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The purpose of this paper is to introduce an iterative algorithm for finding a solution of quadratic
minimization problem in the set of fixed points of a nonexpansive mapping and to prove a strong

convergence theorem of the solution for quadratic minimization problem. The result of this article
improved and extended the result of G. Marino and H. K. Xu and some others.

1. Introduction and Preliminaries

Iterative methods for nonexpansive mappings have recently been applied to solve convex
minimization problems; see, for example, [1, 2] and the references therein. A typical problem
is to minimize a quadratic function over the set of fixed points of a nonexpansive mapping
on a real Hilbert space H:

1
1116151§<Ax1x> - <xlu>l (11)

where C is the fixed point set of a nonexpansive mapping T defined on H, and u is a given
point in H. Let A be a strongly positive operator defined on H, that is, there is a constant
y > 0 with the property

(Ax,x) > y|lx|*>, VxeH. (1.2)

Then minimization (1.1) has a unique solution x* € C which satisfies the optimality condition

(Ax* —u,x-x*) >0, VxeC. (1.3)
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In [1, 2] it is proved that the sequence {x,} generated by the following algorithm

Xpe1 = (I —a,A)Tx, +ay,u, n>0 (1.4)

converges in norm to the solution x* of (1.1) provided that the sequence {a,} in (0, 1) satisfies
conditions

nh_r{}o“" =0, (C1)
Zan = oo, (Cz)
n=1
and additionally, either the condition
Z|an+1 —ap| < ©, (Gs)
n=1
or the condition
Jim %o =l (Cy)
n—oo il

The purpose of this paper is to introduce the following iterative algorithm:

Xne1 = ([ =y A)yy + ayu,

1.5
Yn = Puxn+ (1= Pn)Txy, (1)

and to prove that the iterative sequence {x,} defined by (1.5) converges strongly to the
solution x* of (1.1) under the conditions (C;), (C2) and 0 < a < 8, < b < 1 for some constants
a,b.

Lemma 1.1 (see [3, 4]). Let {x,} and {y,} be bounded sequences in a Banach space X such that

Xne1 = Xy + (1= Ay, n>0, (1.6)

where {\,} is a sequence in [0, 1] such that

0 <liminfl, <limsup ., < 1. (1.7)
Assume that
m sup (|| Yns1 = Ya| = 1Xne1 = xull) < 0. (1.8)

Then limy, -, o0 |l Yn — xul| = 0.
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Lemma 1.2 (see [1]). Assume that A is a strongly positive linear bounded operator on a real Hilbert
space H with coefficient y > 0 and 0 < a < ||A||™L. Then ||I — aA|| < (1 - ay).

Lemma 1.3 (see [5]). Let H be a Hilbert space, K a closed convex subset of H,and T : K — K
a nonexpansive mapping with nonempty fixed point set F(T). If {x,} is a sequence in K weakly
converging to x and if x, — Tx, converges strongly to 0, then x = Tx.

Lemma 1.4 (see [6]). Assume that {a,} is a sequence of nonnegative real numbers such that
An+1 < (1 - Yn)an + ¥nOn, (1.9)

where {y,} is a sequence in (0,1) and {6, } is a real sequence such that

(i) 221 ¥n = o0,
(ii) imsup, , 6, <007 377 ynl6n| < 0.

Then lim,, _, ,a, = 0.

2. Main Results

Theorem 2.1. Suppose that A is strongly positive operator with coefficient y > 0 as given in (1.2).
Suppose that the sequences {a,}, {fn} satisfy the conditions (C1), (C2) and 0 < a < B, < b <1 for
some constants a, b. Then the sequence {x,} generated by algorithm (1.5) converges strongly to the
unique solution x* of the minimization problem (1.1).

Proof. First we show that {x,} is bounded. As a matter of fact, take p € F(T) and use
Lemma 1.2 to obtain

[l =pll = (T = @nA) (Buxn + (1= ) Txn = p) + an(u = Ap)|

(2.1)
< (1=yaw) [[xn = pll + an[|u - Ap]|.
By induction we can get
s = pll < max{ lx0 -l = 4pll }, 20 22
Hence, {x,} is bounded and so is {y,}. Next rewrite x,,,; in the form
X1 = (1= Ap)xn + Az, (2.3)
where
Ap=1=1=-an)pu, (2.4)
Zy = “K—f"(l Ay + ;f " (1 = ay AT X, + i—:u. (2.5)
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Sincea, — 0and0<a<p, <b<1,then

0 <liminfl, <limsup ., < 1. (2.6)

—
n—oo n— 00

Next some manipulations give us that

ﬂn+1an+1 ﬂnan (an+1 Xp >
-z, =——m{U-A -—{U-A _— -
Enel T En )‘n+1 ( )xnﬂ )‘n ( )xn " -)Ln+1 -)Ln "
1- 1- a
+ #(Txn-ﬁ—l -Txy) - %A(Txnﬂ - Txy)
n+1 n+1 (27)
1- ﬁn+1 1- ﬂn > <“n+1 Ay )
+ - Tx, - -— ) (1-p,)ATx
( -)tn+1 -)Ln " -)‘n+1 -)Ln ( pn) "
24
- )Ln+1 (ﬂn - ﬂn+1>ATxn-
n+1
Therefore,
ﬁn+1an+l ﬁnan Ap+yl Ay
lzmen = 2all = et = xall < P2 (1= Ayl + B A+ $22 - 52 g
n+1 n n+1 n
1- 1- 1)Xn+1
e (2 1 e -l + Lo But) s =
)Ln+1 )tn+1
1- ﬁn+1 1- ,Bn Xpt1  An
+ - Tx,| + - —|l(1-p,)ATx
~/\n+1 )Ln ” n” )¥n+1 )Ln ”( ﬂn) n”
o
+ 1 |Ba = Prea| | AT x|
n+1
(2.8)
Since A, =1-(1-a,)p, and a, — O, then
1 —
lim 2P _ im <1 - “"—ﬁ”> -1. (2.9)
n—oo n n—oo n
Then last inequality implies that
lim sup(||zn+1 = Zall = |xne1 — xnll) <0, (2.10)

n—oo
and so an application of Lemma 1.1 asserts that

im [z, — x| = 0. (211)
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By (2.5) we have that

nFEn 1 n (1 n)“n an
@ p f _ NPT + 2.12
zZp—Tx, = ; (I-A)x, + ( . 1>Txn . ATx, nu. ( )

Again since a, — 0, {x,} is bounded, and A, = 1 - (1 — a,,)B,, then we deduce from (2.12)
that

nligr;o||zn —Tx,|| = 0. (2.13)
This together with (2.11) yields
nlifc}o”x" —Txy,| =0. (2.14)

By using Lemma 1.3, we obtain wy, (x,) C F(T), where w,(x,) = {z: 3 x,, — z} is the set of
weak w-limit points of sequence {x,}.

Let x* be the unique solution to the minimization (1.1). Then by the definition of
algorithm (1.5), we can write

X1 = X* = (I = a0y A) (Buxn + (1 = Bo)Txy — x*) + ay(u — Ax™). (2.15)
Since H is a Hilbert space, then we have that

ll%ps1 — x*|1* < |(I =y A) (Brxn + (1= ) Txy — x"‘)”2 +2a, (U — Ax*, xp4q — x*)

(2.16)
< (1=yan)|lxn — x*|| + 2a, (u = Ax*, xp41 — X7).
However, we can take a subsequence {x,, } of {x,} such that
limsup(u — Ax", x, —x*) = lim (u - Ax", x,, —x¥), (2.17)

n— oo —®

and also {x,, } converges weakly to a fixed point p € F(T). It follows from optimality
condition (1.3) that

lim sup(u — Ax*, x, — x*) = (u - Ax*,p - x*) <0. (2.18)

n—oo

Therefore, by using Lemma 1.4 and noticing (2.18), we conclude that x, — x*. This
completes the proof. O
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