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We consider a hybrid projection algorithm basing on the shrinking projection method for two
families of relatively weak quasi-nonexpansive mappings. We establish strong convergence
theorems for approximating the common fixed point of the set of the common fixed points of such
two families and the set of solutions of the variational inequality for an inverse-strongly monotone
operator in the framework of Banach spaces. At the end of the paper, we apply our results to
consider the problem of finding a solution of the complementarity problem. Our results improve
and extend the corresponding results announced by recent results.

1. Introduction

Let E be a Banach space and let C be a nonempty, closed and convex subset of E. Let A : C —
E* be an operator. The classical variational inequality problem [1] for A is to find x* € C such
that

(Ax",y-x")>0, VyeC, (1.1)

where E* denotes the dual space of E and (:,-) the generalized duality pairing between E
and E*. The set of all solutions of (1.1) is denoted by VI(A,C). Such a problem is connected
with the convex minimization problem, the complementarity, the problem of finding a point
x* € E satisfying 0 = Ax*, and so on. First, we recall that a mapping A : C — E* is said to be

(i) monotone if (Ax — Ay, x —y) >0, forall x,y € C.

(ii) a-inverse-strongly monotone if there exists a positive real number «a such that

(Ax - Ay, x - y) > a|Ax - Ay||>, Vx,yeC. (1.2)
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Let J be the normalized duality mapping from E into 2" given by
Jr={x" € E": (%, x7) = [Ix[lllx"[l, lx|l = lx"[I},  Vx € E. (1.3)

It is well known that if E* is uniformly convex, then J is uniformly continuous on bounded
subsets of E. Some properties of the duality mapping are given in [2—4].
Recall that a mappings T : C — C is said to be nonexpansive if

|Tx-Ty|| <|lx-y|, VYxyeC (1.4)

If C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C is the metric
projection of H onto C, then Pc is a nonexpansive mapping. This fact actually characterizes
Hilbert spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [5] recently introduced a generalized projection operator C in a Banach
space E which is an analogue of the metric projection in Hilbert spaces.

Consider the functional ¢ : E x E — R defined by

¢y, x) = [lyll* - 2(y, Jx) + || (1.5)

for all x,y € E, where ] is the normalized duality mapping from E to E*. Observe that, in a
Hilbert space H, (1.5) reduces to ¢(y, x) = || x—y||* for all x, y € H. The generalized projection
Ilc : E — Cis a mapping that assigns to an arbitrary point x € E the minimum point of the
functional ¢(y, x), that is, I'lcx = x*, where x* is the solution to the minimization problem:

(", x) = inf p(y, x). (1.6)

The existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(y, x) and strict monotonicity of the mapping | (see, e.g., [3, 5-7]). In Hilbert spaces, I'lc =
Pc. It is obvious from the definition of the function ¢ that

@ Uyl = llxI)* < ¢y, x) < (lyll + lIx]))* for all x, y € E,

(2) ¢p(x,y) =d(x,2) +P(z,y) +2(x -z, Jz— Jy) forall x,y,z € E,
) ¢
)

) ¢(x,y) =(x, Jx = Jy) +{y —x,Jy) < l|x|[lJx = Jyll + ly — x|||ly|l for all x, y € E,
(4) If E is a reflexive, strictly convex and smooth Banach space, then, forall x,y € E,

P(x,y) =0 iff x=y. (1.7)

For more detail see [2, 3]. Let C be a closed convex subset of E, and let T be a mapping
from C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to
be an asymptotic fixed point of T [8] if C contains a sequence {x,} which converges weakly to
p such that lim,_, . ||x, — Tx,|| = 0. The set of asymptotic fixed points of T will be denoted
by F(T). A mapping T from C into itself is called relatively nonexpansive [7, 9, 10] if F(T)
= F(T) and ¢(p,Tx) < ¢(p,x) for all x € C and p € F(T). The asymptotic behavior of
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relatively nonexpansive mappings were studied in [7, 9]. A point p in C is said to be a strong
asymptotic fixed point of T if C contains a sequence {x, } which converges strongly to p such
that lim,, , o, ||x, — Tx,|| = 0. The set of strong asymptotic fixed points of S will be denoted by
F(T). A mapping T from C into itself is called relatively weak nonexpansive if F(T) = F(T)
and ¢(p, Tx) < p(p, x) forall x € Cand p € F(T).If E is a smooth strictly convex and reflexive
Banach space, and A C E x E* is a continuous monotone mapping with A™10#§, then it is
proved in [11] that J, = (J+ rA) ], forr > 0is relatively weak nonexpansive. T is called rela-
tively weak quasi-nonexpansive if F(T) #@ and ¢(p, Tx) < ¢(p, x) forall x e Cand p € F(T).

Remark 1.1. The class of relatively weak quasi-nonexpansive mappings is more general than
the class of relatively weak nonexpansive mappings [7, 9, 12-14] which requires the strong
restriction F(T) = F(T).

Remark 1.2. If T : C — C is relatively weak quasi-nonexpansive, then using the definition
of ¢ (ie., the same argument as in the proof of [12, page 260]) one can show that F(T) is
closed and convex. It is obvious that relatively nonexpansive mapping is relatively weak
nonexpansive mapping. In fact, for any mapping T : C — C we have F(T) ¢ F(T) c F(T).
Therefore, if T is a relatively nonexpansive mapping, then F(T) = F (T) = E(T).

liduka and Takahashi [15] introduced the following algorithm for finding a solution
of the variational inequality for an a-inverse-strongly monotone mapping A with ||Ay| <
|Ay — Aul| for all y € C and u € VI(A,C) in a 2-uniformly convex and uniformly smooth
Banach space E. For an initial point xo = x € C, define a sequence {x,} by

Xpe1 = e T x, — AuAxy), VYn>0. (1.8)

where ] is the duality mapping on E, and Il is the generalized projection of E onto C.
Assume that A\, € [a,b] for some a,b with 0 < a < b < c*a/2 where 1/c is the 2-
uniformly convexity constant of E. They proved that if ] is weakly sequentially continuous,
then the sequence {x,} converges weakly to some element z in VI(A,C) where z =
limy, -, o Iyvra,c) (xn)-

The problem of finding a common element of the set of the variational inequalities
for monotone mappings in the framework of Hilbert spaces and Banach spaces has been
intensively studied by many authors; see, for instance, [16-18] and the references cited
therein.

On the other hand, in 2001, Xu and Ori [19] introduced the following implicit iterative
process for a finite family of nonexpansive mappings {I1,T»,...,Tn}, with {a,} a real
sequence in (0, 1), and an initial point xy € C:

X1 =a1XxXp + (]. - lxl)Tlxlr
X2 = axXx1 + (1 - aZ)szz,

(1.9)
XN = ANXN-1 + (1 - aN)TNXN,

xN+1 = an+ XN + (1= ani1)Tixnga,
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which can be rewritten in the following compact form:
Xp=opxp1+ (1 —a,)Tyx,, Vn>1, (1.10)

where T, = Tyy(mod n) (here the mod N function takes values in {1,2,..., N'}). They obtained
the following result in a real Hilbert space.

Theorem XO

Let H be a real Hilbert space, C a nonempty closed convex subset of H,andletT : C — Cbe
a finite family of nonexpansive self-mappings on C such that F = N\, F(T;) #0. Let {x,} be a
sequence defined by (1.10). If {a,} is chosen so that a, — 0,as n — oo, then {x,} converges
weakly to a common fixed point of the family of {T;}2,.

On the other hand, Halpern [20] considered the following explicit iteration:

xo € C, Xp1 =agu+ (1-a,)Tx,, Yn>0, (1.11)

where T is a nonexpansive mapping and u € C is a fixed point. He proved the strong
convergence of {x,} to a fixed point of T provided that &, = n%, where 6 € (0, 1).

Very recently, Qin et al. [21] proposed the following modification of the Halpern
iteration for a single relatively quasi-nonexpansive mapping in a real Banach space. More
precisely, they proved the following theorem.

Theorem QCKZ. Let C be a nonempty and closed convex subset of a uniformly convex and
uniformly smooth Banach space E and T : C — C a closed and quasi--nonexpansive mapping
such that F(T) #0. Let {x,} be a sequence generated by the following manner:

xo =x € C chosen arbitrary,

Cl = C/ X1 = HC1 X0,

Yn = ]_1 (anJx1+ (1= an)JTxy), (1.12)
Coni = {2€Co: ¢(2,yn) < andp(z,x1) + (1 - ) P(z,%,)}, n>1,
Xps1 =1, x1, n>1.

Assume that {a,} satisfies the restriction: lim, _, o, a,, = 0, then {x,} converges strongly to Ilpi)x;.

Motivated and inspired by the above results, Cai and Hu [22] introduced the hybrid
projection algorithm to modify the iterative processes (1.10), (1.11), and (1.12) to have strong
convergence for a finite family of relatively weak quasi-nonexpansive mappings in Banach
spaces. More precisely, they obtained the following theorem.
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Theorem CH

Let C be a nonempty and closed convex subset of a uniformly convex and uniformly
smooth Banach space E and {T1,T,,...,Tn} be finite family of closed relatively weak quasi-
nonexpansive mappings of C into itself with F := Y, F(T;) # . Assume that T; is uniformly
continuous for all i € {1,2,...,N}. Let {x,} be a sequence generated by the following
algorithm:

xo =x € C chosen arbitrary,

Ci=C, x;=Il¢, xo,

Zn = ]_1 (,Bn]xn—l + (1 - pn)]Tnxn)/ Ty = Ti(mod N),

(1.13)
Yn = ]_1(an]x1 + (1 —an)Jzn),
Chps1 = {Z €Cy: ¢(Z,]/n) < aﬂ(l)(zl xl) + (1 - “n) [ﬂnd)(zr xn—l) + (1 - ﬂn)d)(z/xn)] }/
X1 =1lg,,,x1, n21
Assume that {a,} and {f,} are the sequences in [0,1] satisfying lim,_.a, = 0 and

limy, o Bn = 0. Then {x,} converges strongly to I1r x;, where Il is the generalized projection
from C onto F.

Motivated and inspired by liduka and Takahashi [15], Xu and Ori [19], Qin et al.[21],
and Cai and Hu [22], we introduce a new hybrid projection algorithm basing on the shrinking
projection method for two finite families of closed relatively weak quasi-nonexpansive
mappings to have strong convergence theorems for approximating the common element of
the set of common fixed points of two finite families of such mappings and the set of solutions
of the variational inequality for an inverse-strongly monotone operator in the framework
of Banach spaces. Our results improve and extend the corresponding results announced by
recent results.

2. Preliminaries

A Banach space E is said to be strictly convexif ||(x+y)/2|| < 1forall x, y € E with ||x|| = |ly|| =
1and x # y. Itis also said to be uniformly convex if lim,, _, o, || X, — x| = 0 for any two sequences
{xn}, {yn} In E such that ||x,|| = ||y.|| = 1 and lim, o [[(x, + ¥)/2|| =1. Let U = {x € E :
|lx|| = 1} be the unit sphere of E. Then the Banach space E is said to be smooth provided

i 1 Y=l 2.1)
t—0 t

exists for each x, y € U. Itis also said to be uniformly smooth if the limit is attained uniformly
for x,y € U. It is well know that if E is smooth, then the duality mapping ] is single valued.
It is also known that if E is uniformly smooth, then ] is uniformly norm-to-norm continuous
on each bounded subset of E. Some properties of the duality mapping have been given in
[3, 23-25]. A Banach space E is said to have Kadec-Klee property if a sequence {x,} of E
satisfying that x, — x € E and ||x,|| — |/x||, then x,, — x. It is known that if E is uniformly
convex, then E has the Kadec-Klee property; see [3, 23, 25] for more details.



6 Journal of Inequalities and Applications

We define the function 6 : [0,2] — [0, 1] which is called the modulus of convexity of
E as following

tx,y €Cllxll=lyll =1,

5(e) = inf{l _ “%|

x-y| 25}. (2.2)

Then E is said to be 2-uniformly convex if there exists a constant ¢ > 0 such that constant
6(g) > ce? for all € € (0,2]. Constant 1/c is called the 2-uniformly convexity constant of E. A
2-uniformly convex Banach space is uniformly convex, see [26, 27] for more details. We know
the following lemma of 2-uniformly convex Banach spaces.

Lemma 2.1 (see [28, 29]). Let E be a 2-uniformly convex Banach, then for all x, y from any bounded
setof Eand jx € Jx,jy € Jy,

) . c?
(x—y,jx—jy) > gllx—yll2 (2.3)

where 1/ c is the 2-uniformly convexity constant of E.

Now we present some definitions and lemmas which will be applied in the proof of
the main result in the next section.

Lemma 2.2 (Kamimura and Takahashi [30]). Let E be a uniformly convex and smooth Banach
space and let {y,}, {zn} be two sequences of E such that either {y,} or {z,} is bounded. If
limy, o0 @(Yn, 2) = 0, then lim,, _, oo ||yn — 24| = 0.

Lemma 2.3 (Alber [5]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then, xo = Ilcx if and only if (xo —y, Jx — Jxo) > 0 forany y € C.

Lemma 2.4 (Alber [5]). Let E be a reflexive, strictly convex and smooth Banach space, let C be a
nonempty closed convex subset of E and let x € E. Then

¢(y, Tcx) + P(lex, x) < P(y, x) (24)

forally € C.
Let E be a reflexive strictly convex, smooth and uniformly Banach space and the
duality mapping J from E to E*. Then ]! is also single-valued, one to one, surjective, and

it is the duality mapping from E* to E. We need the following mapping V which studied in
Alber [5]:

V(x,x") =[xl = 2(x, ") + [|x]? (2.5)

for all x € E and x* € E*. Obviously, V(x, x*) = ¢(x, J 7} (x*)). We know the following lemma.
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Lemma 2.5 (Kamimura and Takahashi [30]). Let E be a reflexive, strictly convex and smooth
Banach space, and let V be as in (2.5). Then

V(x,x*) + 2<]_1(x*) - x,y*> <V(x,x*+y*) (2.6)

forall x € E and x*,y* € E*.

Lemma 2.6 ([31, Lemma 1.4 ]). Let E be a uniformly convex Banach space and B,(0) = {x € E :
llx|| < r} be a closed ball of E. Then there exists a continuous strictly increasing convex function
g:[0,00) — [0, 00) with g(0) = 0 such that

[l + py + yzl1” < Allel? + plly|1* + yllzI? = g (llx -y, (27)

forallx,y,z € B,(0)and A, p,y € [0, 1] with A+ p+y = 1.

An operator A of C into E* is said to be hemicontinuous if for all x, y € C, the mapping
F of [0,1) into E* defined by F(t) = A(tx + (1 — t)y) is continuous with respect to the weak”
topology of E*. We denote by N¢(v) the normal cone for C at a point v € C, that is

Nc(v) ={x* € E*: (v-y,x*) >0, Yy € C}. (2.8)

Lemma 2.7 (see [32]). Let C be a nonempty closed convex subset of a Banach space E and A a
monotone, hemicontinuous operator of C into E*. Let T C E x E* be an operator defined as follows:

Av+ Nc(v), veC,
To = (2.9)

0, v¢C.

Then T is maximal monotone and T~10 = VI(A, C).

3. Main Results
In this section, we prove strong convergence theorem which is our main result.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E, let A be an a-inverse-strongly monotone mapping of C into E* with
Ayl < |Ay — Aq|| forall y € Cand g € F. Let {T1,T,, ..., Tn} and {S1, S, ..., Sn'} be two finite
families of closed relatively weak quasi-nonexpansive mappings from C into itself with F # @, where
F := ﬂf\:jl F(T;) n ﬂfﬁl F(5;) N VI(A,C). Assume that T; and S; are uniformly continuous for all
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i€{1,2,...,N}. Let {x,} be a sequence generated by the following algolithm:

xo=x €C, chosen arbitrary,

C1=C, x1=TIlgxo,

W, =] (Jotn = 1aAXn),

zn = ] (an ] xn-1 + P TuXn + Yu] Snwn), (3.1)
Yn =T ()1 + (1= 64)]2n),

Cus1 = {1 €Cp: p(wyn) <Eup(u,x1) + (1= 6n) [anp (1, xp-1) + (1 — an)p(u, x4)] },

x1, Vn>1,

xn41 = 1c

n+l

where Ty, = Ty(mod N), Sn = Sn(mod N), and J is the normalized duality mapping on E. Assume that
{an}, (Bn), {yn}, {60} and {r,} are the sequences in [0, 1] satisfying the restrictions:

(C1) lim,, o, 6, = 0;

(C2) 1y C [a,b] for some a,bwith 0 < a < b < c?a/2, where 1/ c is the 2-uniformly convexity
constant of E;

(C3) ay + Pn + yu = 1 and if one of the following conditions is satisfied

(a) iminf, _, wa,fn > 0 and liminf, _, .y, > 0 and
(b) limy, s, = 0 and liminf, _, . By, > 0.

Then {x,} converges strongly to ITpx1, where If is the generalized projection from C onto F.

Proof. By the same method as in the proof of Cai and Hu [22], we can show that C, is closed
and convex. Next, we show F C C, for all n > 1. In fact, F ¢ C; = C is obvious. Suppose
F c C, for some n € N. Then, for all g € F ¢ C,,, we know from Lemma 2.5 that

(;b(q’ w") = ¢<q/ HC]_l (Jxn — rnAxn)>
< d)(qr ]71 (Jxn — rnAxn)>

=V (q, Jxn — 12 Axy)

(3.2)
< V(q/ (]xn - TnAxn) + rnAxn) - 2<]_1 (]xn - rnAxn) =4, TnAxn>
=V(q,Jxn) - 2rn<]‘1(]xn - 1mAX,) — q, Axn>

= ¢(q,xn) — 21X, — g, Axy) + 2<]’1(]xn — 1 AX,) — Xy, —rnAxn>.
Since g € VI(A, C) and A is a-inverse-strongly monotone, we have

=21, (X — 4, Axp) = =21 (xn—q, Axn—Aq) =21, (x,—q, Aq) < 2ar, ||Axn—Aq||2. (3.3)
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Therefore, from Lemma 2.1 and the assumption that ||Ay| < ||[Ay — Aq|| for all y € C and
q € F, we obtain that

2<]_1(]xn — 1y Axy) — Xy, —rnAxn> = 2<]_1(]xn — 1, Ax,) - J7! (]xn),—rnAxn>

<2||J7 U = raAxa) = T ()

|7 Axy|

4
< S|t Uz - rax) - 117 o |ImAxll (3.4

4
= C—ZII(Ixn = 10 AXy) = Jxu||||[1nAxy|

4 4
= C—zr,%||Axn||2 < ;rﬁ”Axn - Aq||2.

Substituting (3.3) and (3.4) into (3.2) and using the condition that r,, < c?a/2, we get
2 2
$(q,w0n) < ¢(q,xn) + Zrn<§rn - a) [ Axn — Aql|” < ¢ (g, xn)- (3:5)

Using (3.5) and the convexity of | - ||?, for each g € F c C,,, we obtain

(i’(q/ Zn) = (;l)(q/ ]_1 (an]xn—l + ,Bn]Tnxn + Yn]snwn)>
= 19117 = 20(q, JXn1) = 282G, JTuXn) = 2Y(q, JSuon)
+ ”an]xn—l + ,Bn]Tnxn + Yn]snwnllz

< N\qlI* = 20(q, Jxu-1) = 260(q, JTuxn) = 2y, JSurwn)
+ a5 slP 4 Bull Tl + il T Sutonl? 50

= 0, (q, Xn-1) + Pu (4, Tuxn) + Yup(q, Suton)

< an (g, xn-1) + Pup (4, xn) + Ya(q,wn)

< and(q, Xn1) + Pu(q, Xn) + Yu(q, Xn)

= (g, %u-1) + (1= )P (q, Xn).
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It follows from (3.6) that

9@ yn) = (077 6 x1+ (1-6,)]z1))

= llall” - 2644q, Jx1) = 2(1 = 8,)(q, Jza) + 18aTx1 + (1 = 62) T2z,
< |lgl1? = 264(q, Jx1) =21 = 6,)(q, Jzu) + Bullal + (1 = 6)zal? BT

= 6n¢(q,x1) + (1 - 6n)¢(q12")
< 6np(q,x1) + (1= 60) [an (g, x01) + (1 - @n)p(q, )]

So, g € Cy41. Then by induction, F C C,, for all n > 1 and hence the sequence {x, } generated by
(3.1) is well defined. Next, we show that {x, } is a convergent sequence in C. From x,, = I'lc, x1,
we have

(xn—u,Jx1 = Jxu) 20, VueC,. (3.8)

It follows from F c C,, for all n > 1 that

(xp—2z,Jx1 - Jx,) >0, VzeF (3.9)

From Lemma 2.4, we have
P (xn, 1) = (e, x1,x1) < P(u, x1) — P, x4) < P, x1), (3.10)

for each u € F C¢ C, and for all n > 1. Therefore, the sequence {¢(x,,x1)} is bounded.
Furthermore, since x,, = Ilc,x1 and x,41 =Ilc,,,x1 € Cyyq C Cp,, we have

n+l

P(xn, x1) < P(xps1,x1), VYn2>1. (3.11)

This implies that {¢(x,, x1)} is nondecreasing and hence lim,, _, o, ¢(x,, x1) exists. Similarly,
by Lemma 2.4, we have, for any positive integer m, that

¢(xn+m/ xn) = ¢(xn+m1HC,,x1) < (,b(xn+m/ xl) - d)(HCnxl/ xl)

= ¢(xn+m/ xl) - (i)(xnr xl)/ Vn > 1.

(3.12)

The existence of lim,, o, ¢(x,, x1) implies that ¢(xm, x,) — 0asn — oo. From Lemma 2.2,
we have

|4 — Xnl] — 0, as n— co. (3.13)

Hence, {x,} is a Cauchy sequence. Therefore, there exists a point p € C such that x, — p as
n — oo.
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Now, we will show that p € nf\:’l F(T:)n nfﬁl F(S;))NnVI(A,CQC).
(I) We first show that p € n{jl F(T;) n nfﬁl F(S;). Indeed, taking m = 1 in (3.12), we

have
1M (ue1, %) = 0. (3.14)
It follows from Lemma 2.2 that
Hm |x1 = x| = 0. (3.15)
This implies that
nli_r)r;o||xn+l—xn|| =0, Vle{1,2,...,N}. (3.16)

The property of the function ¢ implies that

lim ¢(xues, xn) =0, Vi€ (1,2,...,N}. (3.17)

Since x,,.1 € C,41, We obtain
(,b(xn+lr yn) < 6n¢(xn+1/ xn) + (1 - 611) [an(i)(xnﬂr xn—l) + (1 - “n)(p(xnﬂ/ xn)] . (318)

It follows from the condition (3.14) and (3.17) that

nh_r)r;O ¢(xn+1,yn) =0. (3.19)
From Lemma 2.2, we have
Jijr;o||xn+1 —yul| =0. (3.20)

Combining (3.15) and (3.20), we have
ll2¢n = vl < llxn = xparll + [| %01 = yul| — 0 as n— oo (3.21)
Since J is uniformly norm-to-norm continuous on any bounded sets, we have
Tim [|Jxy = Jynl| =0. (322)
On the other hand, noticing

179 = Jzall = Gull Jx1 = J2al — 0 as n — co. (3.23)
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Since J~! is uniformly norm-to-norm continuous on any bounded sets, we have

Tim [|yn = zu]| = 0. (3.24)
Using (3.15), (3.20), and (3.24) that
nhjr(}o”xn —zy|| =0. (3.25)

Taking the constant r = sup,. {[Xn+1l, [ Tunl|, [|Snwnl|}, we have, from Lemma 2.6, that there
exists a continuous strictly increasing convex function g : [0,00) — [0, 00) satisfying the
inequality (2.7) and g(0) = 0.

Case 1. Assume that (a) holds. Applying (2.7) and (3.5), we can calculate

¢(ur Zn) = gb<u, ]_1 (an]xnfl + ﬂn]Tnxn + Yn]Snwn)>

= [[ull* = 26t (s, Tt 1) = 2Bn{tt, JTuXn) = 25 (14, JSpton)
+ [letuJ o1 + BuJ Tutn + YuJ Suw|®
< ull® = 2an (u, Jotn1) = 2B, JTuXn) = 2n(t, ] Sutwn)
+ || Jxn 1 |P + Bull T Tl + Yiall JSwwnll = @B (1T %1 = JTuxull)
< anp(tt, Xr) + Pu (14, Tux) + Yup (4, Suton) = g (w1 = JTxal)  (3.26)
< @ (1, Xn1) + Pup (1, Xn) + Y (1, 03) = BB (X1 = JToxull)

< anP(u, Xp-1) + P (1, Xn) + Yup(u, xn)
2
+ 2rnYn <§rn - a) ”Axn - Au||2 - anﬂng(”]xn—l - ]Tnan)
< “n‘i’(u/ Xp-1) + (1= “n)(i)(u/ Xn) + 27 Yn <C2_2rn - a) | Ax, — Au||2

- ‘xnﬂng(”]xn—l - ]Tnxn”)-
This implies that

anﬁng(H]xn—l - ]Tnxn“) <ay [4)(”/ xn—l) - 4)(”/ xn)] + 4)(”/ xn) - 4’(“/ Zn)- (3.27)
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We observe that

o [P, X0 1) — P14, %)) + 11, %) — P14, 21)
< It =l = 261, Jea1 = Jxa)
o l1all” = llzall® = 21, Jtn = Jza) (3.28)
< an[l|xn-1 = Xl (lna ||+ (12 l) + 202l |1 = Jxall]

+ {260 = Zull (1xnll + zull) + 2l Jxn = JZnll-
It follows from (3.15), (3.22), (3.23) and (3.25) that
Jim e, [¢(u, Xn1) = P, x0)] + Plut, xn) = P(ut, zn) = 0. (3.29)
From liminf, o, a,f, > 0 and (3.27), we get
Tim g(|[Jxp-1 = JTuxul)) = 0. (3.30)
By the property of function g, we obtain that

nli_{rgo”]xn—l = JTuxu|l = 0. (3.31)

Since J~! is uniformly norm-to-norm continuous on any bounded sets, we have

Tim [lx,1 = Tyl = lim (|77 (00) = T U T | = 0. (3:32)
From (3.15) and (3.32), we have
Tim |2, — Ty | = 0. (3.33)
Noticing that
1260 = Tl < 130 = Xnatll + 126041 = TuriXnst || + 1 Tas12ne1 = Trviaull, (3.34)

foralll € {1,2,...,N}. By the uniformly continuity of T;, (3.16) and (3.33), we obtain

nhf(}o”x” —Tpuxyl| =0, VIie{l,2,...,N}. (3.35)

Thus

lim ||x, - Tix,|| =0, VIe{l1,2,...,N}. (3.36)
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From the closeness of T;, we get p = Tip. Therefore p € N, F(T;). In the same manner, we can
apply the condition lim inf,, _, o, a0,y > 0 to conclude that

nliir;o||xn - Sywy|| =0. (3.37)
Again, by (C2) and (3.26), we have

2Yn <zx - %b) | Ax, — Aul* < %[zxnd)(u, Xp-1) + (1= an)P(u, x,) — P(u, z)]

(3.38)
= (P x) ~ Pl x) + Bt %) =~ Pt )]
It follows from (3.29) and liminf, o, y, > liminf, o .y, > O that
lim inf[| Ax, — Aul| < 0. (3.39)
Since lim inf, _ o, ||Ax, — Au|| > 0, we have
lim [|Ax, — Au| =0. (3.40)

From Lemmas 2.4, 2.5, and (3.4), we have
¢ (xn, wy) = ¢<xn,HC]_1(]xn - rnAxn)> < ¢<xn, ]‘1(]xn - rnAxn)> =V(xy, Jx, — ryAxy)
<V (o, X = 1 A%) + 1 AX) = 2(J7 (60 = 1o A%) = X, Tu Ay )
= ¢(xn, Xp) + 2<]‘1(]xn — TnAXp) = Xn, —rnAxn>

_ 4
= 2<] Y xn — 1pAx,) — X, —rnAxn> < C—2b2||Axn - Aul’.

(3.41)
It follows from (3.40) that
11121;0¢(xn, wy) = 0. (3.42)
Lemma 2.2 implies that
lim [l — 20| = 0. (3.43)

Since ] is uniformly norm-to-norm continuous on any bounded sets, we have

Jim [[Jox, — Jwon|| = 0. (3.44)
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Combining (3.37) and (3.43), we also obtain

1im [[zo, = Sywon]| = 0. (3.45)
Moreover
lwn = wnall < lwn = xnll + [0 = Xna1 | + X041 = Wnaa - (3.46)
By (3.43), (3.15), we have
lim [Jwo, = wpa]| = 0. (347)
This implies that
,}iflo”w"_w"”ll:()' vie{1,2,...,N}. (3.48)
Noticing that
lwn = Sprwnll < lwn = Waall + [Wnt = Snarwnsi|| + |Sns1wnst = Snarwonl, (3.49)

foralll € {1,2,...,N}. Since S; is uniformly continuous, we can show that lim, _, .. ||w, —
Siw,|| = 0. From the closeness of S;, we get p = Sip. Therefore p € NY, F(S;). Hence p €

N F(T) NN FS).
Case 2. Assume that (b) holds. Using the inequalities (2.7) and (3.5), we obtain
P, z0) = ¢ (1, )7 (@) 501 + BuT Toen + 1) Suon) )
= [[ull® = 2an (u, Jxn1) = 2Bu (e, JTuX) = 2 (14, ] Sty )
+ ||etn T2t + BT Tun + Y] S|
< ul® = 2a (u, Jotn1) = 2B (1, JTuXn) = 2yu(tt, ] Suwn)
+ T xna [P+ Bl I Tuul* + ¥ull JSuwnll = Buyng (1T Tuxn = JSnzwnll)
< (1, Xn1) + Pup (14, TuXn) + YuP(, Spwn) = Pu¥ug (I Tuxn = JSnwnll) (350
S anP(u, xn-1) + P (1, Xn) + Yu (W, Wn) = PrYnG (1T TuXn — JSnwnl|)
< @ (1, Xn1) + Pup (1, Xn) + Y (1, %)

2
+ ZrnYn <grn - “) ”Axn - Au”z - ﬁnYng(”]Tnxn - ]Snwn”)
S and(u, xp-1) + (1 — ay)P(u, x,) + 21,y (%rn - a> |Ax, — Au||2

- ﬁnYng(“]Tnxn — JSnwyl)).
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This implies that

Buyng (T Tuxn = JSu0nll) < @[, x01) = Plat, %)) + 14, X2) = P(u, 22)
< atg[llnaa I = el = 22, J a1 = T
+ N2l = Nzall® = 21, Jxu = Jzu)
< 101 = Xall (a1 [l + 1) + 2l 1] 21 = Tl

+ l1xn = Zall ([l + 1zall) + 21uelll 20 = J 2l
It follows from (3.21), (3.24) and the condition liminf, _, o, By, > 0 that
Tim g(IJ Tt~ JSut0]) = 0.
By the property of function g, we obtain that

lim || JT,,x,, = JSpwyl| = 0.
n—oo
Since J~! is uniformly norm-to-norm continuous on any bounded sets, we have

i || T, = Saonll = lim ||J7 U Txn) = 7 (JSwewn) || = 0.

On the other hand, we can calculate

P(Txn, 2n) = (Tuen, T (@ Xt + P Tu + Y Suton) )
= | Tuxnll® = 2(Tuxn, anJXnt + P TuXn + Y] Sutn)
+ ||t T X1 + BuT Tun + YuJ Suwn|”
<N Tuxull® = 20 (T, J ) = 2Bu{TuX, JTun) = 2¥n{TnX, J Suwn)
+ |2 * + Bull Tunll® + Yull Suzonl®

< ‘Xn(p(Tnxnr xn) + Yn‘i)(Tnxn/ Snwn)'

Observe that
¢ (TnXn, Suwn) = I Taxull* = 2(Tutn, ] Suton) + | Suwal
= | Txull® = 2(Toxn, JTuxn) + 2( T, JTuXn = JSuwon) + || Spwnl®
< 1Sntnl* = 1 Tuxnll* + 21| Tuul[l) Taxtn = J Spzwnl|
<|ISnwn = Tuxall([|Snwnll + 1 Tuxall) + 2| TnxullllJ Tuxn — ] Snwnll-

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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It follows from (3.53) and (3.54) that

lim ¢(T,xy, Suwn) = 0. (3.57)

Applying lim,, _,, &, = 0 and (3.57) and the fact that {¢(T,x,, x,)} is bounded to (3.55), we
obtain

nliirgo ¢(Tpxy, z,) = 0. (3.58)
From Lemma 2.2, one obtains
Jim [|Tx = 2| = 0. (3.59)
We observe that
(ITnxn = Xnll < [T = Znll + [|20 = Xnl|- (3.60)

This together with (3.25) and (3.59), we obtain
Him [T, = x| = 0. (3.61)
Noticing that
126 = Tl < 130 = Xnatll + 126041 = TniXnst || + | Tn12ns1 = Taaull, (3.62)

foralll € {1,2,...,N}. By the uniformly continuity of Tj, (3.16) and (3.61), we obtain

rlli_{r;o||xn —Tpuxyl| =0, VIie{l,2,...,N}. (3.63)
Thus
,}LII;OHX" —Tixn| =0, VI€{L2,...,N}. (3.64)

From the closeness of T;, we get p = Tip. Therefore p € N, F(T;). By the same proof as in
Case 1, we obtain that

Jim [lx, - 20| = 0. (3.65)

Hence w, — pasn — oo foreachi €I and

i [[Jox, — Jwon|| = 0. (3.66)
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Combining (3.54), (3.61), and (3.65), we also have

i [[S,w, — w0 = 0. (3.67)
Moreover
lwn = wnall < lwn = xull + 120 = Xnaall + [1Xn1 = Whaa [|- (3.68)
By (3.43), (3.15), we have
lim [|e0y, ~ wpall = 0. (3.69)
This implies that
lim [lw, —wpal| =0, VI€{L2,...,N}. (3.70)
Noticing that
lwon = Snawnl| < lwn = waall + |Wnet = Snarwnsi|| + [|Snwnst = Spawnll, (3.71)

foralll € {1,2,...,N}. Since S; is uniformly continuous, we can show that lim,_, .. ||w, —
Siw,|| = 0. From the closeness of S;, we get p = S;p. Therefore p € N, F(S;). Hence p €

N F(T) NN, F(Sh).

(II) We next show thatp € VI(C, A).
Let T C E x E* be an operator defined by:

Av+ Nc(v), veC;
Tov = (3.72)
{@ v¢C.

By Lemma 2.7, T is maximal monotone and T~10 = VI(A,C). Let (v,w) € G(T), since w €
Tv = Av + N¢(v), we have w — Av € N¢(v). From x,, = Ilc,x € C,, C C, we get

(v —xy,w—Av) > 0. (3.73)
Since A is a-inverse-strong monotone, we have
(v=2xp,w) > (v —x,,AV) = (V= x,, Av — Axy,) + (v — X, Axy) > (0 — x,, Axy).  (3.74)

On other hand, from w,, = Il¢ 7' (Jx, -1, Ax,) and Lemma 2.3, we have (v—w,, Jw, —(Jx,—
r,Ax,) > 0, and hence

<v — Wy, M - Axn> <0. (3.75)

Tn
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Because A is 1/a constricted, it holds from (3.74) and (3.75) that

(v=xp,w) > {(v—x,,Ax,) + <v — Wy, M - Axn>

Tn
= (v —wy, Axy) + (W, — xp, AXy) — (U — Wy, Axy) + <U - Wy, M>
n
= (W — Xp, AXy) + <v — W, M>
Tu
Xy — JW.

> ~lwon =%l 1A%l - o - - L= S0,

(3.76)

for all n € NU {0}. By taking the limitas n — oo in (3.76) and from (3.43) and (3.44), we have
(v—p,w) >0asn — co. By the maximality of T we obtain p € T-'0 and hence p € VI(A, C).
Hence we conclude that

N N
p € (E(T) n(F(S:)nVI(A,C). (3.77)
i=1 i=1

Finally, we show that p € I1rx;. Indeed, taking the limit as n — oo in (3.9), we obtain

(p-zJx1-Jp)20, VzeF (3.78)

and hence p = Il x; by Lemma 2.3. This complete the proof. O

Remark 3.2. Theorem 3.1 improves and extends main results of liduka and Takahashi [15],
Xu and Ori [19], Qin et al. [21], and Cai and Hu [22] because it can be applied to solving the
problem of finding the common element of the set of common fixed points of two families
of relatively weak quasi-nonexpansive mappings and the set of solutions of the variational
inequality for an inverse-strongly monotone operator.

Strong convergence theorem for approximating a common fixed point of two finite
families of closed relatively weak quasi-nonexpansive mappings in Banach spaces may not
require that E is 2-uniformly convex. In fact, we have the following theorem.

Corollary 3.3. Let C be a nonempty, closed, and convex subset of a uniformly convex and uniformly
smooth Banach space E. Let {T1,T,..., TN} and {S1,S2,...,SN} be two finite families of closed
relatively weak quasi-nonexpansive mappings from C into itself with F # 0, where F := (X, F(T;) N
ﬂf\zjl F(S;). Assume that T; and S; are uniformly continuous for all i € {1,2,...,N}. Let {x,} be a
sequence generated by the following algolithm:
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xo=x €C, chosen arbitrary,

Ci=C, x;=Ilgxo,

zn = J 7' (@n) X1 + Pu] TuXn + Yn] SnXn),

Yn =] GuJox1 + (1= 64)zn),

Cunn ={u€Cp:p(tt,yn) <6up(u, x1) + (1= 6n) [anPp(1t, xn1) + (1 = ) P(u, )] },

x1, Vn>1,

(3.79)

xne1 = 1lc

n+l

where Ty, = Ty(mod N), Sn = Sn(mod N), and J is the normalized duality mapping on E. Assume that
{an}), (B}, {yn} and {6, ) are the sequences in [0, 1] satisfying the following restrictions:

(C1) limy . 6, = 0;

(C2) ay + P + yn = 1 and if one of the following conditions is satisfied
(a) iminf, o ay By > 0 and liminf, o, a,y, > 0 and
(b) limy, o ay = 0 and liminf, o, Bnyn > 0.

Then {x,} converges strongly to I1rx1, where I1f is the generalized projection from C onto F.

Proof. Put A = 40 in Theorem 3.1. Then, we get that w, = x,. Thus, the method of the proof
of Theorem 3.1 gives the required assertion without the requirement that E is 2-uniformly
convex. 0

Remark 3.4. Corollary 3.3 improves Theorem 3.1 of Cai and Hu [22] from a finite family of of
relatively weak quasi-nonexpansive mappings to two finite families of relatively weak quasi-
nonexpansive mappings.

If E = H, a Hilbert space, then E is 2-uniformly convex (we can choose ¢ = 1) and
uniformly smooth real Banach space and closed relatively weak quasi-nonexpansive map
reduces to closed weak quasi-nonexpansive map. Furthermore, J = I, identity operator on H
and I'lc = Pc, projection mapping from H into C. Thus, the following corollaries hold.

Corollary 3.5. Let C be a nonempty, closed and convex subset of a Hilbert space H. Let
{Ty,Ts,...,Tn} and {S1,52,...,5n} be two finite families of closed weak quasi-nonexpansive
mappings from C into itself with F#0, where F = N\, F(T:) N N, F(Si) N VI(A,C) with
lAyll < I|1Ay — Aq|| for all y € C and q € F. Assume that T; and S; are uniformly continuous
forallie {1,2,...,NY}. Let {x,} be a sequence generated by the following algorithm:

xo=x € C, chosen arbitrary,

C1=C, x1="Pcx,

Wy = Pc(xn — 1 AXy),

Zn = (anXn-1 + PuTuXn + YuSnwn), (3.80)
Yn = (6px1 + (1 = 64)zn),

Cunr={u € Cu: [lu=yul* <nllu=—2x11P+(1=8,) [ lu=2c01 P+ (1=t =261 },

x1, VVn>1,

Xns1 = Pc

n+l
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where Ty, = Ty(mod N), Sn = Sn(mod N), and ] is the normalized duality mapping on E. Assume that
{an}, {Bn}, {yn}, {60}, and {r,} are the sequences in [0, 1] satisfying the restrictions:

(C1) limp_ o 6y = 0;

(C2) 7, C [a,b] for some a,b with 0 < a < b < c*a/2, where 1/c is the 2-uniformly convexity
constant of E;

(C3) ay + Pu + yn = 1 and if one of the following conditions is satisfied

(a) iminf, _, o ay B, > 0 and liminf, , ,a,y, > 0 and

(b) limy,, e, = 0 and liminf, _, By, > 0.

Then {x,} converges strongly to Prxy, where Pr is the metric projection from C onto F.

Let X be a nonempty closed convex cone in E, and let A be an operator from X into
E*. We define its polar in E* to be the set

X*={y*€E: (x,y*) >0Vx € X}. (3.81)
Then an element x in X is called a solution of the complementarity problem if

Ax e X*, (x, Ax) =0. (3.82)

The set of all solutions of the complementarity problem is denoted by CP(A, X). Several
problem arising in different fields, such as mathematical programming, game theory,
mechanics, and geometry, are to find solutions of the complementarity problems.

Theorem 3.6. Let X be a nonempty, closed and convex subset of a 2-uniformly convex and uniformly
smooth Banach space E, let A be an a-inverse-strongly monotone mapping of X into E* with | Ay/|| <
|Ay — Aq|| forally € X and q € F. Let {T1,T>,...,Tn} and {S1,So,...,Sn} be two finite families
of closed relatively weak quasi-nonexpansive mappings from X into itself with F#@, where F :=
NX, F(T) nNY, F(Si) N CP(A, X). Assume that T; and S; are uniformly continuous for all i €
{1,2,...,N}. Let {x,} be a sequence generated by the following algorithm:

xo=x € X, chosen arbitrary,

Ci =X, x1=Ilgxo,

W, =] (Jxn = 10 AXy),

zn = ] (@] Xn1 + Pu) TuXn + Yn) Snwn), (3.83)
Yn =T (6aJx1 + (1= 64)] Zn),

Cpi1 = {u €Cy: ¢(u,yn) < 6n¢(”/x1) +(1-06,) [‘xn(i)(u/ Xp-1) + (1 - “n)‘i)(urxn)] };

Xn41 =1lc,,,x1, Yn2>1,

n+l
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where Ty, = Ty(mod N), Sn = Sn(mod N), and J is the normalized duality mapping on E. Assume that
{an}, ABn}, {yn}, {60} and {ry,} are the sequences in [0, 1] satisfying the restrictions:

(C1) limp_ o, 6 = 0;

(C2) 1y C [a,b] for some a,bwith 0 < a < b < c?a/2, where 1/c is the 2-uniformly convexity
constant of E;

(C3) ay + Pn + yu = 1 and if one of the following conditions is satisfied

(a) iminf, _, ,a,fn > 0 and liminf, _, .y, > 0 and
(b) limy, o, = 0 and liminf,, _, o, By, > 0.

Then {x,} converges strongly to I1pxy, where If is the generalized projection from X onto F.

Proof. From [25, Lemma 7.1.1], we have VI(A,X) = CP(A, X). From Theorem 3.1, we can
obtain the desired conclusion easily. O
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