c — u(x)). We find that
dn
dv=(1-n")du+ qppq(c —u(x)).
Since ¢ is an increasing convex function satisfying the A,-condition, we obtain
) , ( ldn]
pdv)) < (1 =)y (ldul) + 17y p=Tle—ul ).

Using the definition of the k-quasiminimizer and (3.27), it follows that

f qf(ldul)dekf @ (|dv|)dx
Bs B

d
< k<f (1—np)tp(ldu|)dx+f 71”<P<Pmlc—u(x)l>dx>
Bs\Bt Bs Tl

sk(f qf<|du|>dx+ppf qf(ldnhu—cl)dx)-
Bs\Bt BS

Applying (3.35), (3.32), and (3.27), we have

f qf(ldul)dng o (|du|)dx
By B

< k(J‘BS\B‘ ¢(|dul)dx + p? IBS ¢<2R%>dx>
< k(JBS\Bt @ (|dul)dx + EjriRg: jBS tp(%)dx).

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)
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Adding k th ¢ (|du|)dx to both sides of inequality (3.36) yields

k (2pR)” |u—c|
th p(ldul)dx < = <fB g (dul)ee + st o(MgD)ax). 6

Next, write f(t) = [ ¢(|dul)dx, f(s) = [z ¢(ldu)dx, A = (2pR)” [y ¢(lu - c|/R)dx, and
B = 0. From (3.37), we find that the conditions of Lemma 3.5 are satisfied. Hence, using
Lemma 3.5 with p = R/2 and a = p, we obtain (3.30) immediately. The proof of Theorem 3.6
has been completed. O

It should be noticed that ¢ € LP(log L)*(Q, A®) is any closed form on the right side
of each version of the Caccioppoli-type inequality. Hence, we may choose ¢ = 0 in each of
the above Caccioppoli-type inequalities. For example, if we choose ¢ = 0 in Theorem 3.1
and Theorem 3.6, we obtain the following Corollaries 3.7 and 3.8, respectively, which can be
considered as the special version of the Caccioppoli-type inequality.

Corollary 3.7. Let u € LF(log L)"(Q, A%),2=0,1,...,n—1, be a solution to the nonhomogeneous
A-harmonic equation (1.13) in Q C R". Then, there exists a constant C, independent of u, such that

ldull 1 10g y=(B) < C|B|‘1/"||u||Lp(10 L)*(oB) (3.38)
8 8

for some constant ¢ > 1 and all balls B with 6B C Q and diam(B) > dy > 0. Here dp, 1 < p < o
and a > 0 are constants.

Corollary 3.8. Let u be a k-quasiminimizer for the functional (3.25) and ¢ be a Young function
satisfying the Ap-condition. Then, for any ball Br C Q with radius R, there exists a constant C,
independent of u, such that

IBR/Z ¢ (|dul)dx < Cf (p(%)dx. (3.39)

Br

4. Poincaré Inequalities

In this section, we focus our attention on the local and global Poincaré inequalities with
L[P(log L)*-norms. The main result for this section is Theorem 4.2, the global Poincaré
inequality for solutions of the nonhomogeneous A-harmonic equation. The following
definition of L?(u)-domains can be found in [1].

Definition 4.1. Let ¢ be a Young function on [0, co) with ¢(0) = 0. We call a proper subdomain
Q C R™ an LY (u)-domain, if there exists a constant C such that

f(p(0'|u—ug|)d/,t§Csup ¢(oT|u —up|)du (4.1)
Q BcQ J B

for all u such that ¢(|u|) € L} (Q; i), where the measure y is defined by du = w(x)dx, w(x)

loc
is a weight and 7, 0 are constants with 0 < 7 < 1,0 < 0 < 1, and the supremum is over all balls

B c Q.
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Theorem 4.2. Assume that Q C R" is a bounded LY (u)-domain with ¢(t) = tPlog" (e + t/k), where
k = |lu—-ugllpo 1 <p < oo, and By C Q is a fixed ball. Let u € D'(Q, A°) be a solution of the
nonhomogeneous A-harmonic equation in Q and du € LP(Q, A') as well as w € A,(Q) for some
r > 1. Then, there is a constant C, independent of u, such that

10 = 1l og 1y (@) < CIRY ™11t 1 10g 1y (0,20) (4.2)

for any constant a > 0.

To prove Theorem 4.2, we need the following local Poincaré inequalities, Theorems 4.3
and 4.4, with Orlicz norms.

Theorem 4.3. Let u € D'(Q, A°) be a solution of the nonhomogeneous A-harmonic equation in a
domain Q C R" and du € LP(Q,A*), ¢ = 0,1,...,n. Assume that 1 < p < oo. Then, there is a
constant C, independent of u, such that

1
1t = 15| 1 1og 18y < CIBIY "l A2l 1 10g 1y oB) (4.3)

for all balls B with pB C Q and diam(B) > dy. Here a > 0 is any constant and p > 1 and dy > 0 are
some constants.

Proof. Let B C Q be a ball with diam(B) > dy > 0. Choose € > 0 small enough and a constant
C; such that

IB'7 < C;. (4.4)

From Lemma 2.3, we have

prep < C2|B|(P*(P+S))/P(P+€) Il — ||

[t — usl| (4.5)

p.p1B

for some p; > 1. Similar to the proof of Theorem 3.1, we may assume that |u—ug|/||u—ug||,s >
1. Hence, for above ¢ > 0, there exists C3 > 0 such that

£
log"| e+ _fu—us| <Cs _u—ugl . (4.6)
||u_uB||p,B ”u_uB“p,p]B
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From (4.5) and (4.6) and Lemma 2.1, we have

1/p
|u — up|
I O I e e L
Pos LB T\ I [ = usll, 5
1 1/p
§C4<—€f |u—u3|”+€dx>
||u_uB||p,plB B

(p+e)/p
C 1/(p+e)
i ([ e-wre)
[l — sl B

p.p1B

<|B|(P*(P+£))/p(p+s)”u — ]| )(P+€)/p

p.,B

—e/p?
< ColBI™/ |~ upll, 5

_ 2 1
< Co|BI/7|B|""||dull, 5

for some p, > py. For any a > 0, we have

log” <e + ﬂ) >1
lIdully,p,5

Combining (4.8), (4.7), and (4.4), we obtain

—¢/p? 1
[l — uB”U’(logL)a(B) < Ce|B| i B /n“d””p,sz
—-/p* p|1/n
< Co| Bl |BI" " lldull 1y 10g 1y (p,B)

1
<GB /n”du”U’(logL)“(sz)'

The proof of Theorem 4.3 has been completed.

(4.7)

(4.8)

(4.9)

O

Theorem 4.4. Let u € D'(Q, A°) be a solution of the nonhomogeneous A-harmonic equation in a
domain Q C R" and du € LP(Q,A*"), € =0,1,...,n. Assume that 1 < p <ooand w € A.(Q) for

some r > 1. Then, there is a constant C, independent of u, such that

1/n

flu- uB“LP(logL)”(B,w) < C|B| ”du”U’(logL)“(oB,w)

(4.10)

for all balls B with cB C Q and diam(B) > dy. Here a > 0 is any constant, and o > 1 and dy > 0 are

some constants.

The proof of Theorem 4.4 is similar to that of Theorem 3.3. For completeness of the

paper, we prove Theorem 4.4 as follows.
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Proof. Choose s = kp/(k — 1), where k > 1 is a constant involved in (3.14). Using the Holder
inequality with 1/p =1/s + (s — p)/sp, (3.14), and (2.23), we obtain

llu —ug ”U"(log L)*(B,w)

e~ g "\
= j |u — up|log™? e+ TUBL Noolp ) gy
B [l - usll, s
1/s
_ (s=p)/ps
< J‘ |lu — up|*log™’? 8+M dx <f ws/(s"”)dx>
B ||u_uB||p,B B (4.11)
B 1/s 1/k 1/p
<C ’[ |u—uB|Slog“S/’” e+M dx (I wkdx>
B ”u_uB”s,B B

1/s
- u-—-u
< CalB ol ([ - ualtog™? e+ 2L Yax)
’ B ”u_uB“s,B

Applying Theorem 4.3 yields

llu—upll;p

1/s
u-u
<J‘B |u—u3|510ga5/p <€+ A)dx> < C2|B|1/n”du”LS(logL)“s/p(o]B)’ (4.12)

where 01 > 1is some constant. Let t = p/r. Using Lemma 2.6 with = a/r, we have

1/s
as |du| 8
(LlB |du|*log™’P <e+ Tdul dx < Co|B|" s)/st||du||L,(logL)ﬂ(GzB) (4.13)

for some 0, > 01. Using the Holder inequality again with 1/t = 1/p + (p — t) /pt, we obtain

1/t
|du|
el g = ([ leulflog? (o4 T )ax
Lt(log L) (0:B) oo & ldullys,5

; 1/t
= J |dullogf’! ( e + L AT

0B ”du”t,O'zB

1/P t/(P—t) (P—t) /pt

< f |dullogh"" (e + L Nwa I <l> o

0B ”du“t,O'zB 0B \ %0

1\ V@1 (r=1/p

<||d a w d '
<l u”U’(logL) (02B,w) <LZB <w> x>

(4.14)
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Combining (4.11), (4.12), (4.13), and (4.14), we have

|| —ug ”LP(log L)*(Bw)

1 1\ V- =1\
< C3|B|Y/mr/ Pl 1 1og L)% (02B,0) <JB wdx <LZB (5) dx) > (4.15)
1/p
1/(r1),azB> '

1

w

1 —
< C4|B] /n r/p“du”LP(logL)“(azB,w) <||w||1,azB‘

Note that w € A,(Q), then

1/p
<||w||1,023 : >
1/(r-1),0,B
1\ /=D 1\ P
< <I wdx><f <—> dx>
0B 0B \W (416)
1 1 1\ /-1 r-1\ /P
=| |owB|" | — wdx — dx
'2'<wﬂﬂﬁw ><wm|@3<w> >

< Cs|B|"'”.

1

w

Substituting (4.16) into (4.15) it follows obviously that
16 = 1B 1| og 1y (B20) < ClBI ™ 1Al 0g 1 (025,10)- (4.17)

This ends the proof of Theorem 4.4. O

Proof of Theorem 4.2. For any constants k; > 0,1 = 1,2, 3, there are constants C; > 0 and C, > 0
such that

Cllog<e+i) Slog<e+i> §C210g<e+L> (4.18)
ki ky ks

for any t > 0. Therefore, we have

oot (o2 1Y 1) oot (o2 1Y 4 )"
Cy |u|'log”( e + — )dx < |u['log”( e + — )dx
B kl B k2
oot (o0 1Y 1)
<G |u|'log®( e+ -— )dx ) .
B ks

(4.19)
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By properly selecting constants k;, we will have different inequalities that we need. Using the

definition of L? (y)-domains with 7 = 1,0 = 1 and ¢(t) = t!log” (e+t/k), where k = |lu-ug ||, o,
Theorem 4.4 and (4.19), we obtain

[u — ug|
= gy = [, 10 0Pt (e 220 Yo
Lr(log L)* (Qw) Q ||u — Up, ”p,Q ’

<Cisup | |u—upllog” <e + M>wdx

BcQ /B llue — ug, ||p,Q
|u — up|
< Cysu |u —uglPlog”( e + ——————— Jwdx
v s &\ Tu—usll, s (4.20)

<GCs sup|B|P/n||du||zp(logL)a(oB,w)
BcQ

< C3sup|QPldull} o0 1o
BcQ

/ P
< ol 15

which is equivalent to
1
[ = uellrog 1y @) < CIE /n”duHLP(logL)“(Q,w)' (4.21)

We have completed the proof of Theorem 4.2. O
Definition 4.5. We call €, a proper subdomain of R”, a 6-John domain, 6 > 0, if there exists a

point xy € Q which can be joined with any other point x € € by a continuous curve y C Q so
that

A2, Q) > 8|x — ¢| (4.22)

for each ¢ € y. Here d(¢,0Q2) is the Euclidean distance between ¢ and 0Q.

We know that any 6-John domain is an L?(y)-domain [1]. Hence, Theorem 4.2 holds
if Q is a 6-John domain. Specifically, we have the following theorem.

Theorem 4.6. Let u € D'(Q, A°) be a solution of the nonhomogeneous A-harmonic equation in a
&-John domain Q C R™ and du € LP(Q, A'). Assume that 1 < p < oo and w € A,(Q) for some
r > 1. Then, there is a constant C, independent of u, such that

1
I = uall i og 1y (@0) < CI€I /n”du”U’(logL)“(Q,w) (4.23)

for any constant a > 0.
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5. Applications
In this section, we explore some applications of the results obtained in previous sections.

Example 5.1. Assume that B = 0 and u is a function (0-form) in (1.13). Note that |du| = [Vu] if
u is a function. Then, (1.13) reduces to the following A-harmonic equation:

div A(x, Vu) = 0 (5.1)

for functions. Let A(x,¢) = ¢|¢[P~2 with p > 1in (5.1). Then, it is easy to see that the operator
A satisfies the required conditions and (5.1) reduces to the usual p-harmonic equation:

div(Vu|Vu|P‘2> =0 (5.2)

which is equivalent to the following partial differential equation:

n n
(P=2) D0 > Uy, + |Vul*Au = 0. (5.3)
k=1 i=1

Let p = 2 in (5.3); we obtain the Laplace equation Au = 0 for functions in R". Hence,
each version of the Caccioppoli-type inequality developed in Theorems 3.1, and 3.3, and
Corollaries 3.2, 3.4, 3.7, and 3.8 holds if u satisfies one of the equations (5.1), (5.2), (5.3) and
the equation Au = 0.

Each version of the Caccioppoli-type inequality proved in Section 3 can be used to
study the properties of the solutions of the different A-harmonic equations, particularly, the
equations (5.1)—(5.3). For example, using Corollary 3.7, we have the following integrability
result.

Corollary 5.2. Let u be a solution to one of the equations (1.13)-(1.14), or (5.1)—(5.3) in Q C R™. If
u is locally LP (log L)“-integrable in Q, then du is also locally LP (log L)*-integrable in Q.

From Theorem 3 in [20, page 16], we know that any open subset of R" is the union of a
sequence of mutually disjoint Whitney cubes. Also, cubes are convex. Thus, the definition of
the homotopy operator T can be extended into any domain € in R". Using the same method
developed in the proof of Theorem 4.4, we can extend inequality (2.5) into the weighted case.
Then, similar to the proof of Theorem 4.2, we can generalize the local weighted result into the
following global estimate.

Proposition 5.3. Let u € D'(Q, A%) be a solution of the nonhomogeneous A-harmonic equation
(1.13) in an L?(u)-domain. Assume that « > 0,1 < p < co and w € A,(Q) for some r > 1. Then
there exists a constant C, independent of u, such that

llu— uQHLP(logL)"(Q,w) <Cllu- C”LP(logL)“(Q,w) (5.4)

for any closed form c.
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Using (5.4) with ¢ = 0 and the triangle inequality, we have

||uQ||Lp(1ogL)“(Q,w) <lu- uQ”LP(logL)"(Q,w) + ”u”LP(logL)”’(Q,w)

< Cullull e og £y @) + 111l 10g 1)* (10)

(5.5)
= (C1 + Dl og 1y ©0)
= Collullr 1og )= (@,20)-
Thus,
el gog 1y (@) < CllHllLr gog 1) (@) (5.6)

Theorem 5.4. Let u € D'(Q, A°) be a solution of the nonhomogeneous A-harmonic equation (1.13)
in a bounded LY (u)-domain and let T be the homotopy operator. Assume that a > 0,1 < p < oo, and
w € A, (Q) for some r > 1. Then there exists a constant C, independent of u, such that

1
IT (@)1 og 1y @09 < CIQ " 18]l 1105 1y (02.20)

(5.7)
IT(du)|| 1 tog 1) @,0) < Clltt = €llip10g )= (@20)
for any closed form c.
Proof. For any differential form u, from (1.16) and (1.17), we obtain
u=d(Tu) + T(du) = ug + T(du). (5.8)
Hence, by (5.8) and Theorem 4.2, it follows that
”T(du)”U"(logL)”(Q,w) = [lu- uQ”U’(logL)“(Q,w)
y (5.9)
< ClQ| n”du”LP(logL)"(Q,w)'
Next, combining (5.8) and (5.4) yields
”T(du)”U’(logL)“(Q,w) = |lu— uQ“LV(logL)”‘(Q,w) <Cllu- C”U’(logL)"‘(Q,w)' (5.10)
This ends the proof of Theorem 5.4. O

The general theory of solutions to above equations is known as potential theory. In the
study of heat conduction, the Laplace equation is the steady-state heat equation. Considering
the length of the paper, we only discuss applications to the homotopy operator T; see [1]
for more results about this operator. We leave it to readers to find similar applications to
other operators, such as the Laplace-Beltrami operator A = dd* + d*d and Green’s operator G
applied to differential forms. Note that there is a parameter a in our main results. For different
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choices of this parameter, we will have different versions of global inequalities. For example,
selecting & = 1 in Theorem 4.2, we have

1
I = uellr gog Ly @.w) < CI€ /n”du“LP(logL)(Q,w)' (5.11)
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